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Preface

This volume contains the Proceedings of ICFCA 2004, the 2nd International
Conference on Formal Concept Analysis. The ICFCA conference series aims to
be the premier forum for the publication of advances in applied lattice and order
theory and in particular scientific advances related to formal concept analysis.

Formal concept analysis emerged in the 1980s from efforts to restructure
lattice theory to promote better communication between lattice theorists and
potential users of lattice theory. Since then, the field has developed into a growing
research area in its own right with a thriving theoretical community and an
increasing number of applications in data and knowledge processing including
data visualization, information retrieval, machine learning, data analysis and
knowledge management.

In terms of theory, formal concept analysis has been extended into attribute
exploration, Boolean judgment, contextual logic and so on to create a powerful
general framework for knowledge representation and reasoning. This conference
aims to unify theoretical and applied practitioners who use formal concept anal-
ysis, drawing on the fields of mathematics, computer and library sciences and
software engineering. The theme of the 2004 conference was ‘Concept Lattices”
to acknowledge the colloquial term used for the line diagrams that appear in
almost every paper in this volume.

ICFCA 2004 included tutorial sessions, demonstrating the practical benefits
of formal concept analysis, and highlighted developments in the foundational
theory and standards. The conference showcased the increasing variety of formal
concept analysis software and included eight invited lectures from distinguished
speakers in the field. Seven of the eight invited speakers submitted accompanying
papers and these were reviewed and appear in this volume.

All regular papers appearing in this volume were refereed by at least two
referees. In almost all cases three (or more) referee reports were returned. Long
papers of approximately 14 pages represent substantial results deserving addi-
tional space based on the recommendations of reviewers. The final decision to
accept the papers (as long, short or at all) was arbitrated by the Program Chair
based on the referee reports. As Program Chair, I wish to thank the Program
Committee and the additional reviewers for their involvement which ensured
the high scientific quality of these proceedings. I also wish to particularly thank
Prof. Paul Compton and Rudolf Wille, Dr. Richard Cole and Peter Becker for
their support and enthusiasm.

January 2004 Peter Eklund
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Preconcept Algebras
and Generalized Double Boolean Algebras

Rudolf Wille

Technische Universitat Darmstadt, Fachbereich Mathematik
Schlof3gartenstr. 7, D—-64289 Darmstadt
wille@mathematik.tu-darmstadt.de

Abstract. Boolean Concept Logic as an integrated generalization of
Contextual Object Logic and Contextual Attribute Logic can be substan-
tially developed on the basis of preconcept algebras. The main results
reported in this paper are the Basic Theorem on Preconcept Algebras
and the Theorem characterizing the equational class generated by all
preconcept algebras by the equational axioms of the generalized double
Boolean algebras.

1 Preconcepts in Boolean Concept Logic

Concepts are the basic units of thought wherefore a concept-oriented mathemati-
cal logic is of great interest. G. Boole has offered the most influential foundation
for such a logic which is based on a general conception of signs representing
classes of objects from a given universe of discourse [Bob4]. In the language of
Formal Concept Analysis [GW99a], Boole’s basic notions can be explicated:

— for a “universe of discourse”, by the notion of a “formal context” defined as
a mathematical structure K := (G, M, I) where G is a set whose elements
are called “objects”, M is a set whose elements are called “attributes’, and
I is a subset of G x M for which gI'm (i.e. (g,m) € I) is read: the object g
has the attribute m,

— for a “sign”, by the notion of an “attribute” of a formal context and,

— for a “class”, by the notion of an “extent” defined in a formal context K :=
(G,M,I)asasubset Y :={geG|¥YmeY :gIm} for someY C M.

How Boole’s logic of signs and classes may be developed as a Contextual At-
tribute Logic by means of Formal Concept Analysis is outlined in [GW99b]. The
dual Contextual Object Logic, which is for instance used to determine concep-
tual contents of information [Wi03a], can be obtained from Contextual Attribute
Logic by interchanging the role of objects and attributes so that, in particular,
the notion of an “extent” is replaced by

— the notion of an “intent” defined in a formal context K := (G, M,I) as a
subset X' :={m € M |Vg € X : gIm} for some X C G.

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 1-13, 2004.
(© Springer-Verlag Berlin Heidelberg 2004



2 Rudolf Wille

Since a concept, as a unit of thought, combines an extension consisting of ob-
jects and an intension consisting of attributes (properties, meanings) (cf. [Sch90],
p.83ff.), a concept-oriented mathematical logic should be an integrated gener-
alization of a mathematical attribute logic and a mathematical object logic. In
our contextual approach based on Formal Concept Analysis, such an integrated
generalization can be founded on

— the notion of a “formal concept” defined, in a formal context K := (G, M, I),
as a pair (A, B) with AC G, BC M, A= B, and B= A’ [Wi82],

and its generalizations:

— the notions of a “M-semiconcept” (A, A’) with A C G and a “lI-semiconcept”
(B’,B) with B C M [LW91], the notion of a “protoconcept” (A, B) with
ACG,BCM, and A” = B’ (& B” = A’) [Wi00a], and the notion of a
“preconcept” (A,B) with ACG, BC M,and AC B’ (& B=A’) [SW86).

Clearly, formal concepts are always semiconcepts, semiconcepts are always
protoconcepts, and protoconcepts are always preconcepts. Since, for X C G and
Y € M, we always have X"/ = X’ and Y"/ = Y, formal concepts can in general
be constructed by forming (X", X’) or (Y, Y"). The basic logical derivations
X — X' and Y — Y’ may be naturally generalized to the conceptual level by

- (X, Y)— (X, X")— (X", X) and (X,Y) — (YY) — (Y, Y")
for an arbitrary preconcept (X,Y) of K := (G, M, I).

It is relevant to assume that (X,Y") is a preconcept because otherwise we would
obtain Y € X’ and X € Y, ie., (X, X’) and (Y, Y) would not be extensions
of (X,Y) with respect to the order C? defined by

— (X1,Y7) C? (X2,Y2) : <= X; C Xy and Y; C Ya.

Notice that, in the ordered set (U(K), C?) of all preconcepts of a formal context

= (G, M,I), the formal concepts of K are exactly the maximal elements
and the protoconcepts of K are just the elements which are below exactly one
maximal element (formal concept).

For contextually developing a Boolean Concept Logic as an integrated gen-
eralization of the Contextual Object Logic and the Contextual Attribute Logic,
Boolean operations have to be introduced on the set U(K) of all preconcepts
of a formal context K := (G, M, I). That shall be done in the same way as for
semiconcepts [LW91] and for protoconcepts [Wi0Oal:

A1 N Ay, (A1 NAy))
ﬂBg) , B1 ﬂBg)

(A1, By) M EAmBz E(
EG \ A, (G\ A))
= (0
= (G

(A1, B1) U

<M\) Y. M\ B)
&)



Preconcept Algebras and Generalized Double Boolean Algebras 3

The set U(K) together with the operations M, L, =, —, L, and T is called the pre-
concept algebra of K and is denoted by L(K); the operations are named “meet”,
“oin”, “negation”, “opposition”, “nothing”, and “all”. For the structural anal-

ysis of the preconcept algebra L(K), it is useful to define additional operations
on Y(K):

aklb := =(—a M =b) and afb := —~(—a U —'b),
T:=-landLl:=-T.

The semiconcepts resp. protoconcepts of K form subalgebras $(K) resp. P(K)
of Y(K) which are called the semiconcept algebra resp. protoconcept algebra of
K. The set $Hn(K) of all M-semiconcepts is closed under the operations M, W,
=, L, and T; therefore, H(K) := (Hn(K),M,4,—, L, T) is a Boolean algebra
isomorphic to the Boolean algebra of all subsets of G. Dually, the set $,(K)
of all Ll-semiconcepts is closed under the operations A, U, =, L, and T; there-
fore, $,(K) := (Hu(K),A, L, =, L, T) is a Boolean algebra antiisomorphic to the
Boolean algebra of all subsets of M. Furthermore, B(K) = Hr(K) N Hu(K), and
(B(K), A, V) is the so-called concept lattice of K with the operations A and V
induced by the operations M and L, respectively. The general order relation C
of PB(K), which coincides on B(K) with the subconcept-superconcept-order <,
is defined by

(A1>B1) C (A2>B2) <= A; C Ay and By O Bs.

The introduced notions found a Boolean Concept Logic in which the Con-
textual Object Logic and the Contextual Attribute Logic can be integrated by
transforming any object sets X to the M-semiconcept (X, X') and any attribute
set Y to the corresponding Li-semiconcept (Y’,Y). In the case of Contextual
Attribute Logic [GW99b], this integration comprises a transformation of the
Boolean compositions of attributes which is generated by the following elemen-
tary assignments:

mAn— ({m},{m})n{n},{n}),
mVn— ({m}, {mhHe({n}, {n}),
—Mm +— ﬂ({m}', {m})

In the dual case of Contextual Object Logic, the corresponding transformation
uses the operations [, LI, and —.

Preconcept algebras can be illustrated by line diagrams which shall be demon-
strated by using the small formal context in Fig.1. The line diagram of the pre-
concept algebra of that formal context is shown in Fig.2: the formal concepts
are represented by the black circles, the proper M-semiconcepts by the circles
with only a black lower half, the proper LI-semiconcepts by the circles with only
a black upper half, and the proper preconcepts (which are even not protocon-
cepts) by the unblackened circles. An object (attribute) belongs to a preconcept
if and only if its name is attached to a circle representing a subpreconcept (su-
perpreconcept) of that preconcept. The regularity of the line diagram in Fig.2
has a general reason which becomes clear by the following proposition:



|| male |female| old |young|

. /\0/\0 \ D \0 @

= ‘g ’C
J 1 = S O\SEERSRS
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Preconcept Algebras and Generalized Double Boolean Algebras 5

Proposition 1 For a formal context K := (G, M, I), the ordered set (B(K),C)
is a completely distributive complete lattice, which is isomorphic to the concept
lattice of the formal context V(K) := (GUM, GUM, I U(#\G x M)).

Proof For (4, B;) € U(K) (t € T'), we obviously have
infier (A, Br) = m Ay, U By) and supier(As, Br) = U Ay, m By);

teT teT teT teT

hence Y(K) is a complete sublattice of the completely distributive complete
lattice (PB(G), C) x (P(M), 2) which proves the ﬁrst assertion. For proving the
second assertion, we consider the assignment (A4, B) v (AU(M\ B), (G\ A)UB).
It can be easily checked that (AU(M\B), (G\ A)UB) is a formal concept of V(K).
Let (C7 D) be an arbitrary formal concept of V(K). Obviously, C' = (CNG)U(M\
D), D = (G\C)U (DﬂM) and (CNG, DNM) is a preconcept of K. Therefore we
obtain (CNG, DNM) + (C, D). Thus, ¢ is a bijection from U(K) onto B(V(K)).
Since (Al,Bl) [ (A27BQ) < A1 - AQ and B1 D By <— A1 U (M\Bl) -
AU(M\ By) <= (A1U(M\By),(G\A1)UB1) < (A2U(M\ Bz), (G\ A2)UB3),
the bijection ¢ is even an isomorphism from U(K) onto B(V(K)). O

2 The Basic Theorem on Preconcept Algebras

A detailed understanding of the structure of preconcept algebras is basic for
Boolean Concept Logic. To start the necessary structure analysis, we first deter-
mine basic equations valid in all preconcept algebras and study abstractly the
class of all algebras satisfying those equations. The aim is to prove a charac-
terization of preconcept algebras analogously to the Basic Theorem on Concept
Lattices [Wi82].

Proposition 2 In a preconcept algebra B(K) the following equations are valid:

la) (zMNz)Ny =xzNy 1) (zUx)Uy =xUy

2a) xMy =yNx 2b) Uy =yUx

3a) xM(yMNz)=(xzNy)Nz 3)zU(yUz)=(zUy)Uz
4a)zN(zUy) =zNx 4b)xU(xNy) =zUx

b5a) xzM(zHy) =xNx 5b) xU(zFy) =z Ux

6a) xM(ydz) = (zNy)H(xzNz) 6b) zU(yFAz) = (xzUy)RA(zU 2)
7a) -—(zMNy) =zNy ) —(xUy) =xUy

8a) —(zxNz)=—x 8h) “(xUzx)=-z

9a) xM-z =1 9b) xU~z =T

10a) ~L=TAT 100) ST =1Ul
11a) “T=1 110) L =T

12(1) Thun = Tru 125) Tunu = Zun

where tn ==t Mt and t, =t Ut is defined for every term t.

Proof The equations of the proposition can be easily verified in preconcept
algebras. This shall only be demonstrated by proving 4a) and 12a): (A, B) M
((A,B)U(C,D)) = (A,B)N((BND)'",BND) = (ANn(BND),(An(BND)")) =
(A A) = (A,B)N(A,B) and (A, B)run = (A, A)un = (A", A)n = (A7, A7)
(A, A, = (A, B)ru.

o
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An algebra D := (D,MN,U,—,~, L, T) of type (2,2,1,1,0,0) is called a weak
double Boolean algebra if it satisfies the equations 1a) to 11a) and 1b) to 11b)
and a generalized double Boolean algebra if it satisfies the equations 1a) to 12a)
and 1b) to 12b) of Proposition 2; if, in addition, it even satisfies the equation 12)
Tru = xun, D is called a double Boolean algebra [HLSWO00]. For weak double
Boolean algebras, further operations are defined as in the case of preconcept
algebras:

a2ty = —(—z N —y) and 2Ry = ~(~z U ~y),
T:=-land<L:=-T,
zr:=xzMNxand x, :=x Ux.

By Proposition 2, each preconcept algebra is a generalized double Boolean al-
gebra. Protoconcept algebras are double Boolean algebras. Semiconcepts alge-
bras satisfy the additional condition 13) z Mz = z or z Uz = z. A weak
double Boolean algebra D satisfying the condition 13) is called pure, because
it is only the union of the two subsets Dn := {z € D | z Mz = z} and
D, = {z € D | zUx = z} which both carry a Boolean structure, i.e.,
Dq = (Dn,M,4,—, L, T) and D, := (Dy,R,U,~, L, T) are Boolean algebras.
As on preconcept algebras, a quasiorder is defined on weak double Boolean al-
gebras by
rCy:< axMNy=zxNrxandzUy=yUy.

A weak double Boolean algebra D is said to be complete if the Boolean
algebras D and D,, are complete. The existing infimum resp. supremum of a
subset A of D are denoted by [1a resp. H A and, dually, of a subset B of Dy,
by M B resp. | | B. In general, it is appropriate to define the arbitrary meet and
joinin D by [ 1€ = |—|{c,—| | c € C} and | |C := | [{cu | ¢ € C} for arbitrary
subsets C' of D. Clearly, preconcept algebras are examples of complete double
Boolean algebras.

In [HLSWO00], weak double Boolean algebras D := (D,M,U,—,~, 1L, T) with
the quasiorder C defined by xt Cy: <= (zMy=aMzand x Uy =yLy) are
characterized as quasiordered sets (D, C) satisfying the following conditions:

1. (D,C) has a smallest element 0 and a largest element 1;

2. there is a subset D of D so that (Dn, C) is a Boolean algebra whose oper-
ations coincide with the operations M, U, =, 1, and T of D;

3. there is a subset Dy, of D so that (D, C) is a Boolean algebra whose oper-
ations coincide with the operations A, LI, =, L, and T of D;

4. for x € D, there exists zn € Dy with y C 2q < y C z for all y € Dp;

5. for x € D, there exists zy € D, with y Jx, < yJdzxforally € D_;

6. rCy < zn Eynand oy Ty

The links between the algebraically and order-theoretically given operations are
established by the following equations: x My = zn Myn, x Uy = zy U yy,
-z = —(zn), "z = “*(zu), L =0, and T = 1. Therefore, for an order-theoretic
characterization of generalized double Boolean algebras one has to add the fur-
ther condition

7. 2run = 2y and Tuny = Tun.
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For formulating the Basic Theorem on Preconcept Algebras, we adapt notions
which have been used for proving the corresponding Basic Theorem on Proto-
concept Algebras [VWO03]: A weak double Boolean algebra D is called conteztual
if its quasiorder C is antisymmetric. A contextual weak double Boolean algebra
D is said to be totally contextual if, in addition, for each x € D and y € D,,
with z, C yr there is a unique z € D with zn =z and 2z, = y.

Theorem 1 (The Basic Theorem on Preconcept Algebras) For a context

= (G, M, I), the preconcept algebra B(K) of K is a complete totally contextual
generalized double Boolean algebra whose Boolean algebras $(K) and 9, ,(K) are
atomic. The (arbitrary) meet and join of B(K) are given by

te At,Bt ﬂAt> mAt and |_| At,Bt th ﬂBt)

teT teT teT teT teT

In general, a complete totally contextual generalized double Boolean algebra D
whose Boolean algebras D and D, are atomic, is isomorphic to B(K) if and
only if there exist a bijection 5 from G onto the set A(Dpn) of all atoms of Dn
and a bijection [i from M onto the set C(D,,) of all coatoms of D, such that
gIm <= F(g9) C f(m) for all g € G and m € M. In particular, for any
complete totally contextual generalized double Boolean algebra D whose Boolean
algebras are atomic, we get D = B(A(Dn),C(D,,),C), i.e., the preconcept al-
gebras are up to isomorphism the complete totally contextual generalized double
Boolean algebras D whose Boolean algebras D and D,, are atomic.

Proof Using Proposition 2, it is straightforward to check that every preconcept
algebra U(K) is a complete contextual generalized double Boolean algebra whose
Boolean algebras $(K) and § (K) are atomic. For semiconcepts (A, A") and
(B',B) with (A", A") = (4, A)uc(B,B)n = (B',B"), (4, B) is the unique
preconcept with (A, B)n = (A, A") and (4, B)y = (B’, B); hence L(K) is even
totally contextual. Because of (A, B)n = (4, A’) and (A, B), = (B’, B) for each
preconcept (A, B), we obtain

[ 1(Aw, By = infg_ o {(Ar, A7) [t € Th= ([ A, ([) A))

teT

teT teT
|| (A4, Be) = supg_ 1) {(Bf, B:) |t € T} = (([] B)', () Bo)-
teT teT teT

Now, let

¢ : B(K) — D be an isomorphism. Then the desired bijections are
defined by (g

= ¢({g}:{g})) and a(m) := ({m}’, {m}). Since A(H(K)) =
{({g}.{g}) | 9 € G} and C(9,,(K)) = {({m}’,{m}) | m € M}, it follows
AD(K)) = {3(9) | 9 € G} and C(D,(K)) = {a(m) | m € M}. Thus,
% is indeed a bijection from G onto A(Dp) and i a bijection from M onto
C(D,,). Furthermore, gIm <= (g € {m} and m € {g}') < ({g},{9}) C
{m},{m}) < F(g9) C fi(m) for all g € G and m € M.

Conversely, we assume the existence of the bijections 4 and g with the
required properties. Then we define two maps ¢n : H(K) — Dy and ¢y :

)
g
{
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$9.,(K) — Dy, by pn(A, A') = H{¥(g) | g € A} and o, (B, B) := Fl{(m) |
m € B}. Since D, and D, are complete atomic Boolean algebras, yn and ¢
are isomorphisms onto those Boolean algebras. For an arbitrary M-semiconcept
(A, A7) of K, let  := o (A, A’) and y := ¢, (A", A’). Condition 4 (listed above)
yields that x, = F‘{b €D, |xCb}= F‘{c € C(H, ,(K)) | x C ¢} =y because
of the equivalence gIm <= 4(g) C fi(m). Thus,

(pr(A, ANy = eu((A, A')y) and (pu(B', B))n = ¢n((B', B)n)

because, for a U-semiconcept (B’,B) of K, we obtain dually yn = z if y :=
wu(B',B) and x := ¢n(B’, B"”). If (A, B) is even a formal concept of K, we have
T =yn = xun = Tnun = nu € Do N Dy, by the equation 12a) in Proposition
2 (in the analogous proof for semiconcept algebras in [VW03] we could just
directly apply the equation 12). Now it follows that pn(4,B) =z =2, =y =
(A, B). Thus, ¢ and ¢ coincide on B(K)(= H(K)n N H(K)y) and therefore
w(A,A") = pn(A,A") for AC G and ¢(B’, B) := ¢ (B’, B) for B C M defines
a bijection ¢ from H(K) onto D,,.

Since D is totally contextual, ¢ can be uniquely extended to a bijection ¢
from L(K) onto D: For a preconcept (A, B) which is not a semiconcept and for
x:= p(A,A") and y := ¢(B’, B), we obtain z; C yn; hence there is a unique
z(A, B) € D with z(A, B)n = z and z(A, B) = y. Thus, we can indeed extend
¢ to a bijection ¢ : B(K) — D with ¢(A, B) = z(A, B) for all preconcepts
(A, B) which are not semiconcepts.

¢ preserves the operations of generalized double Boolean algebras which can
be seen as follows: Since ¢ and ¢, are isomorphisms between the corresponding
Boolean algebras and since ($(A, B))n = pn(A, A") = $((A, B)n), we get

ol ler(Ae, B) = on [ lier(Ae, Bo)n = lier on((Ae, Bo)n)
=[Tier(@(Ar. Bo))n = [ ier(@(Ar, By));
$(—(A, B)) = n(=((4, B)n)) (en((A, B)n))
=((¢(A, B))n) (p(4A, B));
@0, M) = en(0, M) = L

_I

_I

Dually, we obtain that ¢ preserves joins | |, opposition —, and the top element T.

Finally, let D be a complete totally contextual generalized double Boolean
algebra whose Boolean algebras are atomic, let 4 be the identity on A(Dy), and
let & be the identity on C(D, ). Then the already proved second part of the basic
theorem yields directly the claimed isomorphy D =~ %G(A(Dn),C(D,)),C). O

The Basic Theorem on Preconcept Algebras may be used to check the cor-
rectness of a line diagram representation of a preconcept algebra. How this is
performed shall be demonstrated by the formal context K/ := (G/, M7, I7) in
Fig.1 and its corresponding line diagram in Fig.2. In this figure,
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— the preconcept algebra U(K/) is first of all drawn as an ordered set (V,C)
with 0 and 1;

— the 16 circles with black lower half represent a Boolean algebra (V, C) which
is isomorphic to 9, (K/);

— the 16 circles with black upper half represent a Boolean algebra (V,C)
which is isomorphic to §(K/);

— the conditions 4., 5., 6., and 7. of the above order-theoretic characterization
of generalized double Boolean algebras are satisfied;

— the bijection 7 is indicated by the attachment of the object names to the
represented atoms of the Boolean algebra 9 (K/);

— the bijection f is indicated by the attachment of the attribute names to the
represented coatoms of the Boolean algebra ), (K7);

— finally, there is an ascending path of line segments from a circle with an
object label to a circle with an attribute label if and only if the object has
the attribute according to the formal context K/.

After checking all of this, we know by the Basic Theorem on Preconcept Alge-
bras that the labelled line diagram in Fig.2 correctly represents the semiconcept
algebra of the formal context K/ given in Fig.1. An alternative for checking
the correctness of a line diagram representation of a preconcept algebra can
be based on Proposition 1 and the Basic Theorem on Concept Lattices (see
[GW99a], p.20).

3 The Equational Class
Generated by all Preconcept Algebras

An important question is whether the equations of Proposition 2 are enough
for determining the equational class generated by all preconcept algebras, i.e.,
whether each equation valid in all preconcept algebras can be entailed by the
equations of Proposition 2. This can indeed be proved, but it needs further
investigations of generalized double Boolean algebras. The following four lemmas
are adapted from the analogous investigations of double Boolean algebras in
[Wi00a].

Lemma 1 In a weak double Boolean algebra the following conditions are satis-
fied:

(xzNyCaxCxzUy,

(2) the mapping x — x My preserves
(8) the mapping x — x Uy preserves

and 1,
and L.

111

Proof (1): 2a), 3a), and 1a) yield (zMy)Nz=yN(zNz) =yN(yN(zNz)) =
(xMy)M(zMy). By 2b) and 4b) it follows (xMy)Uz = zUx. Hence zMy C z. Dually,
we obtain  C z U y. (2) and (3) follow straight forward. Let us only mention
that @ C y implies (zMz)U (yMz) = (zNzNz)U(yMNz) = (zNyNz)U(yMNz) =
(yMz)U (yMz) by 4b). O
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For proving that each generalized double Boolean algebra can be quasi-
embedded into the preconcept algebra of a suitable context, the notion of a
filter and an ideal of a weak double Boolean algebra D is defined: A subset F' of
D is called a filterif r € Fand z Cyin D imply y € F andifx € Fandy € F
imply x My € F; an ideal of D is dually defined. A subset Fj is called a base of
the filter F if F = {y € D |z C y for some = € Fy}; again, a base of an ideal is
dually defined.

Lemma 2 Let F be a filter of a weak double Boolean algebra D.

(1) F N Dn and F N Dy are filters of the Boolean algebras D and D,
respectively.

(2) Each filter of the Boolean algebra Dp, is a base of some filter of D;
in particular, F' N Dn is a base of F.

Proof Since the restrictions of M and C to Dp are the meet operation and the
order relation of the Boolean algebra D, F' N Dpn is obviously a filter of Dp.
FN Dy is a filter of the Boolean algebra D, | because x My C xRy for arbitrary
x,y € Dy, namely x My is a lower bound of x and y by Lemma 1(1) and xRy
is the greatest lower bound of x and y since the restriction of C to Dy, is the
order of the Boolean algebra D, . Now, let E be a filter of D. For 21 C y; and
29 C yo with 1,29 € E, we obtain 21 Mae C x1 My E y1 Mys by Lemma 1(2);
hence {y € D | z C y for some = € E} is a filter in D with E as a base. For
y € F we have that yMy € FN Dn and yMy C y by Lemma 1(1). Thus, F N Dn
is a base of F. O

Let §,(D) be the set of all filters F of the weak double Boolean algebra D for
which F' N Dn, is a prime filter of the Boolean algebra D, and let J,(D) be the
set of all ideals I of D for which I N Dy, is a prime ideal of the Boolean algebra
Dy, (for the definitions and results concerning prime filters and prime ideals see
[DP92], p.185ff.). Now, we define the standard context for a weak double Boolean

algebra D by
K(D) := (8,(D), 3p(D), 4)

Where FAI :& FN1I # 0 for F € §,(D) and I € J,(D). For € D, let
e ={FefpyD)|zeF}andlet T, :={I €T,(D) |z €I}

Lemma 3 The derivations in K(D) yield:
(1) 3§, =3z =Tu, forall x € D,
(2) j; = %’y = Syn fO’f’ all Yy € Dl_l7

Proof (1): Let x € D and let I € J,. Then x € F NI for all F € §,; hence
I € §.,. Conversely, let I € F,,. Suppose = ¢ I. Then I N Dy is an ideal of Dy,
by the dual of Lemma 2(1), and € Dpn \ I. The ideal I N Dn is contained in
a prime ideal of D the complement of which in Dpn is a prime filter E of D
containing z. By Lemma 2(2), F := {y € D | w C y for some w € E} is a filter
of D with F N Dn = E; hence F € §,. But F'N I = @ which contradicts I € §,.
Thus, z € I and so I € J,. This proves §,, = J,. The corresponding equality in
(2) follows dually. O
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Lemma 4 The relation O on a generalized double Boolean algebra D defined by
20y : <= zCyandy Cx (<= zn = yn and zy = yu) has as restriction
the identity on Dy, :== Dn U Dy, and is a congruence relation of D.

Proof Let (z,y) € O. If x,y € D or x,y € Dy, then, obviously, x = y. Now,
let x € Dn and y € Dyy. Then x = yn = xun = Yrun = Ynu = Tu = ¥; hence
= y. Thus O N (D,)? = Idp,. Clearly, O is an equivalence relation on D

which is even a congruence relation because the relationships a10b1, ..., a,0b,
always imply (a;)n = (bi)n and (a;)y = (b;)u for i« = 1,...,n and therefore
t(ay,...,an) =t(b1,...,by,) for each proper algebraic term t(x1, ..., x,). O

For formulating the next two lemmas adapted from [Wi0Oa] too, we need the
following notion: a map « between quasi-ordered sets is called quasi-injective if
it satisfies the equivalence z Cy <= a(x) C a(y).

Lemma 5 Let D be a generalized double Boolean algebra. Then x +— (Fy,Tz)
describes a quasi-injective homomorphism ¢ from D to B(K(D)) having O as
kernel.

Proof Let x € D and let I € J,. Since z € FN 1 for all F' € §,, we obtain
Ied,, ie J; CF.. Thus, (Fz,Jz) is a preconcept of K(D) for all x € D. For
n Z yn in Dy there exists always an F € §,(D) with xn € F but yn ¢ F ;
hence §y = Forn # Syn = Fy and so (Fz, Tz) # (Fy, Jy)- Such inequality can be
analogously obtained for yn £ xn, xy £ yu, and yy ,Z xy. It 2q E ym, yn C 20,
and zy T yu, yu T 2y, then xn = yn and xy = yu; hence (§z, Tz) = (§y, Ty)-
Therefore © +— (Fz,Jz) describes a quasi-injective map ¢ from D to B(K(D))
having O as kernel. It is even a homomorphism because, besides §+ = SP(Q) and
J1 =TJ,(D), we can show that Fory = F=NSy, Tauy = ToNTy, Tz = Fp(D)\Fz»
and Jo; = J,(D) \ J,. These equalities result from Lemma 3 and the following
equivalences and their duals: F' € §ony @ xNy e F ez, ye F& F e, NGy
andFeSw@ﬂxeF@ﬁ(xn)eF@xngéF@:cgéF@FeSp( )\Sz

Lemma 6 Let D be a generalized double Boolean algebra. Then each map (3 :
(D) — D satisfying 106(x) = is an injective homomorphism from the image of
L into D.

Proof Let 8 be a map from «(D) into D satisfying (3(x) = r. Obviously, g is
injective and even bijective on ¢(Dp). Since the operations of D always result
in elements of D,, we obtain Gu(x) M Be(y) = Bu(Be(x) N Bu(y)) = B(LBu(x) M
tBe(y)) = B(e(x) Me(y)) and, analogously, the compatibility conditions for the
other operations; hence § is an injective homomorphism. O

Now, we are prepared to prove that each equation valid in all preconcept
algebras is a logical consequence of the equations in Proposition 2. This claim is
the content of the following theorem:

Theorem 2 The equational class generated by all preconcept algebras of formal
contexts is the class of all generalized double Boolean algebras.
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Proof Let D be a generalized double Boolean algebra. For a non-trivial equation
ti(x1,...,2n) = ta(z1,...,2,) valid in all preconcept algebras, Lemma 5 yields
ti(e(ar) ..., lan)) = ta((ar),...,t(ay)) for ai,...,a, € D and, by Lemma 6,
even ty(ai,...,a,) = t1(Be(ar),...,Blas)) = t2(Be(ar),...,Lla)) = ta(a1,

.,ay) for each map § from (D) to D with ¢(x) = ¢ and fu(a;) = a; for
i =1,...,n. With such a map 3, we obtain that a;0a; implies a; = Bi(a;) =
Bi(aj) = a;. In general, a;0a; (1 < j) causes the equality tx(as,...,a...,a;,
cosap) = tr(ar, ..., a4, .. 04, .., ap) for kK =1,2. All together show that the
equation t1(x1, ..., x,) = ta(x1,...,x,) is valid in all generalized double Boolean
algebras too. 0

For a finite generalized double Boolean algebra D, the elements of §,(D)
are just the principal filters [a) := {z € D | a C x} where a is an atom of the
Boolean algebra D, and the elements of J,(D) are just the principal ideals (¢] :=
{z € D |  C ¢} where c is a coatom of the Boolean algebra D ; furthermore,
[a)A(c] & a C c. Therefore, the formal context (A(Dn),C(D,,),C), for which
A(Dp) is the set of all atoms of D and C(D,,) is the set of all coatoms of D, |,
can be viewed as a simplified version of the standard context of D. Substituting

this simplified version in Lemma 5 yields the following corollary:

Corollary 1 Let D be a finite generalized double Boolean algebra. Then x —
({a € ADn) | a C a},{c € C(D,) | = C ¢}) describes a quasi-injective ho-
momorphism ¢ from D to B(A(Dp), C(D,,),C) which maps D,, isomorphically
onto H(A(Dn),C(Dy),B).
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Abstract. Protoconcept graphs are part of Contextual Judgment Logic.
Generalizing the well-developed theory of concept graphs, they express
judgments with a negation on the level of concepts and relations by rep-
resenting information given in a power context family in a rhetorically
structured way. The conceptual content of a protoconcept graph is un-
derstood as the information which is represented in the graph directly,
enlarged by the information deducible from it by protoconcept implica-
tions of the power context family. The main result of this paper is that
conceptual contents of protoconcept graphs of a given power context
family can be derived as extents of the so-called conceptual information
context of the power context family, thus a generalization of the Basic
Theorem on K—Conceptual Contents in [Wi03].

1 Introduction

The theory of protoconcept graphs is part of a program called ‘Contextual Logic’
which can be understood as a formalization of the traditional philosophical logic
with its doctrine of concepts, judgments, and conclusions (cf. [Wi00b], [DKO03]).
Concepts, as basic units of thinking, are already formalized in Formal Concept
Analysis (FCA) and its extensions ([GW99], [Wi02], [VW03]). Judgments are
then understood as meaningful combinations of concepts, and with conclusions
new judgments are inferred from already existing ones.

A main goal of FCA from its very beginning has been the support of rational
communication. This claim has been met by using diagrammatic representations
to make complex data available: Information given in a formal context is repre-
sented by a labelled line diagram, which allows even the unfamiliar user to un-
derstand and analyze the inner structure of the data. Similarly, for the doctrine
of judgments, a formalization would be desirable which is both mathematically
precise and representable by diagrams which are easily readable. Moreover, in
order to to make more complex information intelligible, it would be helpful if
the diagrams could be structured rhetorically.

A promising approach is to use the system of conceptual graphs by John Sowa
(see [S084],[S092]). These graphs are a diagrammatic system of logic whose pur-
pose is ‘to express meaning in a form that is logically precise, humanly readable,
and computationally tractable’ (see [S092]). The philosophical background of

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 14-27, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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this system is similar to FCA, and the system allows us to formulate judgments
and conclusions in a way which is much nearer to human reasoning than predi-
cate logic (for a more thorough discussion of the intentions and the philosophical
background of FCA and Conceptual Graphs we refer to [DKO03]). However, the
system of conceptual graphs is not elaborated mathematically. One reason for
this is that conceptual graphs were designed to be of use in a wide variety of
different fields (the most prominent being knowledge representation, software
specification and modelling, information extraction and natural language pro-
cessing), which lead to a broad range of modifications and extensions of the
core theory. The system of conceptual graphs as a whole is huge, without sharp
borders and contains several ambiguities. Thus, when making conceptual graphs
mathematically explicit, only restricted parts of Sowa’s theory can be covered
at once.

The first approach for a mathematization was discussed in [Wi97], where
so-called concept graphs were introduced semantically. They are defined with re-
spect to a given family of formal contexts (called power context family) and con-
tain information ranging over various of these contexts. Thus, a concept graphs
represents information from the power context family, but it is supplied with
a rhetoric structure and the information is not separated with respect to the
individual contexts. In Figure 1 we see an example for a concept graph, albeit
without a power context family it refers to. The power context family is omitted,
because the purpose of the example is to visualize how rhetoric structure can be
represented in a graph. The concept graph can be read rather straightforward:
‘Tom is a cat, Jerry is a mouse and Tom chases Jerry’ (or, in short, ‘The cat
Tom chases the mouse Jerry’).

1 2
CAT: Tom MOUSE: Jerry

Fig. 1. A concept graph

Although it is possible to define a single graph which captures every infor-
mation given in a power context family (cf. [Da03a]), usually only parts of the
information are (purpose-oriented) represented in a graph. While the theory of
concept graphs is well developed and includes numerous of Sowa’s extensions (see
[Pr9g], [Wi02], [SWO03]), it lacks a negation. Such a negation can be considered
on different levels: In this paper we will consider so called protoconcept graphs
which feature a (limited) negation on the level of concepts and relations; on the
level of judgments negation has been introduced and discussed extensively in
[Da03b]. This approach, however, leads to the classical mathematical negation
and requires a separation in syntax and semantics. Since, in the present paper,
we are interested in a semantic approach, Dau’s graphs are not considered here.

It is necessary to discuss how the information given in a (proto)concept
graph might be represented mathematically. Since concept graphs are always
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defined with respect to a given power context family, the background knowledge
is assumed to be codable in formal contexts. But why do formal contexts provide
a suitable way of coding background knowledge without being to restrictive? One
of the results of [Wi03] was that if the background knowledge consists of object-
and concept implications as described by Brandom in his theory of discursive
practice (cf. [Br94]), then it can be represented appropriately by formal contexts.
Hence, in this paper we assume that our background knowledge is given via a
power context family and refer the interested reader to [Wi03].

Now we can describe which information is transmitted by a concept graph.
Obviously, the graph conveys every information unit which is expressed explic-
itly. For example, the sample concept graph in Figure 1 obviously contains the
information that Tom is a cat. However, a (proto)concept graph may convey
information which is not represented in it directly, but results from the activa-
tion of background knowledge. For instance, for the concept graph represented
in Figure 1, the information that Tom is a cat may, depended on the preknowl-
edge coded in the power context family, also transmit that Tom is an animal.
The sum of all these (directly and indirectly) represented information units then
constitutes the so-called conceptual content of the concept graph.

As argued above, the formalizations of the three doctrines are inter-related.
In [Wi03], it was even shown that concept graphs as (affirmative) judgments can
be made accessible through FCA. This was done by proving that the conceptual
contents of concept graphs are formally derivable as concept extents. This paper
aims at generalizing the result of [Wi03] to protoconcept graphs (i.e. judgments
with a negation on the level of concepts and relations), thereby strengthening
the inter-relationship of FCA and Boolean Judgment Logic (see [Wi01]). In par-
ticular, we will find that although protoconcept graphs are based on the more
general structure of protoconcept algebras instead of concept lattices, it is never-
theless possible to express the conceptual content as extent of a suitably chosen
context. Moreover, a closer study of the closure system of conceptual contents
reveals a rather simple structure, which may simplify the problem of drawing
these lattices.

This paper consists of three more sections. In Section 2, the basic definitions
are introduced and explained by an example. In the third section, it is shown
that the conceptual contents of protoconcept graphs of a given power context
family (see [Wi02]) can be described as extents of a formal context. This is done
in two steps: First, power context families consisting of a single context only are
considered, then the result is extended to power context families of limited type
in general. Section 4 contains some suggestions for further research.

2 Basic Definitions

In this section, we focus on reviewing several definitions. We assume that the
reader is familiar with all basic notions of FCA (for an extensive introduction see
[GW99]). First we recall several definitions from [Wi02]: Let K := (G, M, I) be
a formal context. A protoconcept of K is a pair (A, B) with A C G and B C M
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such that AT = B! (which is equivalent to A/f = B!). The set P(K) of all
protoconcepts of K is structured by the generalization order =, defined by

(A1,B1) € (A2, Bs) :& A C A and By 2 By,

and by operations defined as follows:
(A1, By) M (A2, Bo) =

(A1, By) U (A2, Bo) :=

~(A,B) ==

~(4, )

(A1 N Ag, (A1 N Az)T)
((B1 N Bs)!, By N By)
(G\A, (G\A)T)
(
= (G,

(M\ B)', M\ B)

0)
= (0, M).

The set P(K) together with the operations M,U,—,—~, T and L is called the
algebra of protoconcepts of K and denoted by PB(K). The operations are called
meet, join, negation, opposition, all and nothing. Figure 2 shows an example of
a formal context with its protoconcept algebra. The elements except for T and
1 are numbered in order to make them more easily accessible for reference.

Moreover, we define a semiconcept of K as a pair (A, B) with A C G and
B C M such that A = B or B! = A and define $(K) to be the set of all semi-
concepts of K. Obviously, each semiconcept is a protoconcept. In particular, we
define the sets $H(K) := {(4,Al) | A C G} and 9,(K) := {(B!,B) | BC M}
of M—semiconcepts and LI—semiconcepts, respectively. The M—semiconcepts of
the algebra in Figure 2 are marked by circles with the lower half filled, those
which are elements of §, are represented by circles whose upper half is filled.
Those circles which are completely filled are concepts. The concept lattice of
the context always consists of the elements in the intersection of the Li— and the
Msemiconcepts. Note that whenever an operation is performed, we obtain a semi-
concept. In particular, the result of the operations M, —, L is a M—semiconcept,
and any result of the operations U, =, T is a Ll—semiconcept. It is a well-known
fact that Hn(K) := (Hn(K),M,H, -, 'I' 1) (where adb := =(—a M =b) and T :=
—1) is isomorphic to the Boolean algebra of all subsets of G. Now we define
7: G — 9n(K), 7(9) = ({g}, {g}!) and 7i: M — Hu(K), i(m) = ({m}”, {m}).
The set of Li—irreducible elements of that lattice is {7(g) | ¢ € G} and the set of
M—irreducible elements is equal to {(G'\ {g}, (G\ {g})}) | g € &} (for a detailed
discussion see [Wi00a]). The objects and attributes in Figure 2 are attached to
the circles corresponding to their images under 7 and [z, respectively.

Definition 1. A power context family K = (Kg)k=0,1,2,... is a family of contexts

Ky := (Gg, My, I1.) such that Gy C GE for k € N. The power context family
—

is said to be of limited type n € N if K := (Ko, Ky,...,K,), otherwise it is

called unlimited. The elements of PB(Ky) are called protoconcepts, the elements

of Ry 1= Upen B(Ky) are called relation protoconcepts.

As an example for a power context family consider K = (Ko, Ky, Ksy) with
the contexts Ky and Ko in Figure 3. The context K; is the empty context.
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Ko:
| ||animated figure|invented by W. Disney|

Tom X
Jerry X

Fig. 2. A formal context and its protoconcept algebra

Kg:
Ko: | ||chases|
| [animated figure|invented by W. Disney] (Tom, Tom)
Tom X (Tom,Jerry) || X
Jerry X (Jerry,Tom)
(Jerry,Jerry)

Fig. 3. A power context family

Next, we repeat the definition of protoconcept graphs as introduced in [Wi02]:
The underlying structure is a so-called relational graph, which is a triple (V, E, v)
consisting of a set V of vertices, a set E of edges and a mapping v: E —
U k=12, V¥ which maps each edge to the ordered tuple of its adjacent vertices.
If v(e) = (v1,...,vk), then we say that the arity of e is k. The vertices are said
to have arity 0, i.e. we set E(©) := V. Moreover, let E®*) (k = 0,1,...) be the
set of all k—ary edges.

Definition 2. A protoconcept graph of a power context family K:= (Ko, Kq,...)
with Ky := (G, My, Iy) for k =0,1,2,... is a structure & := (V, E, v, k, 9) for
which

— (V,E,v) is a relational graph,

— £ VUE — Upg,.. B(Kg) is a mapping x(u) € P(Ky) for all u € E®)
(k=0,1,...),

— 0:'V — P(Gy) \ {0} is a mapping with ¢T(v) := p(v) N
0~ (v) := o(v) \ 07 (v) satisfying that, for v(e) = (vy,...,vg),
all j=1,...,kor o (v;) #0 forall j =1,....k, o (0
Ext(r(e)) and 0~ (v1) x --- x 0~ (vx) € (Go)* \ Ext(x(e)).

yeen
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We consider the mapping ¢ not only on vertices but also on edges: For v(e) =
(v1,...,v), let o(e) :== g% (e) U o™ (e) with o™ (e) := o*(v1) X - -+ X 0% (vy) and
o (e) =90 (v1) X -+ x 0 (vg).

A sample protoconcept graph & := (V, E, v, k, 0) is shown in Figure 4. The
relational graph is ({v, w}, {e},v) with v(e) = (v, w); moreover we have x(v) =
~F(Tom), k(w) = F(Jerry) and k(e) = fi(chases) and o(v) = {Tom,Jerry} = o(w).
The graph then reads: Tom chases Jerry, Jerry does not chase Tom and Tom
and Jerry are animated figures (since F(Tom) = ({Tom}, {animated figure})
and y(Jerry) = ({Jerry}, {animated figure})). In particular, the graph contains
the conceptual information units (g, x(u)) and (h, ~x(u)) with k =0,1,..., u €
E® and g € o*(u), h € o~ (u). For the graph in ou example, these are the
pairs (Tom,7¥(Tom)), (Jerry, =5(Tom)), (Jerry, ¥(Jerry)), (Tom, —y(Jerry)) and
((Tom,Jerry), 7z(chases)), ((Jerry,Tom), —fi(chases)).

|7(Tom): {Tom} | {Jerry} —Q'W(Jerry): {Jerry} | {Tom}|
v e w

Fig. 4. A protoconcept graph of the power context family

Next, we introduce the conceptual content of a protoconcept graph in a way
which is very similar to [Wi03]: First we define what protoconcept implications
in K, are and then introduce the conceptual content as the disjoint union of the
closures of the conceptual information units under these implications.

Thus, let K = (Ko, ...,K,) be a limited power context family with K :=
(Gg, My, I;) (K =0,1,...,n). For €,D C P(K}), we say that the context Ky,
satisfies € — @ if []€ C []®. In particular, we set p — p M p. The formal
inferences € — D give rise to a closure system C(Ky) on S™P(Ky) := {(g,p) €
Gr X PB(Kg) | g € Ext(p)} consisting of all Y C S§"P(K) which satisfy

(P)If Ax € CY and if Kj, satisfies € — © then A x © C Y.

Now the k—ary conceptual content Cy(®) for a protoconcept graph & :=

(V,E,v, k, o) of a power context family K is defined as the closure of {(g, k() |
ue E® and g € ot (u)} U {(g,~k(u)) | u € E® and g € o~ (u)} with respect
to the closure system C(Kj). Then

C(B) := Co(8) U CL(B) U Cy(B) U -

is called the K)—conceptual content of the protoconcept graph &. The O—ary
conceptual content for the graph in Figure 4 is S""?(Ky). Finally, we introduce
the information (quasi-) order between protoconcept graphs by &1 < &y &
C(81) C C(®2). We then say that & is less informative than &,.

It is important to note that contrary to the approach in [Wi03] we do not
consider so-called object implications in Ky, which were defined as A — B &
Alx C B™ for A,B C Gy. For concepts b, A™* C B'* then implies that B C
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Ext(b) whenever A C Ext(b). However, in the case of protoconcept graphs we
find that if two object sets satisfy A’* C B¢, then as soon as A ¢ B there
are protoconcepts pi,ps with A = Ext(p;) € Ext(p2) = B. In particular, for
{91}, {g2} with {g1}* C {g2}"* we obtain that {g1} = Ext(F(g1)) and {go} =
Ext(%(g2)). Thus, the fact that go is in the extent of a protoconcept p together
with {g1}** C {g2}* does not imply that g; is in the extent of p as well.

3 Conceptual Contents as Formal Concepts

Before elaborating why conceptual contents of protoconcept graphs of arbitrary
power context families can be understood as extents of a formal context, we focus
on the most simple case, i.e., on power context families K = (K). Thus, concep-
tual contents of a formal context K are the conceptual contents of protoconcept
graphs of the power context family K = (K) of limited type 0.

The first step is to represent the conceptual contents of K in a more conve-
nient fashion which no longer depends on the protoconcept graphs of a context,
but solely on the context itself:

Definition 3. The structure 8" (K) := (S (K), <gimn i) |:|) with
(1) (gap) SS'””P(K) (h7q) = g = h and q E p

(2) DA x 9 :={(g, |_| p) | g€ A} for A x Q C S"™P(K).
peQ

is called the implicational context structure of the context K. The implicational
closure C*"P(X) of X C S"P(K) is the smallest order ideal of the structure
(S"P(K), <gimp(k)) containing X closed under the partial multioperation | |.
Moreover, let C'(S""?(KK)) denote the set of all implicational closures of S*?(K).

Figure 5 shows the set of all closures of S™?(K) ordered by set inclusion.

Lemma 4. The implicational closures of the implicational context structure
S""P(K) are exactly the conceptual contents of K.

Proof: We prove that C(S™?(K)) = C(K): First let U € C(S"?(K)). We will
prove that U satisfies the condition (P). Hence, we assume that A x P C U and
that K satisfy 8 — Q. First we show A x Q C S"?(K): We have A C Ext(p) for
all p € P, which implies that A C (), Ext(p) = Ext([],cq p). Since P — 9
implies Hpemp C quﬂq C 0 for all 0 € 9, we obtain A C Ext(d) for all
9 € Q. Thus, 4 x Q C S"?(K). Moreover, for all g € A we have (g,0) <
(9:[Tqea @) < (9T Tepp) € A x P C U, hence A x Q C U. Obviously,
(U,0,0,r, o) with k((g,p)) = p and o((g,p)) = {g} is a protoconcept graph of K
with U as conceptual content.

Now, let U € C(K). First we show that U is an order ideal in S (K): Let
(g,p) € U and (h,0) < (g,p). Then h = g and, since p C ? implies pMp S 010,
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Q(S'me (KO ) ) .
Simp (KO)

({Tom} x [1)) U ({Jerry} x [5)) ({Tom} x [5)) U ({Jerry} x [3))

{Tom} x [1) {Jerry} x [3)

{Tom} x [5) {Jerry} x [5)

Fig. 5. The set of all closures of the implicational context structure of Ko

we obtain that K satisfies {p} — {0}. The fact that U satisfies (P) then yields
{g} x {9} C U, hence (h,0) € U and U is an order ideal. Finally, let A x Q C U.

Since K satisfies Q — []9Q, we obtain | JA x Q = A x {[Q} C U, which finishes
the proof that the conceptual content U is an implicational closure of S™(K).
O

It can easily be checked that both sets C'(K) and C(S"?(K)) are closure sys-
tems. However, the set of all closures, ordered by inclusion, is always a complete
lattice. We obtain that the extents of the context (S (K), C(S"?(K)), €) are
exactly the closures, which would already yield the desired result. However, we
aim at a more thorough understanding of the structure (C(S"?(K)), C).

In particular, we would like to find the /\ —irreducible elements of the com-
plete lattice (C(S"?(K)), C), thus those closures which cannot be represented
as intersections of other closures. For the lattice C(S"™?(K)), every element is
then the intersection of a set of these / —irreducible closures, resulting in both
a explicitly described structure of (C(S™P(K)),C) and in fewer attributes for
the context whose extents will be the implicational closures. The latter follows
from the fact that the concept lattice of the context with object set S™P(K)
and whose attributes are the A —irreducible elements of C(S"™?(K)) will have
the closures of S"P(KK) as extents as well (in particular we will find that the
A\ —irreducible elements are A —dense).

We will now proceed as follows: We show that C(S"P(K)) is isomorphic
to a product of lattices which can be described rather easily. Then we express
the A —irreducible elements of the product lattice in terms of elements of the
factors. Using the isomorphism, we are then able to determine the /\ —irreducible
closures in C(S"?(K)).

The next Proposition is similar to Proposition 1 in [PW99]. There, it was
—

shown that the lattice I'(K) of equivalence classes of concept graphs of a given
power context family K is isomorphic to the subdirect product of specific sublat-
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tices of the concept lattices B(Ky), each extended by a new Tj—element. Here,
we show that the lattice of conceptual contents of a context K is ismorphic to
the direct product of sublattices of the Boolean algebra $-(K), each extended
by a new | —element:

Proposition 5. Let K := (G, M, I) be a context. We define h, := Hr(K)N[F(g))
and V, := ({g} x by) U {Ly} and define an order on V; by v < w if v = 1, or
v <gimp(g) W (v,w € Vy). Then C(S™r(K)) 2 [T 1%

9eG —g°

Proof: We prove that the mapping

o: [ v, — cs™ (k)

geq

(ag)gec — U {9} x [ag)

g€eqG,
ag=(g,ag)€Vg\{Lg}

is an order-isomorphism.

First we show that ¢ is well defined, i.e. that ¢((ay)gec) € C(S"P(K)) for
all (ag)gec- Let X = ¢((ag)gec) = Uag:(g,qg)evg\{J_g}{g} x [qg)-vae need to
check that X is an order ideal in S""P(K) which is closed under | ]. First, let
(9,p) € X and (h,q) <gimpx) (9,p). Then h = g and p T q. However, since
(9,p) € X, we have ay # L . Thus, there exists a p, € hy with a; = (g, p,).
Moreover, (g,p) € X implies p, T p. Since p C g, this in turn implies p, C q.
Hence q € [py), and therefore (¢,q) = (h,q) € X. Next, let A x Q C X. Hence,
for each g € A we have {g} x Q C X. Then a4, = (g,q4) for some q € b,
yielding py, T q for all ¢ € Q. Since py is a M—semiconcept, it is the smallest
protoconcept with extent Ext(p,) and we obtain p, C MQ. Thus, for all g € A

we have (¢,MQ) € X, yielding in turn that | |[A x Q C X. This finishes the proof
that X € C(S"?(K)).

Next we show that ¢ is an order-embedding, i.e. that (ay)sec <v, (by)gec &
o((ag)gec) € ¢((bg)gec). Thus, let (ag)gec <[yv, (bg)gec- This is equivalent
to ay <y, by for all g € G. First we notice that a, = 1, is equivalent to
@((QQ)QGG) ({g} x [7(9))) = 0. Moreover, for ag = (g,pg) and by = (g,4y)
we find a, <y, by & (9,pbg) <sime(x) (9, qg) S qg Epg & [py) C ) &
{9} Ipy) € {95 x[80) © #((ag)sec)N({9} < [79)) € #((by)gec) ({9} x [7(9))).
Hence, (ag)gec <q1v, (bg)gec is equivalent to the fact that for all g € G we
have ¢((ay)oec) N ({9} % [1(9))) € 9(By)gec) 1 ({9} X [7(g)), which in turn is

equivalent to ((ag)gec) € #((bg)gec)-
The fact that ¢ is an order-embedding implies that ¢ is injective. What is left

to show is that ¢ is surjective. In order to prove this, for each S € C(S™?(K))
we need to find an (ag),eq with ¢((ag)gec) = S. Thus, let S € C(S™P(K)), let
A:={geG|I e PXK).(9.p) € S}, and for each g € A we consider the set
Py = {p € B(K) | (g,p) € S}. Since S is a closure, we obtain for each g € G that

|:|{g} x P, C S, thus (g,MP,) € S. Since NP, is a M—semiconcept by definition,
we have M3, € b, and hence P, = [P,). Therefore, S = J,c1{g} x [MBy).
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Finally, we set (a4)g4ec with

w (g,P,)ifge A
9 1, if g ¢ A.

It can now be easily checked that ¢((ag)gec) = S, finishing the proof that ¢ is
an order-isomorphism. O
In Figure 6 we find a visualization of Proposition 5. for C(S™?(Kj)).

ST (Kg)

(Tom, 1) (Jerry, 3)

= (Tom, 5) X (Jerry, 5)

LTom Lierry

Fig. 6. Example for Proposition 5.

Since each of the lattices V. is complete, the product I gec Vg is a complete
lattice as well. The lattice V., corresponds to the Boolean lattice b, := ($n(K)N

7(g)), 3), with an additional | —eclement. The A —irreducible elements of V,
are therefore fairly easy to characterize: They consist of the set of coatoms

{({g.:8},({g. B})") € by | h # g} of (Hn(K) N [7(g)),J) plus the additional
element L. It is easy to check that these A\ —irreducible elements are A —dense
inV,_.

]

Having characterized the A —irreducible elements of the factor-lattices, we
may now determine the corresponding elements of the product:

Lemma 6. Let |G| > 1. The element (ag)gec € [[,eq Vy is \ —irreducible in
ngG Vg if and only if there is exactly one h € G such that ay, is )\ —irreducible

in Vi and if ag = Ty, for all g # h. Moreover, the )\ —irreducible elements are

N\ —dense in quG Vy.
Proof: First we show that each (ag)gec € [[,cq Vy satisfying the condition is A-
irreducible. Thus, let there be exactly one h € G such that ay, is /\ —irreducible

in V3, and a, = Ty, for all g # h. Now we assume that
(ag)gec = /\ (bg)gec-
(bg)gec>(ag)gec

Then by, = Ty, = a,4 forall g # hand aj, = /\bh>ah by,. This, however, contradicts
the assumption that ay, is A —irreducible in V3. Hence, (ag)gec is /\-irreducible

in ngqj&.
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Next we prove that each A —irreducible element of the product-lattice has the
form described above: If for (ag)gec € [[ e Vy there are two distinct elements

hi,hy € G with ap, # thl and ap, # TVh27 then (ag)geg = (bg)geG A (Cg)geG

with
_Jag ifg#FEMm _Jag ifg#he
by = {thl otherwise and ¢g = {th2 otherwise

Hence, (a4)geq is not A —irreducible in [] .o V5.
Finally, the fact that that the A —irreducible elements of [ . Vy are A-
dense in the product immediately follows from their construction. O
As an immediate result from Proposition 5. and Lemma 6. we obtain

Corollary 7. For k € G, let I(k) := {p € B(K) | p C (G \ {k},G\ {k}")}.
Then the /\ —irreducible elements of C(S™P(K)) are exactly the elements of
Mm(K) == M (K) U M7 (K) with

MY (K) == {S"(K) \ ({g} x B(K)) | g € G} and
M (K) == {S"™P(K) \ {g} x I(k) | g,k € G,g # k}.

Proof: We apply the isomorphism from Proposition 5. to the A —irreducible
elements of Lemma 6.. |

We may thus define in accordance to [Wi03] the so-called conceptual infor-
mation context of K as K/ = (S'™P M (K), €), enabling us to state the first
main result of this paper:

Theorem 8. (Basic Theorem on K—Conceptual Contents) For a formal
context K, the extents of the conceptual information context K"/ (K) are exactly
the implicational closures of the implicational context structure S (K); those
implicational closures are exactly the conceptual contents of K.

Proof: Since the extents of K"/ (KK) are exactly the intersections of attribute
concepts and since the elements of C(S™(K)) are exactly the intersections of
M¥"(K), Corollary 7. yields the first result. With Lemma 4. we then obtain the
second claim. O

We may now extend the Basic Theorem on K-Conceptual Contents to the
general case of (limited) power context families. The construction and the proof
of the Theorem are essentially the same as in [Wi03]. However, in order to make
this paper self-contained we repeat both the theorem and the proof, with a few
adjustments to suit our purpose. Let K := (Ko, Ky, ...,K,) be a power context
family with Ky := (Gg, My, I) (k = 0,1,...,n). The conceptual information
context corresponding to K is defined as the formal context

K" (K) := K" (Ko) + K™ (Ky) + - - + K"/ (K,,),

thus as the direct sum of the contexts K™/ (K) (k =1,...,n). An extent U of
) —
K" (K) is said to be rooted if ((g1,...,gx),bx) € U implies (gj, To) € U for
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j=1,....kand T¢ := (G, Gé”). Rooted extents are needed in order to identify

. e d
the graphs with extents of the context K" (K) (an extent which is not rooted
would corrspond to a graph which has an edge but is missing at least one of the
adjacent vertices). Now we are able to formulate the desired theorem:

Theorem 9. (Basic Theorem on K—Conceptual Contents) For a power
context family K of limited type n the conceptual contents of the protoconcept
graphs of K are exactly the rooted extents of the corresponding conceptual
information context K"/ (K)

Proof: By definition, the conceptual content of a protoconcept graph is the
disjoint union C(&) := Cp(&) U C1(&) U -+ U C, (). By Theorem 8., for each
k = 0,1,...,n the conceptual content Ci(®) is an extent of K"/ (Kj). Since
K/ (K)) is the direct sum of all these contexts, we find that C'(®) is an extent
of Kinf (K) This extent is rooted as a direct consequence of the definition of

protoconcept graphs. Conversely, let U be a rooted extent of K/ (K)) Then
Uy := UN Gy is an extent of K/ (Ky) for each k = 0,1,...,n and therefore an
implicational closure of S™?(K},) by Theorem 8.. Now we define a protoconcept
graph & := (V, E,v,k,0) by V := Uy, E = Uk:l,---,n Uk, v((g15- -5 Gk)s Pr) ==
((91,T0),- -+ (gk: To)), £((9:P0)) = Po, £(((g1,-- -+ 9K),Pk)) = Pr, 0((g,P0)) :=
{g}. Obviously, this protoconcept graph has U as conceptual content. O

This result can be considered as a further step in elaborating the inter-
relationships of Contextual Logic. Generalizing the result in [Wi03], it makes
protoconcept graphs accessible via Formal Concept Analysis by proving that
even conceptual contents of judgments with a (local) negation are derivable
as formal concepts. Moreover, Proposition 5. and the two basic theorems give
us some structural insight regarding the closure systems C(K) and C (K)) which
might prove valuable for the development of TOSCANA-systems for protoconcept
graphs of power context families (see [EGSWO00]).

4 Outlook

In this paper, object implications in power context families were not considered
at all (due to reasons which were explained at the end of Section 2). However,
it seems possible to include a variant of object implications in this theory by
defining a closure closed under object implications using only instances which
are in S™?(K). Since this approach exceeds the range of this paper, it would be
desirable to continue the study of conceptual contents of protoconcept graphs.

In [Da04], it was described how a logic approach to concept graphs can ef-
fectively deal with object and concept implications via new derivation rules. It
might be interesting to see if and how this theory can be transferred to a theory
of protoconcept graphs which is based on a separation in syntax and semantics.
In particular, the relation of such a syntactic approach and the semantic theory
described in the present paper might lead to new insights with respect to the
overall theory of protoconcept graphs.
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1 Introduction

In this paper we propose a semiotic conceptual framework which is compatible with
Peirce’s definition of signs and uses formal concept analysis for its conceptual structures.
The goal of our research is to improve the use of formal languages such as ontology
languages and programming languages. Even though there exist a myriad of theories,
models and implementations of formal languages, in practice it is often not clear which
strategies to use. Al ontology language research is in danger of repeating mistakes that
have already been studied in other disciplines (such as linguistics and library science)
years ago.

Justto give an example of existing inefficiencies: Prechelt (2000) compares the imple-
mentations of the same program in different programming languages. In an experiment
he asked programmers of different languages to write a program for a certain problem.
All programmers of so-called scripting languages (Perl, Python, Tcl) used associative
arrays as the main data structure for their solution, which resulted in very efficient code.
C++ and Java programmers did not use associative arrays but instead manually designed
suitable data structures, which in many cases were not very efficient. In scripting lan-
guages associative arrays are very commonly used and every student of such languages
is usually taught how to use them. In Java and C++, associative arrays are available via
the class hierarchy, but not many programmers know about them. Therefore scripting
languages performed better in the experiment simply because programmers of Java and
C++ were not able to find available, efficient data structures within the large class li-
braries of these languages. Of course, this does not imply that scripting languages always
perform better, but in some cases apparently large class libraries can be a hindrance.

These kinds of problems indicate that the challenges of computing nowadays lie
frequently in the area of information management. A semiotic-conceptual framework as
proposed in this paper views formal languages within a system of information manage-
ment tasks. More specifically, it identifies management tasks relating to names (names-
paces), contexts and (object) identifiers as the three contributing factors. These three
management tasks correspond to the three components of a sign: representation, context
and denotation.

Ithas been shown in the area of software engineering that formal concept analysis can
be used for such information management tasks (Snelting, 1995). Snelting uses formal
concept analysis for managing the dependencies of variables within legacy code. But
we argue that it is not obvious how to connect the three different areas of management
tasks to each other if considering only conceptual structures, because sign use involves
semiotic aspects in addition to conceptual structures. The semiotic conceptual framework
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described in this paper facilitates a formal description of semiotic aspects of formal
languages. It predicts the roles which conceptual and semiotic aspects play in formal
languages. This is illustrated in a few examples in section 8 of this paper. It should be
pointed out, however, that this research is still in its beginnings. We have not yet explored
the full potential of applications of this semiotic conceptual framework.

2 The Difference between Signs and Mathematical Entities

A semiotic conceptual framework contrasts signs with mathematical entities. The vari-
ables in formal logic and mathematics are mathematical entities because they are fully
described by rules, axioms and grammars. Programmers might think of mathematical
entities as “strings”, which have no other meaning apart from their functioning as place
holders. Variables in declarative programming languages are richer entities than strings
because they have a name, a data type and a value (or state) which depends on the time
and context of the program when it is executed. These variables are modelled as signs
in a semiotic conceptual framework.

One difference between mathematical entities and signs is the relevance of context.
Mathematics employs global contexts. From a mathematical view, formal contexts in
formal concept analysis are just mathematical entities. The socio-pragmatic context of
an application of formal concept analysis involves signs but extends far beyond for-
mal structures. On the other hand, computer programs are completely formal but their
contexts always have a real-time spatial-temporal component, including the version of
the underlying operating system and the programmer’s intentions. Computer programs
cannot exist without user judgements, whereas mathematical entities are fully defined
independently of a specific user.

Many areas of computing require an explicit handling of contextual aspects of signs.
For example, contextual aspects of databases include transaction logs, recovery routines,
performance tuning, and user support. Programmers often classify these as “error” or
“exception” handling procedures because they appear to distract from the elegant, log-
ical and deterministic aspects of computer programs. But if one considers elements of
computers as “signs”, which exist in real world contexts, then maybe contextual aspects
can be considered the norm whereas the existence of logical, deterministic, algorithmic
aspects is a minor (although very convenient) factor.

3 A Semiotic Conceptual Definition of Signs

Peirce (1897) defines a sign as follows: “A sign, or representamen, is something which
stands to somebody for something in some respect or capacity. It addresses somebody,
that is, creates in the mind of that person an equivalent sign, or perhaps a more developed
sign. That sign which it creates I call the interpretant of the first sign. The sign stands for
something, its object.” Our semiotic conceptual framework is based on a formalisation of
this definition, which is described below. To avoid confusion with the modern meaning
of “object” in programming languages, “denotation” is used instead of “object”.

A representamen is a physical form for communication purposes. Representamens
of formal languages, for example variable names, are considered mathematical entities
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in this paper. All allowable operations among representamens are fully described by
the representamen rules of a formal language. Two representamens are equal if their
equality can be mathematically concluded from the representamen rules. For example,
representamen rules could state that a string “4+1” is different from a string “5”, whereas
for numbers: 4 + 1 = 5.

In a semiotic conceptual framework, Peirce’s sign definition is formalised as fol-
lows: A sign is a triadic relation (rmn(s), den(s), ipt(s)) consisting of a representamen
rmn(s), a denotation den(s) and an interpretant ipt(s) where den(s) and ipt(s) are
signs themselves (cf. figure 1). It is sometimes difficult to distinguish between a sign
and its representamen, but rmn(s) is used for the mathematical entity that refers to the
sign and s for the sign itself.

-_— == _ ~

N ) mathematical entity (\representamen )

— > representation

representamen
as sign

interpretant
| - |

_ -~ _ - - -

- , ~

{_ formal concept ) (_ context )

- - ~ -

Fig. 1. The sign triad

Even though the three components of the sign are written as mappings, rmn(),
den(), ipt(), these mappings only need to be defined with respect to the smallest pos-
sible interpretant which is the sign’s own interpretant at the moment when the sign is
actually used. Further conditions for compatibility among interpretants must be pro-
vided (see below) before triadic sign relations can be considered across several or larger
interpretants. Such compatibility conditions must exist because otherwise signs would
be completely isolated from each other and communication would not be possible.

Interpretants and denotations are signs themselves with respect to other interpretants.
But they also relate to mathematical entities. Denotations relate to (formal) concepts.
Interpretants relate to contexts, which are in this paper defined as the formalisable aspects
of interpretants. Interpretants contain more information than contexts. According to
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Peirce, interpretants mediate between representamens and denotations. Therefore an
interpretant or context only needs to contain as much information as is needed for
understanding a sign. Because “a sign, or representamen, is something which stands
to somebody for something in some respect or capacity” (Peirce, 1897), it follows that
signs are not hypothetical but actually exist in the present or have existed in the past.

4 Synonymy and Similar Sign Equivalences

The definition of signs in a semiotic conceptual framework does not guarantee that
representamens are unambiguous and represent exactly one denotation with respect to
one interpretant. Furthermore, the definition does not specify under which conditions
a sign is equal to another sign or even to itself. Conditions for interpretants must be
described which facilitate disambiguation and equality.

A set I of n interpretants, i1, 2o, ..., i, is called overlapping iff

va, 1§a§n3b, lgbgn,byﬁaas : Z.u, — S,ib — S (1)

where s denotes a sign. The arrow relation “—” is called “representation” and is the
same as in figure 1. This relation is central to Peirce’s definition of signs but shall not be
further discussed in this paper.

With respect to a set I of overlapping interpretants, any equivalence relation can be
called synonymy, denoted by =y, if the following necessary condition is fulfilled for all
signs represented by interpretants in /:

(rmn(s1),den(s1),ipt(s1)) =1 (rmn(sa), den(ss),ipt(sa)) = )
s1 — den(sa), s2 — den(s1), den(s1) =1 den(ss2)

Only a necessary but not sufficient condition is provided for synonymy because it
depends on user judgements. In a programming language, synonymy can be a form of
assignment. If a programmer assigns a variable to be a pointer (or reference) to another
variable’s value, then these two variables are synonyms. Denotational equality is usually
not required for synonymous variables because values can change over time. For example
two variables, “counter := 5 and “age := 5", are not synonymous just because they have
the same value. Because synonymy is an equivalence relation, signs are synonymous to
themselves.

A further condition for interpretants ensures disambiguation of representamens: A
set I of overlapping interpretants is called compatible iff

ViriselVsy 55 1 (11 = S1,12 — S2, Tmn(s1) = rmn(s2) = s1 =1 s2)  (3)

In the rest of this paper, all single interpretants are always assumed to be compatible with
themselves. Compatibility between interpretants can always be achieved by renaming
of signs, for example, by adding a prefix or suffix to a sign.

The following other equivalences are defined for signs in a set I of compatible
interpretants:
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identity: 51 <; $o :<= id(s1) =id(s2), $1 =1 So )

polysemy: s1 =1 sg <= rmn(s1) = rmn(sz) 5)

equality: s1 =1 $o :<=> den(s1) =y den(sa), rmn(s1) = rmn(sz) (6)

equinymy: s1 & so = den(s1) =1 den(sa), s1 =1 S2 7
§1 5 89 — S1 =71 S2

Identity refers to what is called “object identifiers” in object-oriented languages
whereas equinymy is a form of value equality. For example, in a program sequence,
“age := 5, counter := 5, age := 6”, the variables “age” and “counter” are initially equal.
But “age” is identical to itself even though it changes its value. Identity is implemented
via a set Z of mathematical entities. The elements of Z are called identifiers. A mapping
id() maps a sign onto an identifier or onto NULL if the sign does not have an identifier. It
should be required that if two signs are equal and one of them has an identifier then both
signs are also identical. The only operation or relation that is available for identifiers is
“=". In contrast to synonymy which is asserted by users, object-oriented programming
languages and databases have rules for when and how to create “object identifiers”.

Because the relations in (4)-(7) are equivalence relations, signs are identical, poly-
semous, equinymous and equal to themselves. In (5) polysemy is defined with respect
to equal representamens but only in compatible interpretants. Signs with equal rep-
resentamens across non-compatible interpretants are often called “homographs”. This
definition of “polysemy” is different from the one in linguistics which does not usually
imply synonymy.

The following statements summarise the implications among the relations in (4)-(7).

§1 X S Or S1 =] S OF S1 =2 S9 = S1 =7 So (8)

51 = 83 <= 51 =1 S2, S1 =1 52 &)

5 Anonymous Signs and Mergeable Interpretants

Two special cases are of interest: anonymous signs and mergeable interpretants. In pro-
gramming languages, anonymous signs are constants. An anonymous sign with respect
to compatible interpretants [ is defined as a sign with

s =y den(s) (10)

An anonymous sign denotes itself and has no other representamen than the repre-
sentamen of its denotation. Signs which are anonymous with respect to one interpretant
need not be anonymous with respect to other interpretants.

The following equations and statements are true for anonymous signs s, s1, S2

s =y den(s) = s =y den(s) =1 den(den(s)) =y ... (11)
s =1 den(s) = rmn(s) = rmn(den(s)) = rmn(den(den(s)) =... (12)
$1 =1 So <= den(s1) =1 den(s2) (13)

51 =1 83 <= 51 = 52 (14)
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Statement (14) is true because of s1 = so = den(sy) =y den(sy) = s1 =1 So.
Thus for anonymous signs equality and equinymy coincide. It is of interest to consider
interpretants in which equinymy and synonymy coincide. That means that synonyms
have equal instead of just synonymous denotations. This leads to the next definition:

A set I of compatible interpretants is called mergeable iff for all signs in

81 =1 82 = 51 =1 89 (15)

which means that all of its synonyms are equinyms. If an interpretant is not mergeable
with itself it can usually be split into several different interpretants which are mergeable
with themselves. In mergeable interpretants, it follows that

S1 =1 Sg <= S1 =] So == S1 =] S9 <= S1 =1 So (16)

$1 =1 S$2 <= rmn(s1) = rmn(sa) (17)

because rmn(s1) =rmn(s2) = dmn(s1) =5 dmn(sz) = dmn(s1) = dmn(sz).

From (14) and (16) it follows that for anonymous signs in mergeable interpretants,
the four equivalences, synonymy, polysemy, equality and equinymy are all the same. For
anonymous signs in a mergeable interpretant, the representamen rules alone determine
synonymy. Because representamens are mathematical entities, it follows that anonymous
signs in mergeable interpretants behave like mathematical entities.

6 Conceptual Structures

While semiotic structures, such as synonymy, model the decisions a user makes with
respect to a formal language, mathematical entities can be used to compute the con-
sequences of such decisions. It is argued in this paper that the mathematical entities
involved in signs (especially formal concepts and contexts) can be modelled as con-
ceptual structures using formal concept analysis. Concept lattices can be used to show
the consequences of the semiotic design decisions. Users can browse through concept
lattices using a variety of existing software tools to explore the signs.

This insight is not new. In fact there are several papers, (for example, Snelting (1996))
which demonstrate the usefulness of formal concept analysis in software engineering.
Our semiotic conceptual framework adds a layer of explanation to these studies by
detailing how semiotic and conceptual aspects both contribute to formal languages. A
semiotic perspective also adds modes of communication or “speech acts” to the concep-
tual framework. Examples are “assertion”, “query” and “question”. But these are not
further discussed in this paper.

Formal concept analysis, description logics, Sowa’s (1984) conceptual graphs, Bar-
wise & Seligman’s (1997) classifications and object-oriented formalisms each provide a
slightly different definition of concepts. But they all model denotations as binary relations
of types and instances/values. Thus denotations are signs of the form [typ(s) : ins(s)]
where typ(s) is a sign called type and ins(s) is a sign called instance (or value). A sign
s with den(s) = [typ(s) : ins(s)] is written as s[typ(s) : ins(s)]. A formal concept is
an anonymous sign ¢ =; ({e1, ea,...};{i1,12,...}) where ey, ea, . . . are mathematical
entities that form the extension and 41,49, ... are mathematical entities that form the
intension of the formal sign.
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For a fixed interpretant, denotations are mapped onto formal concepts as follows:
the intension is the set of types that are inherited by the sign via a type hierarchy and
the extension is the set of instances that share exactly those types. As a restriction it
should be required that each sign is synonymous to at most one formal concept within
the given interpretant. Within the framework of formal concepts, equality of denotations
can be mathematically evaluated because formal concepts are anonymous signs. Formal
concepts as defined in this paper form concept lattices as defined in formal concept
analysis.

7 Contexts and Meta-constructs

Several formalisms for contexts have been suggested by Al researchers (eg. McCarthy
(1993)) but in general they are not integrated into reasoning applications as frequently
and not as well understood as representamens and formal concepts. Figure 1 indicates
that contexts should play an important role in the formalisation of signs besides repre-
sentamens and formal concepts. We argue in this paper, that contexts are not as difficult
to deal with as Al research suggests if they are modelled as formal concepts as well.

If contexts are modelled as formal concepts, relationships between contexts, such as
containment, temporal and spatial adjacency or overlap can be modelled as conceptual
relations. Contexts as formal concepts are denotations of other signs with respect to other
interpretants. Peirce stresses the existence of infinite chains of interpretants (interpretants
of interpretants of interpretants ...). But as formal concepts, contexts are not modelled
as contexts of contexts of contexts. All contexts can be modelled as formal concepts
with respect to one special meta-context of contexts because containment chains are just
conceptual relations, not meta-relations.

An advantage of this approach is that apart from one meta-language which de-
scribes the semiotic conceptual framework, no other meta-languages are required. All
other seemingly “meta”-languages are modelled via conceptual containment relations
between their corresponding contexts. For example, all facts, rules and constructors of a
programming language can be described in a single context. A program of that language
is executed in a different context. Both contexts are related via a containment relation
with respect to the meta-context of contexts. But the context of a programming language
is not a meta-context of a program.

8 Examples

The condition of mergeability of interpretants states that synonymous signs must have
equal denotations. With respect to programming languages this means that as soon as
a variable changes its value, a new interpretant must be formed. It may be possible to
bundle sequential changes of values. For example, if all values in an array are updated
sequentially, it may be sufficient to assume one interpretant before the changes and one
after the changes instead of forming a separate interpretant after each change. Some
variables may also be ignored, such as counters in for-statements. This corresponds to
the distinction between persistent and transient objects in object-oriented modelling.
Transient variables do not initiate new interpretants.
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4 N

counter = 1
print "game starts"
while counter <= 5:
number = input("please guess the number")
if number == 5:
print "good guess"
break
else:
print "try again"
counter = counter +1
else:

print "game over"

Fig. 2. A piece of Python code

The significance of the following examples is not that this is just another application
of formal concept analysis but instead that this kind of analysis is suggested by the
semiotic conceptual framework. The theory about mergeability of interpretants suggests
that a number of different interpretants are invoked by any computer program depending
on when certain variables change their values. It just happens that formal concept analysis
can be used to analyse this data. We believe that careful consideration of the predictions
made by the semiotic conceptual framework can potentially provide interesting insights.
But we have not yet explored this further.

The example in figure 2 shows a piece of Python code and a corresponding concept
lattice in figure 3. The contexts (or formalisable parts of interpretants) are initiated by
the changes of the variables “counter” and “number”. Each context produces a different
behaviour, i.e., a different print statement by the program. The lattice in figure 3 is
modelled as follows: the objects are the observable behaviours of the program (i.e., the
print statements). The attributes are the states of the variables which are relevant for the
contexts. The formal concepts are contexts of the program. If the counter is smaller than
5 and the user guesses the number 5, the program prints “good guess”. If the number is
not 5 but the counter is smaller than 5, the program prints “try again” and “please guess”,
except in the first instance (counter =1) when it prints “please guess” after having printed
“game starts”. If the counter is larger than 5 the game prints “game over”.

In contrast to flowcharts, the lattice representation does not represent the sequence of
the statements. Wolff & Yameogo’s (2003) temporal concept analysis could be applied
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counter <=5

numntber != 5 counter > 5

try again

counter =

game start game over

please guess

Fig. 3. A lattice of contexts for the code in figure 2

to the lattice to insert the temporal sequence. The lattice shows the relationships among
the contexts. For example, it shows that the start-context (counter = 1) and the contexts
in which the wrong number was guessed share behaviour. This is not necessarily clearly
expressed in the code itself. In fact our experience with teaching scripting languages to
non-programmers has shown that students often have a problem comprehending where
the ’print “please guess’” statement needs to be placed within the while loop so that it
pertains to both the first iteration and to some of the later iterations. In the lattice this
relationship is shown more clearly.

It should be noted that we have not yet tested whether students can read the lattices.
But we are not suggesting that lattices must be used directly as a software engineering
tool. The information contained in the lattice could be displayed in a different format,
which would still need to be determined. We have also not yet determined in how far
such lattices can be automatically generated from code. We intend to investigate this
further in the near future.

The second example, which was taken from Ballentyne (1992) demonstrates the
equivalence of Warnier diagrams (Orr, 1977) and concept lattices. The original data is
shown in the upper left table in figure 4 and to be read as follows: action 1 has four crosses
which correspond to the conditions A, —~B,—~C or A,—B,C or A,B,-C or A, B, C.
This is equivalent to condition A implying action 1. Therefore in the formal context on
the left there is a cross for A and 1. Action 2 is conditioned by —=A and B which is
visible both in the left table and in the formal context. After the whole context has been
constructed in that manner, a second condition is to be considered which is that A and
—A and so on must exclude each other. This is true for A and B but ~C' does not have
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Condition/action list Corresponding formal context

N N
Conditions Actions
ABC 1 2 3 4 5 6 ( )
1 2 3 4 5 6 t
e 000 s ™ - P
X A X X X X
001 X B X X x
010 X X C <
Ol11 X X not A X
100 X X not B X X X
101 X X X ~
oL T
110 X X X
LIt i x X x Concept lattice
Warnier diagram
A:6,1
B A
B:5
not A: 2
C:3 5 1
not B: 4 Al
not C: —
notA; — not A
2 6 ¢
C
3

Fig. 4. Warnier diagrams and lattices

any attributes and must be excluded from the lattice. A third condition is that any meet
irreducible concepts in the lattice must not be labelled by an attribute because otherwise
that attribute would be implied by other attributes without serving as a condition itself.
For this reason, the temporary attribute ¢ is inserted. The resulting lattice can be read
in the same manner as the one in figure 3. The Warnier diagram corresponds to a set of
paths from the top to the bottom of the lattice which cover all concepts. Obviously, there
can be different Warnier diagrams corresponding to the same lattice.

9 Conclusion

A semiotic conceptual framework for formal languages combines conceptual reasoning
and inference structures with semiotic modes, such as assertion, question and query. By
considering the denotations of formal signs as formal concepts, structure is imposed.
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Because denotations are both signs and can be mapped to formal concepts which are
mathematical entities, denotations serve as boundary objects (Star, 1989) between the
mathematical world and the pragmatic world of signs. The role of contexts is often
neglected. This is understandable in mathematical applications because mathematical
entities exist in more global contexts. But in other formal languages, which employ
richer signs, contexts are frequently changing and cannot be ignored. If contexts are
modelled as formal concepts, it is not necessary to invent any new structures but instead
the mechanisms of formal concept analysis can also be applied to contexts. Contexts
provide a means for managing signs and sign relations. Programming languages and
databases already fulfill these functions, but so far not much theory has been devel-
oped which explains the theoretical foundations of context management. A semiotic
conceptual framework can provide such a theory.
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Abstract. The development of the theory of Formal Concept Analysis
has been accompanied from its beginning by applications of the theory to
real-world problems. Those applications gave rise to the implementation
of the software TOSCANA and the creation of TOSCANA-systems. In this
paper, we provide a mathematical model for these systems. This model
— called Conceptual Data System — enables us to describe TOSCANA-
systems and to discuss possible extensions in mathematical terminology.

1 Introduction

Since its beginning the development of the mathematical theory of Formal Con-
cept Analysis has been accompanied not only by theoretical considerations but
also by practical applications of the theory to real-world problems. During the
last decade, one particular group of projects contributed greatly to the deploy-
ment of Formal Concept Analysis. TOSCANA-systems — based on the software
ToscANA—- showed how the theory can be used for instance for analyzing and re-
structuring data or to retrieve documents from a given database. The main tasks
of the software itself is to visualize diagrams, to calculate the realized extents of
the displayed conceptual scales and to allow the user to select and to construct
the view on the data he is interested in. While TOSCANA is for the most part an
implementation of the theoretical concepts of conceptual scaling (cf. [GW89)]),
ToOsCANA-systems themselves have developed a rich structure which makes them
flexible and adaptable to many different situations. While parts of this structure
have been described already very early in [VWW91, SSVWWO93], a complete
mathematical description of the system and its interface is not available. Our
approach tries to combine the previous work and extend it using some ideas
from one of the authors diploma thesis [Ka02] to provide a formal basis for dis-
cussion about the structure, development, and extension of TOSCANA-systems.
We consider a mathematical model for those systems to be helpful to trans-
port mathematical development to the applied side, and vice-versa to translate
problems arising in real-world projects back to the theoretic level.

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 39-46, 2004.
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2 Many-Valued Context and Conceptual Schema

A ToscANA-system implements the idea of conceptual scaling [GW89] where a
data table is modeled as a many-valued context:

Definition 1 (many-valued context). A many-valued context is a structure
K := (G, M,U,,crs Wm, I), where G is a set of objects, M is a set of attributes,
W= Umers Wi is a set of values and I C G x M x W is a ternary relation,
where (g, m,w1), (g,m,ws) € I = w1 = wy € W,,. Every m € M can be
understood as a (partial) function from G to W with m(g) := w if (g, m,w) € I.
By W, we denote the set of potential values for an attribute m, while m(G) is
the set of actual values occuring in the context.

A conceptual scale for a set of attributes of a many-valued context is defined
as follows:

Definition 2 (conceptual scale). Let K := (G, M,W,I) be a many-valued
context and N C M. Then we call a formal context Sy := (Gn, My, In) con-
ceptual scale if {(m(g))men|g € G} C Gy C X pen Wi We say Sy scales
the attribute set N. A family of conceptual scales (Sn;)jes scales K if every
conceptual scale Sy, scales the attribute set N; C M.

Central to all TOSCANA-systems are the diagrams that are used as interface to
the data. To the user, the conceptual scale and the corresponding diagram appear
as one entity. Mathematically however, we differentiate between the already
introduced conceptual scale and its geometrical representation.

Definition 3 (diagram map). If (P, <) is an ordered set, P is finite, and <
denotes the lower neighbour relation for <, we call an injective mapping

A PU <— R? U PB(R?)
diagram map if

epe P = \(p) €R?
e p1 <p2 = Ap1)l2 < A(p2)l2, and
o (p1,p2) €<= Alp1,p2) == {rA(p1) + (1 —=7)A(p2) |r € R and 0 < r < 1}.

The image A(PU <) of a diagram map represents a line diagram of the
ordered set (P, <). The image A(P) is the set of all points and A(<) is the set
of all line segments of the line diagram. If P = B(K), we can assign a labeling
(Ge, Me)cemx) where (G, M) € P(Gk) x P(Mg) to a diagram map . The
labels can be attached to the corresponding points v € A(B(K)) using A. The
label (G, M,) is attached to the point A(c). A simple way to assign a labeling
to A is (¢)cem(k)- In TOSCANA-systems it is common to label attributes reduced,
i.e. to list only contingents. With ~ we refer to the object concept mapping from
the Basic Theorem on Formal Concept Analysis and with p to the attribute
concept mapping. Then we define

(Bxt(c), p =1 (6))cem ()

as complete labeling. The reduced labeling is defined as
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(v (e), 7 He))eem(x)-

The process of developing a TOSCANA-system is an iterative interdisciplinary
task where a discussion between domain experts and Formal Concept Analysis
experts yield conceptual scales for a database of interest. The result of this
process is a conceptual schema which will be defined mathematically in the
following.

Definition 4 (conceptual schema). Let (Sy;)jcs be a family of conceptual
scales and let (\) e be a family of diagram maps where dom(A;) =B (Sn;,)U <;.
Then we call the vector S := (Sn;,Aj)jes conceptual schema. We say that a
conceptual schema S and a many-valued context K are consistent if (Sy,)jes
scales K.

Our formalization of the conceptual schema adapts the conceptual file model
from [VWWO91] (the term was changed to conceptual schema since the infor-
mation is not neccesarily stored in a single file). The information neccesary to
connect the database is very subtle modelled by the sets (N;);ecs. This reflects
the fact that in TOSCANA-systems one cannot change the column names in a
data table without adapting the queries for the diagrams. Note that the object
set of a conceptual scale is contained in X ¢ N; Wi, according to Definition 2.
Therefore the labeling for a diagram map A; contains in the object part tuples
of potential attribute values.

With the preceding definitions we have formalized the basic ingredients of a
conceptual data system. Next, we will discuss a description of the interface.

3 Conceptual Interface and Conceptual Data System

With the notion conceptual interface we will construct a mathematization of
the interface of the system, which is usually provided by the TOSCANA-software.
The TOSCANA-software uses the information from the real-world counterpart of
a conceptual schema to present the data to the user, and it allows the user to
interact with the system. A conceptual interface, a conceptual schema, and a
many-valued context will form the components of a conceptual data system. The
following definitions will be put together in the end. We start describing the
connection between many-valued context and conceptual scales.

Definition 5 (realized scale). Let S := (Sn,, \j)jes be a conceptual schema
consistent with K := (G,M,W,I) and let j € J. For Sy, := (Gn;, Mn;,In;)
the realized scale is defined as Sy, := (G, Mn,,I},) with (g,m) € Iy : <=
((n(g))nGN]7m) € IN]"

It is important to note that an object h € G'n, can be non-realized if there

is no g € G meeting the attribute value combintaion prescribed by h. The
object clarification of a realized scale S}”\,j is isomorphic to the subcontext Sy, :=

(G\Nj,MNj,INj n (@Nj X MNj)) of SNj with

Gn, = {h € Gn,|3g € G : (m(9))men, = h}.
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Therefore, we can embed the lattice B(S") in B(S), identifying concepts by their
intents, using the following theorem from [GW99, p. 98]:

Theorem 6. For H C G, the map

B:B(H,M,INH x M) — B(G,M,I)
(A, B) — (B, B)

is a \/-preserving order-embedding.

If this embedding ( is not surjective, non-realized concepts will occur. These
are concepts of S which have no preimage under the natural embedding 3. Let
¢ := (A, B) be in B(S). One can check whether ¢ is non-realized by deriving B".
If (B!*, B) is not an element of B(S") the concept ¢ is non-realized.

Definition 7 (non-realized concept). We call a concept ¢ € B(S) non-

realized in B(S") if ¢ ¢ B(B(S)).

If a conceptual scale Sy scales an attribute set N of a many-valued context
K and for every h € G there exists an g € G with (m(g))men = h, we call S
completely realized. Discussions of non-realized concepts and their relevance for
local scaling can be found in [St96, Sc98]. If a conceptual schema S and a many-
valued context K are consistent we can define additional notions of labelings. Let
SN, := (Gn,, Mn,,In;) be a scale of a conceptual schema S. Realized labelings
for the corresponding diagram map A; : B(Sy,)U < — R? U P(R?) are subsets
of P(G) x P(Mp;). The complete realized labeling is defined as

((Int(t))I};’j ) ,Uil(c))ce%(SNj )

and the reduced realized labeling is defined as

(it (e))™ \ | (it ()™, 5172 ())eemien, -

o <c

3.1 Zooming

In a TOSCANA-system, the user can select a subset of the available objects for
further analysis by double-clicking on a given concept. This is called zooming.
More precisely, the user changes the state of the system into another state,
enabling the system to produce a new diagram. The state of a TOSCANA-system
is given by the selected scales and the chosen object sets for filtering. We formally
define:

Definition 8 (state, initial state). Let S := (Sn;,\;)jes be a conceptual
schema consistent with a many-valued context K := (G, M, W, I). Then a state
is a tripel s := (0, F1, F3), where Fy C Fy C G and o := (j;)_, with j; € J for
i €{l,...,n} and i # k = j; # jk. F1 is called exact zooming filter and Fy is
called full zooming filter. An initial state is a state where Fy = F» = G.
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The scales identified by o are those that are displayed to the user. The number
of these active scales coincides with the depth of nesting n. To allow the user to
switch between exact and full zooming filter, we maintain both sets, F} and F5.

Formally, zooming maps states to states, depending on the user input which
consists of a concept and a next diagram to zoom into. In a real application this
can be a mouse click on a node of the line diagram displayed and a choice of a
certain number of diagrams of interest, for instance the next diagram to zoom
into.

We need to recall a definition from [GW99]:

Definition 9. We call K1|Ky := (G1, M1UMy, [1UL) the apposition of Ky
and K.

Definition 10. We define zooming as the mapping
C : (Sl>c7j) — 83

where s1 = (o, F1,F2) and s2 := (o', F|,F}) are states, j € J, and ¢ €
B(licq1,...n)S},). Then
Fl=F rﬁv_l(c)7

and
F} = F, N Ext(c).
For o := (ji)P_, the new set o' of active scales is o' := (j;)7Fy where jni1 = j.
We call a state wvalid if it is an initial state or the result of the zooming
operation with a valid state as input. After having formalized zooming, we turn
to the more sophisticated (nested) diagram display.

3.2 Diagram Display

An important aspect for TOSCANA-systems is the feature to combine several
predefined diagrams into one more complex view onto the data by nested line
diagrams. To describe this mathematically, we introduce an operation between
diagram maps:

Definition 11 (®). Let (P1,<1) and (P, <3) be finite ordered sets with lower
neighbour relations <1 and <2; furthermore let <12 be the lower neighbour rela-
tion of the direct product (Py, <1) x (Pa,<3). For a diagram map \1 of (P1,<1)
and a diagram map Ay of (Py, <s), positive reals s,r1, and ro can be chosen such
that r1 min{|lv — w|| |v,w € A\ (P1)} > s and ro max{||v|| |v € A2(P2)} < s. For
such real numbers, a diagram map X := A1 ® \g : P X PoU <12— R2 U B(R?)
exists with
A(p1,p2) == r1A1(p1) + r2Xe(p2) and

A((p1,p2), (q1,92)) == {r(p1,p2) + (1 = r)(q1,q2) |r € R with 0 < r < 1}.

Proposition 12. The class of diagram maps is closed under the operations ®
defined in Definition 11.
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Proof. Let A :== A1 ® Aa. We have to show

(P1,p2) < (q1,q2) == AM(P1,p2)|2 < AM(q1,2)l2-

Assume (p1,p2) < (q1,92). Then

Ap1,p2)|2 = (11 A1 (p1) + 7222(p2))|2 = ridi(p1)|2 + T2 A2(p2) 2
<A (q1)]z + r2xe(g2)]2 = (r1Ai(qr) + r2A2(g2))]2 = A1, ¢2)|2-

It remains to show that A is injective. If A(p1,p2) = Mq1, q2), then

1A (p1) + reAa(p2) = riAi(qr) + r2A2(g2)

which can be transformed to

r1(A1(p1) — Ai(qr)) = ra(A2(p2) — A2(q2)).

This implies
T AL(p1) = Ar(q) |l = 72| A2(p2) — A2(g2)|l-

If p1 # q1, the injectivity of A1 and the choice of r1 force the left hand side of
the above equation to be greater than s. Therefore po # qo, because otherwise the
right hand side would be 0. The choice of ro implies that the right hand side of
the above equation is less or equal than s. It follows that p1 = q1 which implies
P2 = g2, because Ay is injective. a

From the viewpoint of Formal Concept Analysis a TOSCANA-system visu-
alizes the concept lattice of the apposition of the participating realized scales
embedded into the direct product of the concept lattices of the corresponding
conceptual scales. Because the object set of different realized scales of the same
conceptual schema is equal, we maintain the object set and form the disjoint
union of attributes and incidence relations for combining two scales. Proposition
31 and Theorem 7 from [GW99, p. 98, p. 77], guarantee that an order embed-
ding of B(ST|S5) into B(S1) x B(S2) is always possible. After summarizing the
theoretical background , we give the definition for a diagram display.

Definition 13 (diagram display). Let S be a conceptual schema consistent
with a many-valued context K and s be a valid state of the former. A diagram
display s a mapping

0:(K,S,8) — A

with X\ = O\, .

We have to explain how a diagram map resulting of the operation ® can be
labeled. Let A1 and Ay be diagram maps with P := B(S;) and Ps := B(Ss).
For ¢ = (¢1,¢2) € B(S1) X B(S2) we abbreviate Int(c; ) UInt(cz) by writing Int(c)
and g~ t(c1) U p~t(c2) by writing p=1(c). Let s := (o, F1, F2) be a valid state
of the system. Then we can distinguish four different labelings. In the following
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I7 5 denotes the incidence relation of the formal context S7|S;. The complete
s-realized labeling is defined as

((Fo N Int(c)" 12, 7 (€) ) eess (51) xB(52)-

This labeling corresponds to the setting all documents in TOSCANA 2 and
ToscANA 3 and to the Show all matches - Filter: use all matches setting in
ToscaNAJ. If we use a reduced object labeling, we get the special s-realized
labeling

((Fo N (Int(c) 12 \ U (Int(cl)li’")vlfl(c))ce%(sl)x%(sw

o’'<c

This labeling corresponds to the setting special documents in TOSCANA 3 and
to Show only exact matches - Filter: use all matches in TOSCANAJ. If we now
apply the smaller filter F; we get a exact s-realized labeling, which corresponds
to the setting ezact documents in TOSCANA 3 and to Show only exact matches
- Filter: use only exact matches in TOSCANAJ:

((Fy N (Int(c) 12 \ U (Int(cl)lfz)vlfl(c))ce%(sl)x%(sw

o/<c

The fourth combinatorical possibility is seldom used in TOSCANA systems,
but we mention it here for the sake of completeness:

(Fy N Int(c)" 12, 17 (€) ) eess (51) xB(52) -

Constructing the object parts of the labeling by deriving the concept intents
via the relation I7 5, we obtain an order embedding of the concept lattice of the
apposition of the realized scales into the direct product of the concept lattices
of the conceptual scales. The derivation operator “12 : B(M; U My) — PB(G)
models the database queries.

3.3 Final Formalizations

Now we can give a compact definition of what can be understood as a conceptual
interface:

Definition 14 (conceptual interface). Let K be a many-valued context con-
sistent with the conceptual schema S. A conceptual interface is a pair T :=
(7", ®) such that for every subset L of the index set K of the conceptual schema
S, the operator 'L is the derivation operator for the formal context |;cr ST and
the set @ contains at least the essential mappings 6 for diagram display and ¢
for the zooming operation.

The next definition puts all the parts together.

Definition 15 (conceptual data system). Let K be a many-valued context
consistent with the conceptual schema S and I a conceptual interface. Then
CDS := (K,S8,Z) is called a conceptual data system.



46 Joachim Hereth Correia and Tim B. Kaiser

4 Conclusion

We have formalized the core part of all existing TOSCANA-systems by the no-
tion of a conceptual data system. With this formalization we provide means
for describing the interface of a TOSCANA-system formally as well as its inter-
action with the conceptual schema and the database. We give mathematical
descriptions for the different labeling methods and summarize the mathemati-
cal theorems necessary to illuminate the conceptual meaning of the diagrams.
This framework may help in investigating and discussing different extensions
for ToSCANA-systems mathematically, for instance in course of the TOSCANAJ
project (cf. [BHO3]).
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Abstract. BLID (Bio-Logical Intelligent Database) is a bioinformatic
system designed to help biologists extract new knowledge from raw
genome data by providing high-level facilities for both data browsing
and analysis. We describe BLID’s novel data browsing system which is
based on the idea of Logical Information Systems. This enables combined
querying and navigation of data in BLID (extracted from public bioinfor-
matic repositories). The browsing language is a logic especially designed
for bioinformatics. It currently includes sequence motifs, taxonomies, and
macromolecule structures, and it is designed to be easily extensible, as
it is composed of reusable components. Navigation is tightly combined
with this logic, and assists users in browsing a genome through a form
of human-computer dialog.

1 Motivation

Over the last decade many organisms have had their genomes fully sequenced.
For example, the 17 chromosomes of the Baker’s Yeast (Saccharomyces Cere-
visiae) have been sequenced, and they code for about 6000 proteins [Gof97].
Yeast is one of the best studied of all organisms, yet about 30% of all its pro-
teins still have not yet any known function. For other organism the percentage
is higher. Therefore, one of most important current problems in biology is to
discover the function of these proteins that are currently unknown, and to bet-
ter understand the function of those that are putatively known. To help do this
biologists require new and powerful tools to browse and compare bioinformatic
databases, and so extract the wealth of information hidden in them.

Many bioinformatic databases are publicly available: e.g., the whole genome
of the Yeast is accessible from MIPSH. Also, many tools are available: e.g., PSI-
BLAST for comparing sequences, ExPASy for computing physical properties of
proteins. However, these data sources and analysis tools are disconnected from
each other, making it very difficult to perform genome-wide analysis. Moreover,
they usually offer limited forms of querying and navigation.

* This project is funded by the BBSRC grant 21BEP17028.

! Munich Information center for Protein Sequences, http://mips.gsf.de/

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 47-B4] 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Our aim is to provide biologists with a high-level and integrated interface
for browsing and analyzing a whole genome. To do this we first must build a
secondary database gathering data from different sources, and represent them
in a uniform way. We then must define a querying language that fits the needs
of bioinformatics, and allows browsing capabilities. In this paper, we focus on
the second task. This language can deal with taxonomies of protein functions,
with complex sequence patterns (as in Prosite), and with structures (e.g., the
transcription of proteins from several RNA parts called ezons). The need for
complex representations and reasoning mechanisms leads us to the use of log-
ics specialized to bioinformatics. Hence the name of our system, BLID, which
stands for Bio-Logical Intelligent Database. The term “intelligent” refers to the
automated analysis, such as machine learning or data-mining, that will be made
available on top of the querying system in the future.

Section [2] discusses the use of Formal Concept Analysis (FCA) for bio-logical
browsing, and presents Logical Information Systems (LIS) as a theoretical frame-
work for BLID. Section [3 presents a logic for the representation and reasoning
of descriptions and queries. Section ] explains and illustrates how an automatic
and non-hierarchical navigation can be combined with logical querying. Finally,
Section [0] discusses related works, and Section [6] draws some future directions,
especially w.r.t. analyses.

2 Concept Analysis and Logical Information Systems

Formal Concept Analysis (FCA) is a mathematical theory based on ordered
sets and complete lattices [Wil82]. A context is a triple (O,24,d), where O is
a set of objects, A a set of attributes, and d is a mapping from objects to their
description, i.e. a set of attributes. Then, a Galois connection (ext, int) is defined
between sets of objects and sets of attributes. For every set of attributes A, its
extent ext(A) = {o € O | d(o) 2 A} is defined as the set of objects whose
description contains A (i.e., the answers of A, when A is seen as a query); and
for every set of objects O, its intent int(O) = [,co d(0) is defined as the set
of attributes shared by all objects in O. Pairs of related extent and intent,
such as (ext(A),int(ext(A))) or (ext(int(0)),int(0)), are called concepts, and
form together a complete lattice of concepts when ordered by set inclusion on
their extent (or equivalently on their intent). Numerous works have shown the
usefulness of this concept lattice for information retrieval combining querying
and navigation [GMA93FR03], learning and data-mining [GKO0J/FR02b].

This applicability of FCA to information retrieval and learning is the basis
for our choice of its use as a theoretical foundation. In BLID, objects are the
ORF{ of some organism (the Yeast in the rest of this paper). However, simple
sets of attributes are not an expressive enough language for object descriptions
and queries. For example, a protein sequence can not be made an attribute as it

2 ORFs (Open Reading Frames) are segments of DNA in chromosomes supposed to be
transcribed and translated into proteins. An ORF coincides with the coding region
of a gene when this protein has directly been observed.
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is different for each gene. A set of predefined patterns could be used instead (e.g.,
from Prosite), but information about the gene would be lost, and querying with
new patterns would no longer be possible. We wish to preserve all information
and to dispose of an open query language.

Logical Concept Analysis (LCA, [FR03]) is an extension of FCA that allows
for the replacement of sets of attributes A € 2 by formulas f € L of a logic. The
formulas need only be ordered by a subsumption relation C, and this must form a
lattice. Logical Information Systems (LIS, [FR03]) are founded on LCA and are
characterized by: (a) an object-centered representation; (b) a tight combination
of querying and navigation; (c) a logical representation of object descriptions,
queries, and navigation links; (d) genericity in the logic for customization.

Section Bl describes the building of a logic that is designed specifically for
BLID. This comprises the definition of the language, as well as a few neces-
sary operations: (1) the subsumption C for ordering formulas according to their
specificity/ generality (f C g means f is more specific than g¢), (2) the conjunc-
tion M, and (3) the function feat that maps each object description to a set of
more general formulas, their features. These features play an important role in
navigation, which is presented in Section[dl They are generated mainly automat-
ically by the operation feat, but can also be introduced at any time manually by
users according to their needs.

3 Customized Logic and Querying for Bioinformatics

A logical context is build by creating an object for every ORF of the Yeast’s
genome. Each object/ORF is described by collecting information from vari-
ous data sources (see Section [I). For instance, a partial description of the
ORF YALO003w, incorporating various data types, is (sequences are shortened):

[ name is "YALOO3w", nb_atoms = 3138, mol_weight = 22.627e3,
seq is MAS[..]QKL, struc is c(8)a(12)c(3)[..1b(10)c(5)a(25)c,
some exon is [1,80], some exon is [447,987],

’mfc05/04/02: elongation’ ].

This description combines different concrete domains: text (name), integer
(number of atoms), float (molecular weight), two kinds of sequences (over amino-
acids and 3D structures), segments (exons). The first sequence (attribute seq) is
made of amino-acids, and defines the protein expressed by the ORF. In solution
the protein folds to form a specific 3D-shape. This shape, the tertiary structure,
is still generally unknown, but it is possible to reliably predict an intermedi-
ate structure, the secondary structure [OKQO(]. This latter structure (attribute
struc) is represented as a sequence composed of 3 kinds of structure element
(helices a, sheets b, and connecting elements called coils c), which can have dif-
ferent lengths (given between brackets after each structure element). The exons

3 Notice that the left argument in the subsumption relation is not restricted to be an
object description, but can be any query as well as the right argument. This makes
it much harder to define such logics, but is necessary for navigation.
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are the gene segments, from which an ORF is composed. The last term in the

description is an element of the taxonomy of functional classes, found in MIPS.

(This taxonomy has been used as target classes in machine learning [KKCDO00].)
Let the following expression be a query:

(’mfc05: PROTEIN SYNTHESIS’ or ’mfc06: PROTEIN FATE’)
and some exon start >= 2 and nb_atoms in 3000..4000 and
seq match N-{P}-[ST]1-{P} and not name ends with "w",

where the pattern N-{P}-[ST]-{P} is the Prosite motif PS00001, which is de-
scribed as “N-glycosylation site”. While none of the terms of this query appears
as such in the description of YALOO3w, the latter is still an answer of the query.
This means that propositional logic is not expressive enough as a query lan-
guage w.r.t. above description. One could wonder if propositional logic could be
made suitable by adapting the object descriptions. The answer is no, because
some data types have an infinite number of patterns (e.g., numerical intervals,
sequence motifs); and even for data types where this adaptation is possible (e.g.,
finite taxonomy of functional classes), this would imply redundancy and poten-
tial exponential growth of the descriptions.

Our logical language for descriptions and queries can be understood as a
propositional logic, whose atoms are replaced by logical features belonging to
fragments of predicate logic. In fact, this is equivalent to saying that our logic is
a controlled fragment of predicate logic, plus some theory about the considered
data types. For instance, the logical feature seq match N-{P}-[ST]1-{P} can be
translated into predicate logic by:

VYOrf : AStart, P1, P2, A2, P3, A3, P4, A4 : seq(Or f, Start)A
somesucc(Start, P1) A aa(P1,’N’) A succ(P1, P2) A aa(P2, A2)A
A2 # P’ A suce(P2, P3) A aa(P3,A3) A (A3 ="SV A3 ="T")A

succ(P3, P4) A aa(P4, A4) AN Ad £ 'P,

given some theory to define the predicate somesucc as the transitive closure of
predicate succ. It should be clear from this example that a customized logic
is preferable to predicate logic as a query language. This is more than mere
syntactic sugar because the use of specialized logics enables us to make the
computation of subsumption decidable, simpler, and more efficient (remembering
that subsumption needs to be applied between queries as well).

Building such a logic from scratch would be a tedious task because of the
number of different concrete domains. Moreover, this would make it difficult to
extend, or to reuse, parts of existing customized logics. In order to favor modu-
larity and re-usability we apply the principles of logic functors [FR02a], which
enable us to build complex logics by simple composition of smaller logic compo-
nents, the logic functors. Essentially, a logic functor is a function from logics to
logics, where logics are modeled as abstract types encapsulating both represen-
tation and reasoning. Most logic functors are reused from previous applications,
and a few others, specific to bioinformatics, are created (e.g., for protein se-
quences and Prosite motifs). Due to limited space, we do not give in this paper
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formal definitions for the language, the semantics, and the subsumption of logic
functors. For those interested, they are available for a few functors in [FR02a).
Figure [Mshows the way the logic functors are composed as a tree. Each node
is a logic functor that is applied to the logics composed from its sub-nodes. At the
root of the tree we recognize the propositional parts of the logic. The remainder of
the tree describes the logic of features that replace the usual atoms. Features are
used to represent both object descriptions and query terms. They are essentially
conjunctions of terms taken in concrete domains. The functor Sum allows us to
easily combine any number of concrete domains, and facilitate extensibility of
the logic. Finally, the functor AIK (named after the epistemic logic All I Know)
enables to apply the Closed World Assumption on object descriptions [FR02al.

Pair <Attr(nan"ne,gene,...)

String
; Attr(nb_atoms,...)
Pair = '
< Interval — Int

Pair Attr(mol_weight,...)
Interval — Float

Prop — AIK — Conj — Sum Pajr<Attr(seq)

Motif AA
Pair Attr(st_ruc)
Motif SS
. Attr(exon)
Some — Pair
< Segment — Int
Attr()

Fig. 1. The BLID’s logic represented as a tree of logic functors.

The logical context of chromosome A contains 108 objects (ORFs), from
which 4867 features are extracted. This makes an average of 161 features per
object, and 3.5 objects per feature (feature sharing). As this context is extended
to the whole genome (6141 ORFs), the number of features per object remains
constant, and the sharing increases, which results in a total number of features
of around 60,000. In such a large context, it becomes intractable to compute
the concept lattice. However, it is important to provide users with navigation as
they cannot remember by heart the function names or the Prosite motifs, and
also because, given some previous query, it is difficult to guess relevant features
to refine it. Section [ develops an interactive and incremental way of building
such queries: logical navigation.

4 Logical Navigation

The idea of navigation is to help users build their queries, and to enable them
to form overviews on the data. In the domain of concept analysis, navigation
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is usually realized by a direct browsing of the concept lattice, or some part of
it [GMA93]. However, this lattice becomes rapidly very large, and we prefer to
realize navigation by a form of human-computer dialog [FR03|, as this gives
more freedom for controlling the amount of answers.

To navigate from one query/ concept to another, users specify query incre-
ments with exclamatory commands, such as ! name ends with "w", and they
get suggestions for increments with the interrogative command “?”. These sug-
gestions are found among the features that have been automatically extracted
from object descriptions by the logical operation feat. For example, in the context
made of all ORFs of chromosome A, this command gives the following result:

[1] = What is there ¢
100 ! struc 100 ORFs with known 2nd structure !
101 ! °MIPS function’ 101 ORF's with function !
108 7 name What kind of name ?
108 7 some exon What kind of exon ¢
108 7 seq What kind of sequence ?
108 7 mol_weight in .. What kind of mol. weight ?
108 7 nb_atoms in .. What kind of nb. of atoms ¢

108 object(s) There are 108 selected ORFs.

The system returns not only exclamatory suggestions (query increments),
but also interrogative suggestions. These can be understood as “questions as
answers to questions”, and their purpose is to provide more concise answers,
as without them many exclamatory suggestions would possibly replace each in-
terrogative suggestion. These are called view increments, because they allow
to focus on one kind of features. For instance, the user can select the com-
mand “? nb_atoms in ..” in order to focus on the number of atoms:

[2] ? nb_atoms in .. What kind of nb. of atoms ¢
5 | nb_atoms = 2¥¥x* 5 ORFs with nb. of atoms in [20000,30000[ !

22 ! nb_atoms = 1x¥*x 22 ORFs with nb. of atoms in [10000,20000[ !

81 ! nb_atoms = Ox¥*x 81 ORF's with nb. of atoms in [0,10000[ !
108 object(s) There are 108 selected ORFs.

The formula nb_atoms = 2#%*** which means the number of atoms is com-
prised between 20,000 and 29,999, is a feature automatically generated by the
functor Int to make the navigation more progressive than a flat set of values.
This makes the answers look like a histogram, as values at the left of increments
are the number of objects they would select (support). With query languages
such as SQL or Prolog, one would either get a flat list of all ORFs along with
their exact number of atoms, or have to ask an aggregative query for all relevant
intervals; which are difficult to know without prior knowledge of the range and
the scale of the attribute (which can change according to the working query).

Coming back to command [1], we see that the feature ’MIPS function’ ap-
pears as a query increment, because it is not supported by all objects. However,
we would expect it to be as well a view increment, focusing on the functions of
ORFs. In fact, exclamatory suggestions can often be combined with an interrog-
ative command.
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[2] '? -1 -i ’MIPS function’ Select ORF's with function ! What kind of
functions ?
22 ! ’mfcO1: METABOLISM’

3 ! ’mfc02: ENERGY’ -> ’mfcO01: METABOLISM’
[-]
39 ! ’mfc99: UNCLASSIFIED PROTEINS’
101 object(s) There are 101 selected ORFs.

The 101 objects are selected and functional classes are listed in lexicograph-
ical order (option -1). This shows that about 40% of ORFs are unclassified.
Option -i displays contextual implications between suggested increments. This
enables the user to discover that every ORF in chromosome A that has an en-
ergetic function, has also a metabolic function.

5 Related Work

Our logics are similar to Description Logics (DL, [Bra79]), in the sense that for-
mulas are variable-free, and their semantics is based on object sets rather than
on truth values. Our attributes are equivalent to functional roles, and our oper-
ator some corresponds to the existential quantification. The two key differences
are the modularity of logic functors, and our focus on concrete domains. Further-
more, it would be possible to define a logic functor implementing a description
logic in which atoms could be replaced by formulas of concrete domains; as it has
been done with propositional logic. Both DL and our logics could be translated
into predicate logic, which is more expressive; however they are more readable,
and allow for logical navigation thanks to their compatibility with Logical Con-
cept Analysis. We are also developing in parallel a querying interface in predicate
logic (using Prolog) to offer more expressive power to expert users, but at the
cost that no navigation is provided.

A project related to ours is GIMS [Cor01], which aims at providing querying
and analysis facilities over a genome database. In this project, simple queries can
be built incrementally by selecting attributes and predefined value patterns in
menus. Canned queries are made available for more complex queries and analysis.
We differ in that we have made the choice to give users an open language,
knowing that navigation will be available to guide users; even if they have no
prior knowledge. It is difficult, if not impossible, to forecast all types of queries
that may be of interest in the future.

6 Future Work

Our future work concentrates on providing analysis facilities in addition to query-
ing and navigation. The kind of analysis we are mostly interested in is to dis-
cover by machine learning techniques rules that predict the biological functions
of ORFs from genomic data (i.e., functional genomics [KKCDO0]). A first step
will be to integrate existing machine learning techniques in BLID. Propositional
learners (e.g., C4.5, concept analysis [GK0O0]) expect kind of attribute contexts,
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which can easily be extracted from the BLID’s logical context by making each
feature (e.g., sequence motifs) a Boolean attribute. Inductive Logic Programing
(ILP, [MR94]) expects a representation of examples in predicate logic, which can
always be obtained by translating them from our specialized logics.

Ultimately, BLID could be made an Inductive Database [dR02] by unifying
various machine learning and data-mining techniques under a unified inductive
query language. For instance, such a language could allow to ask for “all most
general rules predicting whether a protein is involved in metabolism according
to its sequence”. Such a high-level language would be very helpful to biologists
and bioinformaticians, who strive to relate genomic data to biological functions.

A LIS executable for Unix/Linux can be freely downloaded at
http://users.aber.ac.uk/sbf/camelis.
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Abstract. In this talk I shall relate some of my experiences in teaching
lattice theory and the theory of ordered sets to undergraduates since
1975. T will show how Formal Concept Analysis can be used as a unifying
and motivating example in many parts of the theory.

1 The Way It Was

I have taught lattice theory to undergraduates at La Trobe university since
1975. T have also had the opportunity to present one-semester courses at Oxford
university and Monash university. Over a period of 13 years, I refined my notes
and the exercise sets. Each year, new exam questions were incorporate into the
exercises. The wording of exercises, which caused confusion amongst students,
were altered and, where necessary, appropriate hints were added. In this way 1
produced a set of notes which provided an excellent basis for a course pitched
at typical second or third year mathematics students. In 1984, Hilary Priestley
came to La Trobe to work with me and took a copy of my “Lattice Theory” notes
back to Oxford with her. She modified them by including more information on
Boolean algebras and used them for a course she was teaching to undergraduates
in theoretical computer science and mathematics. Meanwhile, I continued to
expand my version. In 1987 we proposed to Cambridge University Press that we
combine our two sets of notes into a text book. Hilary returned to La Trobe to
continue our research in 1988. During this visit we agreed on the overall structure
of the text. On her return to Oxford, writing of the first edition of Introduction
to lattices and order [1] began in earnest.

The structure of the first edition was strongly influenced by the request from
our editor, David Tranah, that we make the book as attractive as possible to
computer scientists: we wanted to write a text book but he wanted to sell one!
We spent a lot of time working through unpublished notes and manuscripts on
computer science. As we remarked in the preface, “...course notes by Dana
Scott, Samson Abramsky and Bill Roscoe enticed us into previously unfamiliar
territory ....” David Tranah also asked that the computer science material be
as early as possible in the text and as a result, Chapters 3 and 4, on CPOs and
Fixpoint theorems, were added.

In order to keep the price within the reach of our students, we set ourselves
a strict page limit of 256 pages. Even with the inclusion of the new material in

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 55-B6] 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Chapters 3 and 4, this allowed us a closing 16-page chapter. We made a decision
that was considered by some of our colleagues to be rather radical. As our final
chapter, we included an introduction to the basics of Formal Concept Analysis,
a topic, if not in its infancy, then in its early adolescence. This decision has been
more than vindicated over the years.

2 The Way It Is

Between 1990 and 2000, both authors continued to teach subjects based on the
text. The chapter on FCA was very soon promoted by both of us (independently)
to as early in the semester as possible. Our typical undergraduate courses con-
sisted, in order, of Chapter 1, half of Chapter 2, Chapter 11 (the FCA), followed
by Chapters 5 to 8. The remaining chapters (3, 4, 9 and 10) consist of more ad-
vanced material taught in the fourth year to students doing an honours degree.

By 2000, the fourth printing of the first edition had sold out and CUP re-
quested a second edition. Based on our experience of teaching from the text
between 1990 and 2000, we decided to reorder the chapters of the text and to
present them in the order that we taught them. So we find in the second edition
of Introduction to lattices and order [2], published in 2002, that Formal Con-
cept Analysis has been promoted from Chapter 11 to Chapter 3. This has the
distinct advantage that topics introduced earlier, such as join-irreducibility and
join-density, see immediate applications in the Fundamental Theorem of Concept
Lattices and other topics introduced in later chapters, such as Galois connec-
tions and the representation of finite distributive lattices, can be motivated by
the results on concept lattices. The chapter on FCA in the second edition also
includes a natural algorithm for finding all concepts of a context. While there is
software that will do this for us, we believe that it is important that students get
their hands dirty with some small examples before handing over responsibility
to the technology.

In this talk I will give a number of examples that show how Formal Concept
Analysis both reinforces and leads naturally to other important topics within
lattice theory.
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Abstract. MAIL-SLEUTH is a personal productivity tool that allows in-
dividuals to manage email and visualize its contents using line diagrams.
Based on earlier work on the Conceptual Email Manager (CEM), a major
hypothesis of MAIL-SLEUTH is that novices to Formal Concept Analysis
can read a lattice diagram. Since there is no empirical evidence for this
in the Formal Concept Analysis literature this paper is a first attempt
to test this hypothesis by following a user-centred design and evaluation
process. Our results suggest that, with some adjustments, novice users
can read line diagrams without specialized background in mathemat-
ics or computer science. This paper describes the process and outcomes
based on usability testing and explains the evolution of the MAIL-SLEUTH
design responding to the evaluation at the Access Testing Centre.

1 Introduction

Mixed initiative [15] is a process in human-computer interaction involving hu-
mans and machines sharing tasks best suited to their individual abilities. In
short, the computer performs computationally intensive tasks and prompts
human-clients to intervene when the machine is unsuited or resource limitations
demand human intervention. This process is well-suited to document browsing
using Formal Concept Analysis (FCA) and has been demonstrated in previous
work in the Conceptual Email Manager (CEM) [5l6)7] and RENTAL-Fca [S].

MAIL—SLEUTFE7 shown in Fig[dl, follows these ideas by re-using the interac-
tion paradigm of the CEM embedded within the Microsoft Outlook email client.
Other related work demonstrates mixed initiative using line diagram animation,

! http://www.kvocentral.org/software/rentalfca.html
2 http://www.mail-sleuth.com
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Fig.1. The final “look” of MAIL-SLEUTH. The line diagram is highly stylized and
interactive. Folders “lift” from the view surface and visual clues (red and blue arrows)
suggest the queries that can be performed on vertices. Layer colors and other visual
features are configurable. Unrealized vertices are not drawn and “Derived” Virtual
Folders are differentiated from Named Virtual Folders. A high level of integration with
the Folder List to the left and the Folder Manager (see tab) is intended to promote a
single-user Conceptual Information System task flow using small diagrams. Nested-line
diagrams are not supported, however it is possible to zoom into object sets at vertices
with a similar effect.

notably the algorithms in CERNATO [l]ﬁ Like, CERNATO, MAIL-SLEUTH does
not employ nested-line diagrams [27/24] instead relying on mixed initiative to
reduced line diagram complexity. The client is able to determine trade-offs be-
tween attributes and alter search constraints to locate objects that satisfy an
information requirement. Because nested-line diagrams are not employed, a ma-
jor issue is managing the complexity of line diagrams via iterative visualization
and zooming. Therefore, keeping the diagram simple needs to be encouraged
by the interface. Further, little or no evidence was available in the literature of
FCA to support the view that novice individuals could read and interpret line
diagrams without specialized training. It was widely assumed that difficulties
resulting from novices using a tool like MAIL-SLEUTH would inevitably result.
This assumption needed to be firstly tested and secondly, adjustments made in
the event that usability problems arose. This paper follows a user-centred test

3 CERNATO is commercial software developed by Navicon AG.
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Fig.2. A Conceptual Information Systems (CIS) and its roles (diagram used with
permission of Becker, 2003). Note that a CIS has three roles, the Conceptual Sys-
tems Engineering designs scales together with the Domain Expert based on theory or
practice. The System User may or may not be the same person as the Domain Expert.

methodology [T7], reports its outcomes and the way in which testing conditioned
the design of MAIL-SLEUTH and the visualization of line diagrams.

This paper is structured as follows. Section [2 surveys computer-based FCA
software systems. A common thread among both commercial and open-source
FCA tools is the use of a lattice diagram to visualize information content. MAIL-
SLEUTH is situated within this software tools survey. Section [ covers the back-
ground to information landscapes and conceptual knowledge processing. Section
Bl describes the evolution of the MAIL-SLEUTH and Section Bl deals with specific
evidence that conditioned its design.

2 Tools for FCA

There are two dimensions of software tools using FCA, these are commercial
versus open-source and general-purpose versus application specific.

The longest surviving general purpose platform for FCA is the GLAD sys-
tem [9] which is a general framework for finite lattices, not restricted to FCA.
ToscANA, developed over many years by various members of the Research Group
Concept Analysis (fz°bw) in Darmstadt, is better known and specifically tar-
geted to FCA. Toscana-systems, referring to outcomes from the TOSCANA soft-
ware framework, are based on a four-step task flow that includes establishing
conceptual scales, data capture, schema browsing and human interpretation. In
the usual configuration of Toscana-systems, a program called ANACONDA serves
as the conceptual system editor (to define scales), TOSCANA is then the concep-
tual system browser and data is stored in Microsoft Access. In Toscana-systems
there is usually a separation of roles from the individual creating the scales and
the end user of the system. The task flow is often called a “conceptual informa-
tion system” [14], its roles and participants illustrated in Fig. 2



60 Peter Eklund, Jon Ducrou, and Peter Brawn

Modifications to the TOSCANA program have demonstrated that it can be
purposed toward specific application problems [10]. In particular, Groh [I3]
adapted TOsCANA v3.0 to demonstrate the integration of Prediger and Wille’s
18] Relational Power Context Families in order to represent and process con-
cept graphs. However, during this work it became apparent that some of the
software libraries on which TOSCANA v3.0 was based, namely embedded graph-
ics libraries from the Borland C++ IDE, would make it difficult for the program
to migrate to other operating environments.

In 2000, the GODA project was established as a collaboration between the
Knowledge, Visualization and Ordering Laboratory (KVO) in Australia and the
f2z°bw in Darmstadt with the vision for a Framework of Conceptual Knowl-
edge Processing. The collaboration produced many outputs, one of which is
the Tockr open-source initiative of which ToscanaJf forms an integral el-
ement. TOSCANAJ is a platform-independent (Java-based) re-implementation
of TosCANA V3.0 that supports nested-line diagrams, zooming and filtering.
ToscanNAJ follows the conceptual information systems task flow (shown in Fig.
2) with ANACONDA being replaced by two programs, ELBA and SIENAY. ELBA
and SIENA are similar with different emphasis — one is a database schema editor
the other edits memory-bound schemas. TOSCANAJ can talk to any RDBMS
via the ODBC/JDBC or via an embedded RDBMS. Line diagrams of con-
cept lattices can be exported in multiple-formats, color is widely used and
ToscANAJ has more flexible data display features (allowing more varied nu-
merical data analysis and presentations) than TOSCANA v3.0. TOSCANAJ can
import legacy file formats from its DOS and Windows-based predecessors, CON-
IMP [2], ToscANA and CERNATO, as well as the XML-based conceptual schema
format (.CSX).

ToOSCANAJ is not the only general multi-platform tool for formal concept
analysis to emerge in the open-source era. CoNExH is another Java-based open-
source project that combines context creation and visualization into a single task
flow software tool. GALICIA [23] is another Java-based research software pro-
gram (albeit at an earlier development stage to ToSCANAJ and CONEXP) with
particular emphasis on experimentation with lattice closure and visualization
algorithms.

Like Groh’s adaptation of TOSCANA for concept graphs, TOSCANAJ’s source-
code has been adapted to various application contexts. Two of these, DOCCO0 and
TUPLEWARE form part of the TOCKIT framework (found at http://tockit.sf.net).
Tilley [21] has also adapted the TOSCANAJ code in his SPECTRE transformation
engine for formal specifications in software engineering.

Prior to 2000, international collaboration in FCA was less organized and
open-source software projects less popular than today. WARP-9 FCA [4] was a
first attempt at document retrieval based on a faceted hierarchy re-used from a

4 http://tockit.sf.net

5 http://toscanaj.sf.net

5 The collaboration could not obtain permission to use the name ANACONDAJ.
" http://conexp.sf.net
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medical ontology and mixed initiative. These ideas were refined and applied to
email in CEM [BJ6l[7] and for the Web in RENTAL-FcA [8] and more recently in
the commercial email management program, MAIL-SLEUTH. WARP9, CEM and
MAIL-SLEUTH owe their origins to earlier information retrieval tools developed
by Carpineto and Romano [3]. Further, this work builds on the idea of FCA
for document browsing by Godin and Missoui [I2]. Other work that follows this
literature thread includes Kim and Compton [I6], Rock and Wille [20] and Qian
& Feijs [19]. Rapid iteration, direct manipulation to reduce display complexity
and the use of conceptual scaling to aid scalability are hallmarks of the later
work on document browsing and information retrieval using FCA but there are
no existing studies that test the viability of novice users reading and interpreting
line diagrams and therefore no indication of the benefit of the work.

3 Information Visualization and FCA

A main attraction of FCA has been its visual utility both for general purpose
Conceptual Information Systems frameworks, characterized by Toscana-systems,
and also for specialized tools for information retrieval and software engineering.
Software engineering has been a strong application area for techniques in FCA
and is thoroughly surveyed by Tilley [22121]. The emphasis on information visual-
ization follows in a natural way from Wille’s vision of “landscapes of knowledge”
which helps define conceptual knowledge processing.

“The name TOSCANA (= Tools of Concept Analysis) was chosen to
indicate that this management system allows us to implement conceptual
landscapes of knowledge. In choosing just this name, the main reason was
that Tuscany (Italian: Toscana) is viewed as the prototype of a cultural
landscape which stimulated many important innovations and discoveries,
and is rich in its diversity ...” [20].

Despite the attraction of line diagrams to those of us within the field, it is
apparent that the uninitiated have had difficulties interpreting a line diagram as
an information space. The conventions for reading line diagrams are manifest in
the earliest literature on FCA and these are (in large) related to lattices being
drawn on paper (or on a blackboard using chalk). It is difficult from within the
field to understand the difficulties faced by novice users or break tradition to
develop new conventions for drawing line diagrams. Even the use of color in
ToscANAJ attracts critique from FCA-purists but needs to be situated in the
context of a move away from a paper-based approach to Conceptual Information
Systems to a more screen-based mixed-initiative interactive approach.

In the context of the design of a commercial tool like MAIL-SLEUTH it is
possible to break with tradition and invent (or re-invent) metaphors more suit-
able to individuals without specialist training in FCA. This process follows a
form of user-centered design [I7]. The usability tests at Access Testing Centre
(ATC) requirements and condition the software design to make line diagrams
more easily understood as an information space by novice users.

8 http://www.testingcentre.com.au
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4 Usability Evaluation

4.1 Comparative Functionality Review

The comparative functionality review was conducted by two ATC analysts per-
forming self-determined exploratory testing. The evaluation had a significant
comparative, comparing the ease of executing various key functions in MAIL-
SLEUTH against competitor applications.

The May 2003 version of MAIL-SLEUTH had no initial virtual folders when
the program was first installed and the user had to go through a folder config-
uration process from scratch. In FCA terms, MAIL-SLEUTH had no pre-defined
conceptual scales. While this may suit advanced users, or users expecting the
program to be a general purpose framework for document browsing using FCA,
the majority of users are likely to encounter difficulties with this. ATC recom-
mended a number of useful pre-defined Virtual Folders be employed such as
“This Week”, and “Attachment” folders for email attachments of different doc-
ument types and sizes. These form the basis of the Folder List shown to the
left of Fig. M This recommendation was followed and in subsequent versions
pre-defined Virtual Folders where added including the folders mentioned above
(various popular document and image attachment types and sizes) and also a
“follow-up” folder which tests the Outlook follow-up flag. These serve as exam-
ples and a useful starting point from which users can extend the Virtual Folder
structure (scale) while benefiting immediately from the software. Other compa-
rable products derive Virtual Folders from reading the mailbox but the structure
(once built) cannot be modified or extended as with MAIL-SLEUTH. This advan-
tage is highlighted by including an extensible pre-defined folder structure when
the MAIL-SLEUTH program is first installed.

The same time that re-defined Virtual Folders were added, the idea of “User
Judgments” (reported in [7]) were eliminated. User Judgments allow the user
to over-ride the automatic classification specified in the attached Query of the
Virtual Folder. Emails could be drag-and-dropped from regular folders into (or
out of) existing Virtual Folders. Access Testing Centre (ATC) found this to be a
powerful (and surprising) feature but one that would appeal only to expert users.
While the code base for User Judgments still exists under the MAIL-SLEUTH
hood it is not presently activated by the interface.

4.2 TUser-Based Evaluation

The user-based evaluation involved one-on-one interviews and was intended to
evaluate the ease of use and expectations of the user community. Six users were
drawn from the core target demographic. There was a balance of male and female
degree qualified individuals who had expressed an interested in new techniques
to categorize and handle their email. Ages spread from 25 to 50 — at least one
under 30, at least one over 40. Included in the group where a Librarian, an
Insurance Manager, a Financial Analyst, a Recruitment Manager, an Imaging
Specialist and a Personal Assistant. Later, informal tests carried out according



Concept Lattices for Information Visualization 63

Ve 1 N

Fig. 3. The red (=extent) (—) and blue (=contingent) (}) “pop up” on roll over of the
envelop vertex. The extent and contingent sizes are indicated next to the envelop. The
cooresponding white numerals on a black background are underline on rollover with
the appropriate arrow.

to the ATC script included a Property Development Manager and a Graduate
Software Engineer. Each user session lasted at most 90 minutes and was directed
by a usability analyst who observed tasks and recorded relevant data. Each ses-
sion was then analyzed to identify any usability issues and compile quantitative
measures.

4.3 Findings and Actions

The majority of participants were able to learn the basic operations associated
with MAIL-SLEUTH and complete a small number of pre-defined tasks. With
a simple orientation script (in the place of a help system, incomplete at that
point), participants could quickly learn to use the software. For example, once
introduced to the concepts of Virtual Folders and how they are associated with a
Query (or Queries), participants were able to use the application to create their
own folders and populate them with appropriate queries. Participant’s indicated
they found the interface reasonably intuitive and easy to use.

“An encouraging finding was that participants were able to read the lattice
diagrams without prompting. Subject siz even used the word lattice with-
out it having been mentioned to her. Participants correctly interpreted
the major elements — for example, how the ’envelope’ icons related to the
mail folders and how derived vertices represented the intersection of two
folders”. (ATC Final Report, Usability Analysis, September 2003)

There were still a number of improvements that could be made to the visu-
alization map, in order to present the lattice more clearly:

— The start and end nodes could be removed from the legend and blue and red
arrows could be added.
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The introduction of the red and blue arrows into the lattice diagram is
intended to highlight the interactive nature of the lattice diagram as a tool
for querying emails. This compensates the interface for the fact that only
named folders can be accessed via the Folder List. The red and blue arrows
are clues from the line diagram that the extent and contingent are available
and that Derived Folders can be created by manipulating the diagram.

— For more complicated structures, less emphasis could be placed on regions

that are essentially 'unmatched’. This would reduce visual clutter and further
highlight the relationships that do ezist.
This comment resulted in the elimination entirely of vertices at unrealized
vertices in the line diagram. Many of the test subjects expressed this idea
in the usability script. The introduction of the reduced line-diagram was
included as an option for advanced users.

— The format for representing total and dispersed emails associated with each
folder could be more clearly represented — some users indicated that the
present format (using brackets) represented total and ’unread’ e-mails. A
reference to the format could be included in the legend.

Tying together the textual representation of extent and contingent to the
red and blue arrows (as shown in Fig. B]) resulted and the total (extent) and
dispersed (contingent) sizes being represented as a fraction.

— The initial/default node view could be improved - when elements are close

their labels can overlap. An interesting finding was that some users found
more complicated diagrammatic representations better conveyed the relation-
ships to the left-hand folder list.
The ability to adjust the highlights and font sizes for diagram labels was
included (along with the ability to color the layered highlights). The ob-
servation that more complex line diagrams more strongly linked the line
diagram to the Folder List is because a larger line diagram contains more
labels appearing in the Folder List. Thus, the correspondence from line dia-
gram to Folder List is more easily made when there are a larger number of
intersecting elements.

Finally, user responses in this small demographic give encouraging indications
of an implicit understanding of information visualization using line diagrams.
When shown a very large line diagram our librarian found it overwhelming but
was certain that there was “value in a lattice of the information space”. More
specifically, one user said that she preferred a reduced line diagram, namely she
saw “no reason that points without corresponding data should be drawn at all”.

When asked what they liked most about the application users responded
with statements such as; “Defined searches - better time management. Ability
to separate text from e-mails, program creates folders for you”. We interpret this
to mean that this user understands that a permanent standing Query is created
attached to a Virtual Folder. The term “Virtual Folder” was also used by another
respondent when asked the same question “Drilling down through virtual folders
to locate specific emails etc.”, this indicates a familiarity with the idea of a
“Virtual Folder”, either pre-existing or learned during the 30-40 minutes using
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Table 1. Participants were presented with a number of statements and they were asked
to select a rating. The range of the ratings went from -2 to 42, to indicate the extent
to which they agreed with the statement. Here -2 = "Definitely No’, 0 = 'Uncertain’
and +2 = 'Definitely Yes’.

Statement Ave. Resp.
1 |Clear how the application is to be used 1.3
2 |The interface was simple to use 0.8
3 |The application appears to be a useful tool 1.8
4 |I liked the layout of the pages 1.2
5 |I found the icons intuitive 0.5
6 |I found the Quick Search feature was useful 1.0
7 |I found the folder view intuitive 1.3
8 |I found the diagrammatic view intuitive 0.8
9 |Clear relationship, folder view to diagrammatic view 0.7
10| The configuration functionality was useful 0.8
11{I would use this application 1.7
12|I will recommend this application to others 1.7

the program. Further, the use of the term “drilling down” in the appropriate
context of data mining and visualization suggest an encouraging level of comfort
among the target user group with the terminology of the program.

Table [ shows that the user group could use MAIL-SLEUTH and had a clear
understanding of its utility. While questions 8 & 9, which relate to visualiza-
tion of line diagrams, scored relatively poorly compared to other questions, it
is apparent that the results are nonetheless positive and doubtful that other
question groups would have been so highly scored if the line diagrams had not
been understood. Nonetheless, improvements to the visualization aspects of the
program did result, mostly on the basis of the user’s written comments, and
these are described in Section [l

Considerable time is spent in the development process responding to nega-
tive comments by users during software evaluations. Negative comments were
solicited when the group were asked “what they liked least” about the MAIL-
SLEUTH application. Responses included: “it takes a few moments to understand
the 3-D concept as most people are used to a flat & hierarchical folder layout”.
The response to this has been to include a careful introductory tutorial/help
system to explain Virtual Folders and Structures and introduce specific “simpli-
fied” terminology to facilitate an understanding of MAIL-SLEUTH. It is notewor-
thy that the Virtual Folder idea also appears as one of the features that people
liked most. The comment that the “diagram is a bit overwhelming and has badly
chosen colors” was addressed by giving people the option of choosing their own
color schemes and font sizes and trying to simplify the line diagram as described
in the next section.

5 Design Aids for Interpreting Line Diagrams

During the comparative review of MAIL-SLEUTH in May 2003 a comment was
made by co-author Peter Brawn that, "the drawing conventions for a lattice
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diagram were no different from a graph in Mathematics. What makes this a
lattice diagram and not a graph? How do I know that I should read this top to
bottom?”

A line diagram (or concept lattice) is a specialized Hasse diagram with several
notational extensions. Line diagrams contain vertices and edges with the vertices
often labeled dually with the intent (above) and extent (below). Rather than
labeling each node in the line diagram with its intent and extent a reduced
labeling scheme can be used and each object (and attribute) appears only once.
In many Toscana-systems (and in CEM) a listing of the extent is often replaced
with a number representing the cardinality of the extent (and/or the contingent).

In Hasse diagrams, edges (representing the cover relation) are unlabeled. It
is well understood in Mathematics that an ordered set is transitive, reflexive and
antisymmetric. To simplify the drawing of a ordered set (via its cover relation)
the reflexive and transitive edges are removed, and the directional arrows of the
relation are dropped. It is therefore meant to be “understood” that the Hasse
diagram is hierarchical with the edges pointing upward. In other words, if z < y
in the poset then x appears at a lower point that y in the diagram.

“The highlighting of adjoining lines is meant to illustrate relationships
within the lattice and this could be clearer. There is a hierarchy within the
lattice, which could be reinforced through the use of arrows on connecting
lines that appear upon rollover..” (ATC Functional Testing Report, May
2003)

Access Testing Centre (ATC) suggested arrowheads be used in the line di-
agram to reinforce its hierarchical character. This represents an unacceptable
violation of a convention dating back to (at least) to Helmut Hasse’s 1926 book
Héhere Algebra, so some other mechanism to reinforce hierarchy without tam-
pering with the edge notation in the line diagram had to be found.

To insinuate structure the idea of a layered line diagram was introduced. The
principle is iterative darkening with dark at the top to light at the bottom, shades
progressively lighter as one moves from one level to the next. This is shown in
Fig. @ The top and bottom elements of the lattice have also been replaced with
special icons indicating “All Mail” and “No Mail” (when the bottom element is
the empty set of objects). In combination, layering and icon shapes are intended
to suggest the top-to-bottom reading of the line diagram.

Shading does not interfere with the conventions of drawing line diagrams
because it operates as a backdrop to the line diagram. It can also be turned
off if the line diagram is to be embedded in a printed document. However, the
interaction of the layout algorithm and background layering fails (background
layers are not aligned) in line diagrams with high dimensionality as shown in Fig.
(left) requiring human intervention to produce something readable as shown
in Fig. Bl (right). It is possible to use the alignment of the background layers
to guide the manual layout process. Nonetheless, once layering was used, it was
apparent from test subjects that they were (without prompting) able to explain
(and read) the line diagram from top-to-bottom and bottom-to-top.
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Fig. 4. A line diagram from the August 2003 version of MAIL-SLEUTH. Layering is
evident to suggest a hierarchical reading. Top and bottom elements have been especially
iconified as arrowheads. Unrealized vertices are differentiated. Realized vertices have
are split into two inconic categories “Named Folders” with an intent label with a white
envelop and “Derived Folders”, whose intent needs to be ‘derived” as an orange envelop.
Cardinality labels have been replaced with dual labels for “extent (contingent)”. Users
complained that the help system was hard to activate or they couldn’t find it and did
not recognize the “?” icon as being related to “help”! Note the inclusion of a Quick
Search bar at the top which provides an starting point for search.

“It was observed that most nodes in the lattice are depicted using the ex-
act same icon, even though there are a variety of nodes. In particular, the
root node, which represents the set of all emails, should be differentiated

from all other nodes..” (ATC Report, May 2003)

In MAIL-SLEUTH (and in CEM) the top of the lattice represents all emails
in the collection. Some of the vertices shown in the line diagram correspond
with actual Virtual Folders that exist in the Folder List to the left, while other
vertices represent derivations of the named Virtual Folders. It is useful to in-
dicate, through different icon types, which vertices are named Virtual Folders
(appearing in the Folder List), and which are derived. This led to the idea of a
“Derived Folder”, a type of Virtual Folder that does not appear in the Folder
List and whose name is “derived” from the named Virtual Folders (attribute
names) above it in the line diagram.

The number of e-mails represented in each node could also be more clearly il-
lustrated. For example, where totals for vertices and intersections are concerned,
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Fig. 5. The interaction of the line diagram layout algorithm and background layering
can produce an odd effect (left) but with human intervention layering can also be used
as a guide to adjust the line diagram by hand (right) by moving vertices to align the
layers. Note that the buttons in Fig.[4l have been replaced with tabs and that the help
system is more consistently located to the top right. The Quick Search bar is visually
highlighted and placed toward the bottom of the screen for greater emphasis.

two numbers could be displayed corresponding to the extent and contingent size
in the form extent_size (contingent_size) in Fig. dl

When drawing “reduced line diagrams” vertices which are unrealized are ex-
cluded but automatic layout can be problematic. Because MAIL-SLEUTH was
designed for the non-expert, it was decided early to compromise to ensure that
the lattice diagram was always “readable” as a default layout and reduced-line
diagrams not used as a default. Where elements of a scale are unrealized, the
entire label is excluded from the diagram however what remains is drawn as
a boolean lattice with an option for a reduced line diagram. This means that
certain combinations of realized scale elements may themselves be unrealized.
Convention dictated that these be displayed as a vertex in the lattice somehow
distinguishable from realized vertices (or not at all). In Fig. [6] unrealized ver-
tices are the same shape and size as realized vertices , the only difference being
the presence or otherwise of an envelop icon within the vertex. To distinguish
unrealized from realized vertices they were reduced in size as shown in Fig.
Top and bottom vertices (when the bottom was an empty set of objects) were
also iconified. In addition, realized vertices are identified in two ways. The first
where the intent label matches a “Named Folder” in the Folder List of Outlook
(to the left of Fig. ). The second, where vertices representing the intent labels
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Fig. 6. A line diagram from the May 2003 version of MAIL-SLEUTH. Most of the usual
FCA line diagram labeling conventions are followed with the exception of iconifying
vertices with an envelop. There is no obvious “search point” (meaning no clear starting
place to commence the search) and limited visual highlighting in the diagram itself.
Structural diagrammatic constraints are imposed, concepts cannot be moved above
their superconcepts for instance.

of the upper covers, these may have common attribute names (Named Folder
names) and are colored orange. To avoid cluttering the diagram with labels on
all vertices the interface gives scope to query a orange envelop and the result is
a new Virtual Folder named after the intent labels of its upper covers appearing
in the “Mail-Sleuth search results” in the Folder List.

“. get rid of the grey blobs...” [User 2]

Because we are dealing with objects that are emails and not ball bearings
it was natural to replace the stylized vertices (a legacy of the Hasse diagram)
with a literal iconic representation relevant to the domain. In the case where
“Derived Folders” were unrealized, no vertex is drawn, where data is present
a envelop replaces the envelop/ball icon combination as shown in Fig. [l Top
and (empty) bottom vertices appear at most once in a line diagram and so
are removed from the legend (shown in the legend of Fig. [ but not in Fig. [I)
and labeled accordingly in the diagram itself (shown in Fig. []). The ability to
manipulate the line diagram in four directions via the “Pan” widget appears in
Fig. [ and the envelops animate by “appearing to lift” on rollover with drop



70 Peter Eklund, Jon Ducrou, and Peter Brawn

FOLDER
RITYITUM| nanacer | seTTincs

Aftachments Managememt |

Analysis Pty Ltd

Fig. 7. MAIL-SLEUTH tries to accommodate a new user community to document brows-
ing using FCA. HIERMAIL (shown above) has a much stronger conformity to diagram-
matic traditions in FCA. It is effectively a version of MAIL-SLEUTH with a TOSCANAJ-
like skin.

shadowing helps suggest that vertices in the line diagram can be moved and
therefore manually adjusted by the user.

“Hide the lattice-work where no relationships exists.” [User 6]

Edge highlighting has been used to emphasis relationships in line diagrams in
both ToSCANAJ and in CEM. This idea is mainly used as a method to orient the
current vertex in the overall line diagram so that relationships can be identified.
ToscaNAJ allows the edges of the line diagram to be labeled with the ratio
of object counts to approximate the idea of “support” in data mining. That
program also uses the size of the extent to determine the color of a vertex. A
number of other significant functions for listing, averaging and visualizing the
extent at a vertex are also provided by TOSCANAJ.

Trying to create a new user community with MAIL-SLEUTH is an interesting
exercise but the original user community also requires attention. HierMatf is
a version of MAIL-SLEUTH for the FCA community that conforms to the dia-
grammatic conventions of TOSCANAJ. It took only a matter of days to rollback
the design lessons learned from over four months of usability testing and design
refinement with MAIL-SLEUTH to produce HIERMAIL as shown in Fig.

9 http://www.hiermail.com
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6 Conclusion

This paper canvasses a number of usability and visualization issues for interpret-
ing and understanding line diagrams based on the design experience gained from
testing MAIL-SLEUTH. It tests, on a very small scale, the ability of novices to
FCA to understand line diagrams. The results are promising and indicate that
novice users can read and interpret line diagrams.

The design choices made do not represent the only possibilities for helping
novice users understand lattice diagrams but rather are determined by con-
straints on time, resources and programming utilities available to the MAIL-
SLEUTH platform. Nonetheless, the choices were suitably tested and result in
promising outcomes, users untrained in FCA were able to read and interpret
line diagrams and this discovery argues for a less complex task-flow for domain-
specific applications such as MAIL-SLEUTH. Naturally, “deep knowledge” can
only be gained by complex scale interaction and there is very little of that in
MAIL-SLEUTH at its present stage of development. The test candidates were only
confronted with small diagrams, direct products of chains, and did not zoom into
vertices (although that functionality exists in MAIL-SLEUTH).

The results are therefore preliminary and anecdotal but the methodology
followed is a limited example of user-centered designed based on a case-study.
Some aspects of the presentation of line diagrams are impossible to adjust but
other devices can be introduced to give visual clues on the correct meaning of
the diagram and its interactivity. In the process of experimenting with these
ideas this paper catalogs the design evolution of the MAIL-SLEUTH program. A
much larger usability test needs to be undertaken to verify the findings. These
early results are however promising indicators that novice users can read line
diagrams.
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Abstract. This paper presents the JBraindead Information Retrieval System,
which combines a free-text search engine with online Forma Concept Analysis
to organize the results of a query. Unlike most applications of Conceptua Clus-
tering to Information Retrieval, JBraindead is not restricted to specific domains,
and does not use manually assigned descriptors for documents nor domain spe-
cific thesauruses. Given the ranked list of documents from a search, the system
dynamically decides which are the most appropriate attributes for the set of
documents and generates a conceptual lattice on the fly. This paper focuses on
the automatic selection of attributes: first, we propose a number of measures to
evaluate the quality of a conceptual lattice for the task, and then we use the pro-
posed measures to compare a number of strategies for the automatic selection of
attributes. The results show that conceptual lattices can be very useful to group
relevant information in free-text search tasks. The best results are obtained with
a weighting formula based on the automatic extraction of terminology for the-
saurus building, as compared to an Okapi weighting formula.

1 Motivation

Clustering techniques, which are a classic Information Retrieval (IR) technique, are
only now becoming an advanced feature of Web search engines. Vivisimo
(www.vivisimo.com), for instance, performs a standard web search and then provides
a hierarchical clustering of the search results in which natural language expressions
label each node. The results of the search “jaguar” with Vivisimo automatically dis-
plays a taxonomy of results with nodes such as “Car” (referring to the Jaguar car
brand), “Mac OS X" (also known as Jaguar), or “animal”, which permit a fast re-
finement of the search results according to the user needs. If the user, for instance,
expands the node “animal”, results are classified in four subclusters, namely “wild
life", “park zoo”, “adventure amazon” and “other topics’. Other examples of cluster-
ing techniques in the web include the Altavista (www.altavista.com) search engine,
which displays a set of suggestions for query refinement that produce a similar clus-
tering effect, and the Google news service (news.google.com), where news from hun-
dreds of web servers are automatically grouped into uniform topics.

A common feature of such web services is that clustering is applied to a small set
of documents, which come as a result of a query (in search engines) or filtering pro-

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 74-87, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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file. At this level, clustering proves to be an enabling search technology halfway be-
tween browsing (as in web directories, e.g. Y ahoo.com or dmoz.org) and querying (as
in Google or Altavista). Pure browsing is useful for casual inspection/navigation (i.e.,
when the information need is vague), and querying is useful when the information
need is precise (e.g. | am looking for a certain web site). Probably the majority of web
searches lie somewhere between these two kinds of search needs, and hence the bene-
fits of clustering may have a substantial impact on user satisfaction.

A natural question arises: can Formal Concept Analysis (FCA) be applied to
browse search results in a free text IR system? FCA is a conceptual clustering tech-
nigue that has some advantages over standard document clustering algorithms: a) it
provides an intensional description of each cluster, which makes groupings more
interpretable, and b) cluster organization is alattice, rather than a hierarchy, facilitat-
ing recovery from bad decisions while exploring the hierarchy and, in general, provid-
ing a richer and more flexible way of browsing the document space than hierarchical
clustering.

The idea of applying FCA only to a small subset of the document space (in our
case, the results of a search) eliminates some of the problems associated to the use of
FCA in Information Retrieval:

e FCA is computationally more costly than standard clustering, but both can be
equally applied to small sets of documents (in the range of 50-500) efficiently
enough for online applications.

o | attices generated by FCA can be big, complex and hence difficult to use for prac-
tical browsing purposes. In particular, it can produce unmanageable structures
when applied to large document collections and rich sets of indexing terms. Again,
this should not be a critical problem when the set of documentsis restricted in size
and topic by a previous search over the full document collection.

But clustering the results of afree text search is not a straightforward application of
FCA. Most Information Retrieval applications of FCA are domain-specific, and rely
on thesauruses or (usually hierarchical) sets of keywords which cover the domain and
are manually assigned as document descriptors (see section on Related Work). Is it
viable and useful to apply FCA without such manually built knowledge?

The JBraindead system, which combines free-text searching with FCA on search
results, is a prototype Information Retrieval system that serves as a testbed to investi-
gate this research question. In this paper, we focus on the first essential aspect on the
application of FCA to free-text searching: what is the optimal strategy for the auto-
matic selection of document attributes?

In order to answer this question, we first need to define appropriate evaluation met-
rics for conceptual lattices in free-text search tasks, and then compare alternative
attribute selection strategies with such metrics. Therefore, we will start by defining
two different metrics related to the user task of finding relevant information: 1) a
lattice ditillation factor measuring how well the document clusters in the lattice
prevent the user from accessing irrelevant documents (compared to the origina
ranked list returned by the search engine), and 2) alattice browsing complexity meas-
uring how many node descriptions have to be examined to reach all the relevant in-
formation. An optimal lattice will have a high distillation factor and a low browsing
complexity. With these measures, we will compare two different attribute selection
criteria a standard IR weight (Okapi) measuring the discriminative importance of a
term with respect to the collection, and a “terminological weight” measuring the ade-
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quacy of aterm to represent the content of a retrieved subset as compared to the full
collection being searched. We will also study which is the adequate number of attrib-
utesto build an optimal conceptual lattice for thiskind of task.

The paper is organized as follows: Section 2 provides a brief description of the
functionality and architecture of the JBraindead system. Section 3 summarizes the
experimental setup and the results obtained; Section 4 reviews related work, and Sec-
tion 5 offers some conclusions and discusses future work.

2 TheJBraindead Information Retrieval and Clustering System

JBraindead is a prototype IR system that applies Formal Concept Analysisto organize
and cluster the documents retrieved by a user query:

1. Free-text documents and queries are indexed and compared in a vector space
model, using standard tf*idf weights. For a given query, aranked list of documents
isretrieved using this model.

2. The first n documents in the ranked list are examined to extract, from the termsin
the documents, a set of k optimal descriptors according to some relevance weight-
ing formula.

3. Forma Concept Analysis is applied to the set of documents (as formal objects),
where the formal attributes of each document are the subset of the k descriptors
which are contained in its text.

4. Besides the intensional characterization of each concept node, an additional de-
scription is built with the most salient phrasal expressions including one or more
query terms. This additional characterization is intended to enhance node descrip-
tions for the query-oriented browsing task that conceptual lattices play in JBra-
indead.

5. The resulting annotated lattice is presented to the user, which can browse the top n
results by traversing the lattice and/or refine the query at some point. In its current
implementation, query refinement can only be made as a direct query reformula-
tion.

The core of the process lies in steps 2 and 4. Step 2 determines the attribute set for
a given document set, and then, implicitly, also defines the conceptual lattice. Step 4
enriches the intensional description of concept nodes with query-related phrases,
defining how the lattice nodes will be presented to the user.

Figure 1 shows the JBraindead interface for the results of the query “pesticidas en
alimentos para bebés’ (pesticides in baby food) when searching the standard CLEF
collection of news in Spanish (see next section for details). Both “pesticidas’, “ali-
mentos’ and “bebé’ appear as second-level nodes in the conceptual lattice. Other
attributes automatically selected by JBraindead are “potitos’ (a kind of baby food
which happened to be recipient of pesticides), “lindano” (the kind of toxic waste
found in the baby food), “Hero” (ababy food brand), or “toxicos’ (toxic). JBraindead
also extracts complex node descriptions including node attributes, such as “alimentos
para bebés’ (baby food) or “agriculturay alimentacion” (food and agriculture).
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Fig. 1. JBraindead system results for the query “pesticidas en alimentos para bebés’ (pesticides
in baby food) and the CLEF EFE 1994 news collection.

3 Experimentsin Attribute Selection

This section describes a set of experiments designed to find automatically optimal
attributes for the set of documents retrieved for a given query in the JBraindead sys-
tem. We describe a) the Information Retrieval testbed used in our experiments, b) a
set of measures proposed to evaluate the quality of conceptua lattices for the pur-
poses of grouping free-text search results, ¢) the experiments carried out, and, finally,
we discuss the results obtained.

3.1 Information Retrieval Testbed

A manual, qualitative inspection of the lattices generated by JBraindead on the results
of random queries can provide an initia feedback on the quality of the process. But
for a systematic comparison of approaches, an objective measure is needed. While the
final purpose of the system is to improve user searches, studies involving users are
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costly and should only be performed for final testing of already optimized alterna-
tives; hence, we wanted to find an initial experimental setup in which we could tune
the process of selecting document attributes before performing user studies.

The Spanish CLEF EFE-1994 collection that we have used during system devel-
opment includes a set of 160 TREC-like topics (used in CLEF 2001, 2002 and 2003
evauation campaigns) with manua relevance assessments from a rich and stable
document pool [13], forming a reliable and stable test bed for document retrieval
systems. Out of this set, we have used topics 41-87 coming from the CLEF 2001 and
2002 campaigns.

If we feed JBraindead with CLEF topics, we can study how the conceptual lattices
group relevant and non relevant documents. The baseline is the ranked list of docu-
ments retrieved by the initial search: to discover all relevant documents in the set, the
user would have to scan at least al documents until the last relevant document is
identified. If the FCA process group relevant documents and the node descriptions are
useful indicators of content, then browsing the lattice for relevant documents could
provide the same recall while scanning only a fraction of the initial set of retrieved
documents, saving time to the user and offering a structured view of the different
subtopics among relevant documents.

3.2 Evaluation Measures

How can we measure quantitatively the ability of the FCA process to group relevant
documents together? A couple of standard clustering measures are purity and inverse
purity. Given a manual classification of the documents into a set of labels, the preci-
sion of each cluster P with respect to a label partition L (containing all documents
assigned to the label), the precision of P is the fraction of documents in P which be-
long to L. The purity of the clustering is then defined as the (weighted) average of the
maximal precision values of each cluster P, and the inverse purity is defined as the
weighted average of the maximal precision values of each partition L over the clus-
ters. Purity achieves a maximal value of 1 when every cluster has one single docu-
ment, and inverse purity achieves a maximal value of 1 when thereis only one single
cluster.

Purity and inverse purity are, then, inadequate measures for the conceptual cluster-
ing generated by FCA: the cluster structure of a conceptual lattice is much richer than
aplain set of labels; and, in addition, the only distinction that we can make for this
experiment is between relevant and non relevant documents. What we want to meas-
ure is whether the lattice structure effectively “distillates’ relevant documents to-
gether, allowing the user to locate relevant information better and faster than in a
ranked list of documents. Hence we introduce here a “lattice digtillation factor”
measure which relies on a notion of minimal browsing area that we introduce now.

3.2.1 Lattice Digtillation Factor

Let C be the set of nodes in a conceptual lattice, where documents are all marked as
relevant or non-relevant for a given query. Let us assume that, when visiting a node,
the user sees the documents for which the node is their object concept. We will use
the term relevant concept to denote object concepts generated by, at least, one rele-



Browsing Search Results via Formal Concept Analysis 79

vant document, and irrelevant concept to denote object concepts generated only by
one or more irrelevant documents.

We define C., < C as the subset of relevant concepts in the lattice. In order to find
al relevant documents displayed in the lattice, the user has to examine, at least, the
contents of all conceptsin C.,. We define the minimal browsing area (MBA) as the
minimal part of the lattice that a user should explore, starting from the top node, to
reach all the relevant concepts of C.,, minimizing the number of irrelevant docu-
ments that have to be inspected to obtain dl the relevant information. We can think of
the precision of the MBA (ratio between relevant documents and overall number of
documents in the MBA) as an upper bound on the capacity of the lattice to “distillate”
relevant information from the search results. The lower bound is the precision of the
original list: the user has to scan all documents retrieved to be sure that no relevant
document is being missed from that list.

The lattice distillation factor (LDF) can then be defined as the potential precision
gain between the lattice and the ranked ligt, i.e., as the percentual precision gain be-
tween the minimal browsing area and the original ranked list:

Precisionyg, — Precisiong 100

LDF(C)=
© Precisiong

@

Note that the minimal browsing area and the distillation factor can be equally ap-
plied to hierarchical clusters or any other graph grouping search resullts.

The only difficulty to calculate the distillation factor lies in how to find the mini-
mal browsing area for a given lattice. In order to calculate this area, we will create an
associated graph were all nodes are relevant concepts, and where the cost associated
to each arc is related to the number of irrelevant documents which will be accessed
when traversing the arc. Then we will calculate the minimal span tree for such graph,
which will give the minimal browsing area:

1. We start with the original lattice (or any directed acyclic graph). We define the cost
of any arc reaching a relevant o irrelevant concept node, from one of its upper
neighbors, as the number of irrelevant documents that are fully characterized by
the node. E.g., if we have an object concept ¢, such as, yd, = yd,= d, = ¢, where d,
and d, are non-relevant documents, all arcs reaching ¢ will have a cost of 2.

2. In atop-down iterative process, we will suppress all nodes which are not relevant
concepts. In each iteration, we select the node j which is closest to the top and is
not arelevant concept. j is deleted and, to keep connections between ancestors and
descendants of the node, we create a new arc for every pair of nodes (u,l) € Uj.X
Lj, where Uj and Lj are the sets of upper and lower neighbors of j. A cost of
cost(u,l) = cost(u,j) + cost(j,l) is then assigned to the new arc. If we end up with
more than one arc for a single pair of nodes (u,l), we select the arc with the lowest
cost and suppress the others.

3. The result of the iteration above is a directed acyclic graph whose nodes are all
relevant concepts. The minimal span tree of this new graph tells us which is the
minimal browsing areain the original lattice.

Figure 3 shows an example of how to build the minimal browsing area and calcu-
late the lattice distillation factor.
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3.2.2 Lattice Browsing Complexity

The didtillation factor is only concerned with the cost of reading documents. But
browsing a conceptua structure has the additional cost (as compared to a ranked list
of documents) of examining node descriptions and deciding whether each node is
worth exploring. For instance, a lattice may lead us to ten relevant documents and
save us from reading another ten irrelevant ones... but force us to traverse a thousand
nodes to find the relevant information! Therefore, the number of nodes in the lattice
has to be considered to measure its adequacy for searching purposes.

There might be also the case that a lattice has a high distillation factor but a poor
clustering, forcing the user to consider most of the nodes in the structure. An example
can be seen in Figure 2, where all the object concepts occur near the lattice bottom.
Precision for the minimal browsing area is 1, and the lattice distillation factor is
100%. The clustering, however, is not good: the user has to consider (if not explore)
all node descriptions to decide where the relevant information is located.

>

Fig. 2. Thislattice has a high distillation factor (LDF = 100%), but the clustering is poor.

We need to introduce, then, another measure estimating the percentage of nodes
that must be considered (rather than visited) in a lattice in order to reach all relevant
information. We propose a measure of the lattice browsing complexity (LBC) as the
proportion of nodes in the lattice that the user sees when traversing the minimal
browsing area. The idea is that, when a node is explored, all its lower neighbors have
to be considered, while only some of them will bein turn explored.

Being C the set of nodes in the concept lattice, the set of viewed nodes C,.,, is
formed by the lower neighbors of each node belonging to the minimal browsing area.
The lattice browsing complexity is the percentage of lattice nodes that belong to C,,.,:
LBC(C) = | C,, |/IC|*100. Figure 4 shows an example of how the lattice browsing
complexity is calculated.

3.3 Experiments

We have used CLEF topics 41-87, corresponding to the CLEF 2001 campaign. For
each experiment, all topics (title+description) are searched. For every search, aformal
context K=(G,M,) is build, where G is the set of the first 100 documents returned by
the search engine in response to a query, M is the set of attributes (variable between
experiments), and d | t iff the attribute t is aterm occurring in document d.

The two weighting measures used to generate the formal contexts are the Okapi
weighting scheme and the terminological formula proposed in [12].
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Fig. 4. Concept Lattice with LBC = 61%. MBA links are represented as continuous lines on the
concept lattice. LBC nodes are drawn as oval nodes. Circular nodes represent nodes which are
not seen when traversing the MBA.

3.3.1 Okapi

Term weights in an IR system measure the importance of a term as a discriminative
descriptor for a given document. We have selected the Okapi BM25 weight, which
has given the best results for the CLEF collection used in our experiments [15]:

N +0.5
l
_ (kg +1)-1f; ( f } 2
W — .
'K+ In(N +1)
K = kl‘li(l— b)+b- ;Qe&] 3

where the parameters k , b and avdl are adjusted for the Spanish CLEF test collection
with the values b = 0.5, k, = 1.2, and avdl = 300 taken from [15]. tf, represents the
frequency of the term i in the document (in our case, in the set of retrieved docu-
ments), and f, the document frequency of term i in the whole collection. Finaly, | ,
represents the total length (in terms) of the retrieved document set.

3.3.2 Terminological Weight Formula

A terminological weight is designed to find, in a collection which is representative
from some specific domain, which terms are more suitable as descriptors for a thesau-
rus of the domain. We use avariation of aformulaintroduced in [12] which compares
the domain-specific collection with a collection from a different domain, and assigns
a higher weight to terms that are more frequent in the domain-specific collection than
in the contrastive collection. In our case, the domain-specific collection can be the set
of retrieved documents, and the contrastive collection is the whole document collec-
tion minus the retrieved set:

1
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where w, is the terminological weight of term i, tf, , is the relative frequency of term i
in the retrieved document set, f , is the retrieved set document frequency of term i,
and tf_, is the relative frequency of term i in the whole collection minus the retrieved
Set.

3.3.3 Number of Attributes

Finally, for the formulas above we have studied how the number of attributes affects
the size and quality of the conceptual lattice. After some initial testing, we have kept
the number of attributes between 10 and 20: with less attributes, the clustering capac-
ity istoo low, and with more than 20 attributes, the number of nodes becomes exceed-
ingly high for browsing purposes, and the computational cost makes online calcula-
tion too slow.

3.4 Results

Table 1 shows the basic outcome of our experiments. In al cases, the Distillation
Factor is high, ranging from 346% to 594%. Note that this measure is an upper bound
on the behavior of real users: only an optimal traversing of the lattice will give such
relative precision gains. Note also that the microaveraged LDF is much higher than
would result from the average precisions of the ranked list and minimal browsing
area. This is because the LDF expresses the relative precision gain rather than the
absolute precision gain.

For 10 attribute terms, the Okapi formula gives a higher Distillation Factor (580%
versus 346%) but at the cost of a much larger lattice (70 nodes in average versus 35
nodes with the terminological formula). Both differences are statistically significant
according to a paired t-test (p<0.05). In practice, the Okapi formula generates too
large lattices for browsing a hundred documents, hence the terminological formula
should give better results with experiments involving users.

The LDF seems to grow linearly with the number of attributes, and the complexity
factor seems to decay linearly the number of attributes. The number of nodes, how-
ever, grows amost exponentially. For 15 terms, the number of nodes generated by the
terminological formulais already too large (94 nodes) for practical purposes.

Overdl, it seems clear that conceptual lattices can be very effective to group rele-
vant information, and the grouping effect is higher for larger attribute spaces. But the
number of nodes quickly becomes impractical. From this point of view, understading
attributes as potential terminological units seems to give more compact lattices than
seeing attributes as IR indexing terms.

Table 1. Experimental results. The average precision of the original ranked listswas 0.17.

# Prec. LDF # Nodes # Nodes LBC
Terms MBA Viewed MBA
; : 10 0.35 346 % 35 19 54 %
Terminological
dlaer 15 043 493 % 94 50 43%
20 0.52 594 % 184 65 36 %

Okapi 10 0.43 580 % 70 32 44 %
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4 Related Work

The application of FCAs to Information Retrieval is an increasingly successful field,
which has aready produced some commercial applications, although all research
known to us concentrates on manually (or semi automatically) indexed or classified
according to some domain specific thesaurus or classification scheme.

Two early applications for which empirical tests with users were conducted are
[11] and [1]. In [11], navigation in a Galois lattice is compared to boolean retrieval
and hierarchical navigation in an Information Retrieval task involving users. In the
experiment, recall obtained using lattices and boolean retrieval is superior to naviga-
tion in a hierarchy. The document collection consisted on 113 short animation film
descriptions, and every document was manually indexed by an average of 6.53 classi-
fication terms. In [1], a lattice conceptual clustering system is proposed that incorpo-
rates background knowledge from the indexing thesaurus (i.e. the broader/narrower
term relationshipsin the thesaurus) into the process of building the conceptual cluster-
ing lattice. Browsing with and without the background knowledge were compared in
the context of users searchers against a collection of 1555 documents about Artificial
Intelligence extracted from a computer engineering collection (INSPEC). Browsing
with background knowledge led a 30% relative improvement in recall, showing that
the incorporation of specificity relations between indexing terms is a significant im-
provement over building the lattice without considering the relations between the
keywords manually assigned to documents.

One of the application domains that has received more attention is medical docu-
mentation. In [3], a set of 9000 patient medical discharge summaries are indexed
using SNOMED (Systematized nomenclature of medicine), showing the viability of
the approach. The approach has a continuation in [4,2] and [5], where documents are
automatically indexed using UMLS (Unified Medical Language System) metathesau-
rus terms, and the notions of conceptual scales and purified contexts are introduced
for improved, scalable knowledge visualization. Unfortunately, no empirical, quanti-
tative evaluations or user studies have been conducted in this domain, to our knowl-
edge.

FCA has aso been applied to document retrieval in conjunction with faceted the-
sauruses, a notion which is related to conceptual scales, in which different aspects of
an article description (for instance, the topic of an article and the level of difficulty)
have descriptors in different facets of the thesaurus. The IR system FalR [14] is an
example of such a system, which is applied to an on-line collection of about 5000
FAQ documents of computing questions. Another application in the computer domain
is Aran [9], an Information Help System that applies FCA to Unix man pages. A
characteristic feature of this system is that it does not employ any prior thesaurus;
indexes are obtained from free text in the short (one or two lines) command descrip-
tions that summarize every unix command. As in the medical domain, none of these
systems have been quantitatively evaluated.

An attractive example of the possibilities of FCA for knowledge management is
the HIERMAIL system [8,6], which provides a structured ontology and IR system for
Email search and discovery, in which the principles of FCA are supported by an in-
verted file index that provides efficient client iteration. Although there is no empirical
evauation of the utility of the system (perhaps because it is not trivial to design an
evauation for knowledge management tasks), an indirect evidence of its value is that
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the idea of applying FCA to e-mail management has already reached the market with
the Mail-Sleuth application (http://mail-sleuth.com).

More recently, [7] combine Information Extraction on web documents with FCAs
in an information access application on the domain of classified advertisements for
Real Estate properties. Rather than simply extracting keywords from documents, the
Information Extraction process extracts template-based data to describe advertise-
ments, improving the input to the FCA process.

Finally, awork which is similar in spirit to the JBraindead approach is described in
[10]. The authors cluster a news collection (Reuters-21578) combining a standard
clustering technique, which is applied to the whole collection, with FCA, which is
applied individually to every cluster produced in the first process. One of the salient
features of the system is that they use a general purpose lexical knowledge base
(WordNet) rather than a domain specific thesaurus as background knowledge, both
for theinitial clustering process and for the subsequent Conceptual Clustering step. In
practice, that means that the input for FCA is closest to free indexing terms than in
any of the applications mentioned above. JBraindead uses a similar approach, but in
an IR application: Hotho and Stumme apply FCA to smaller subsets of the collection
by applying a standard clustering technique, and then performing FCA on every clus-
ter returned; JBraindead applies FCA to smaller subsets of the collection by applying
standard IR, and then performing FCA online on the results of the search. It is worth
mentioning that in Hotho and Stumme’s work, the indexes for the FCA process are
the terms with higher values in the centroid vector representing the cluster. The com-
bination of WordNet and centroid vectors is an interesting alternative to the methods
evaluated in this paper, which we seek to adapt and compare with our current key-
word extraction procedures.

5 Conclusions and Future Work

We have described the JBraindead Information Retrieval system, which combines
standard IR techniques with online conceptual clustering applied on the results of the
initial user query. The system is domain independent and operates without resorting to
thesauruses or other predefined sets of indexing terms. Hence, the contributions of
JBraindead to the application of FCA in Information Retrieval lies in the approaches
to extract indexing terms for the FCA process and to build natural descriptions of the
nodes in the resulting lattice.

In this paper we have focused on the process of attributes selection, comparing two
weighting schemas of different nature: the Okapi probabilistic weights, related to the
discriminative power of aterm for IR purposes, and aterminological weight related to
the adequacy of aterm as topic-specific descriptor. We have also measured the influ-
ence of the number of attributes in the quality of the outcoming lattice for searching
purposes. We have made a special emphasis in the definition of metrics to compare
different conceptual structures for the task of browsing free-text results, introducing:
a) alattice distillation factor, related to how well the conceptual structure prevents the
user from reading irrelevant documents, and b) a lattice browsing complexity, related
to the proportion of nodes in the structure that have to be considered to reach al rele-
vant information. An optimal lattice will have a high distillation factor, a low brows-
ing complexity and alow number of nodes.
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The results show that the terminological weighting is better than the IR Okapi
weight, and that an increasing number of attributes improves the digtillation factor at
the cost of a higher browsing complexity. Most differences between runs are statisti-
caly significant, showing that the quality of the conceptual structuresis highly sensi-
tive to parameter settings.

The JBraindead system illustrates the scalability of FCA to unrestricted Informa-
tion Retrieval settings, if it is applied to organize search results, rather than trying to
structure the whole document collection with conceptual analysis. To our knowledge,
thisisthefirst IR system based on FCA that operates on a collection of more than 500
Mb comprising more than 200,000 documents.

JBraindead provides, as well, atest bed to study optimal querying, indexing, visu-
alization and refinement strategies for free-text retrieval based on conceptual cluster-
ing. The experiments reported here are just a first step towards optimal, interactive
content retrieval and browsing. We are currently experimenting with shallow Infor-
mation Extraction techniques (named entity recognition, noun phrase indexing) to
reach a selection of terms that can be used both to produce better lattice structures and
as natural descriptors of nodes.
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Abstract. This document presents and contrasts current efforts at ap-
plying Formal Concept Analysis (FCA) to some semi structured doc-
ument collections and file systems in general. Existing efforts are then
contrasted with ongoing efforts using the libferris Virtual File System
(VFS) as a base for FCA on file systems.

1 Introduction

The file system has become the defacto standard for the storage and management
of semi structured data on computers. File systems have evolved from presenting
a list of named objects (files) which contain a contiguous range of bytes into the
modern file system comprised of a tree structure augmented with soft and hard
links, sparse files, extended attributes and transparent support for many on-disk
storage formats.

File systems perform many roles including storage of a user’s data as well as
meta data and configuration settings. When most users consider meta data that
is stored by a file system they think of a file’s size, modification time, access
permissions etc. While such meta data has been in common use for a very long
time, modern file systems allow much more meta data to be stored and retrieve
It has become common place for applications to store their configuration settings
in the user’s home directory under UNIX systems, extending the use of file
systems to containing meta data about application instances themselves.

This paper has two distinct purposes: to survey current literature on the
application of Formal Concept Analysis (FCA) to file systems and to present
libferrisd and how it offers new possibilities for application of FCA on file systems.
It is assumed that the reader is familiar with the concepts of FCA. The common
notation of the object set G, attribute set M and incidence relation I C G x M
are used throughout.

The paper is organized as follows: A survey of preexisting efforts to apply
FCA to file systems followed by an examination of the features of the virtual file
system libferris that can be used for FCA. A brief conclusion then completes the

paper.
! EA and ACL for Linux website, http://acl.bestbits.at/
2 http://witme.sourceforge.net /libferris.web/
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2 Formal Concept Analysis and File Systems

Ferré and Ridoux present an alternate representation of FCA as Logical Concept
Analysis (LCA) in [7] where the lattice (G, M, I) has the attributes M replaced
by an (possibly infinite) lattice of formulas and I attaches formulas to the objects
in G.

Applying FCA to file systems can be seen from many perspectives in the
literature. Much research has been done on applying FCA to text document
collections [2[TT]. FCA has also been applied to more structured data such as
email [4]. Application to file systems as a whole is covered in [6].

There are many limitations of a hierarchical file system model which are ad-
dressed by using FCA. The most striking being that a tree structure forces logical
containment of files in a directory and the encoding of meta data about each file
into its path in the tree [4l6]. This can be eased by use of soft and hard links but
in so doing the semantics of file access become more complicated (dangling links,
cycles during link resolution). Encoding meta data into a file’s path hinders the
location of conceptually similar documents because a small change in one piece of
meta data may require one to scan from the root of the tree to find a document.
Consider the example where paths are created by first encoding the year the
document was authored and then the general type of document such as audio,
video or text. If one is browsing “/2003/text/whitepaper/libferris/fcasurvey.tex”
and wishes to find other libferris whitepapers that were not necessarily authored
in 2003 then they must try other branches from the root of the tree and scan
down a similar path from each of those.

To alleviate the single access path issue many file systems offer the ability
to find conceptually similar documents by showing the results of a query as a
file system [8]9]. Such views have the drawback of being read only or allowing
inconsistency and usually being somewhat separate from the standard navigation
paths. In moving to the lattice structure of FCA both querying and navigation
are presented via the same interface and a user can seamlessly switch between
both styles of interaction [6].

In the upgrade from an hierarchical structure to a concept lattice, directories
become concepts, symbolic links are no longer required and files form the object
set G in the formal context. There is no requirement for symbolic links because
FCA allows a file to exist in many concepts at the same time. Because a lattice
structure allows a concept to have multiple parents it allows objects that are
conceptually close to each other to be close in the lattice as well [1]. In the above
example of looking for other libferris whitepapers one would only need to move
up the lattice to loosen the restriction in the time dimension to see other related
libferris papers. To gain access to informal documentation on libferris one could
then navigate upward to remove the whitepaper attribute.

Ferré and Ridoux [6] generalize the current working directory pwd(1) into
a history stack of working concepts. This is done to allow one to move to the
correct parent concept easily. The familiar command cd .. becomes a pop op-
eration on the history stack or a move to the root concept if the history is
empty. The semantics of cd .. become more of a navigation backwards than



90 Ben Martin

a navigation to the last direct superconcept as detailed in [6]. The change in
semantics is because the relative or absolute move in the lattice is not broken
into subparts and pushed individually but each refinement provides a single push
onto the stack. If one is doing FCA using this working concept stack then one
could break a navigation into its component attributes and push them as indi-
vidual refinements. For example, given the working concept “/2003/text” and
a command cd whitepaper/libferris the stack could have the two attributes
pushed onto it in the order presented on the command line.

Due to concepts being multi parented there can be many paths from the root
concept to any concept in the lattice. The “parent concept” stack should however
still be maintained in the order given by the user so that only the last attribute
in the path is removed by a cd .. command, ie. the particular absolute path
chosen to find a concept is only relevant to future relative path operations. If
one can easily strip off the last attribute of a path then one only needs to store
the path used to reach the current concept to allow relative path operations.
Presumably such a technique was not chosen for [6] due to the use of formulas
for attributes in Logical Concept Analysis.

The 1s command is made modal in [6] by separating out the query of the
extent of a concept (1s -r f) from query for the refinements available from a
working concept (1s f). This seems somewhat artificial as the traditional UNIX
1s command makes no distinction between showing only places to navigate to
against showing only the files in the current directory.

Using the working concept one can easily navigate the concept lattice using
familiar commands cd, 1s and pwd modifying the lattice using mv, cp and rm
as has been done in the Conceptual Shell [6]. Although altering the current
working directory with cd should be easy enough, explicit detail is not given
in [6] about how one resolves copy, move and remove operations on objects in
the lattice. The most challenging operation would be the mv command. Consider
the case of moving an image from a subconcept of “true colour” to a subconcept
of “monochrome”. Such an operation would require a lossy transformation to
occur on the actual image data in order to maintain the semantic consistency of
the objects in each concept in the lattice.

A commonly noted distinction is between intrinsic attributes of an object
which may be mechanically determined from an object’s byte content, and ex-
trinsic properties which require user interaction to determine. Extraction of in-
trinsic properties from documents covers many domain specific algorithms such
as by using the Ripple-Down Rule (RDR) knowledge acquisition and mainte-
nance methodology from knowledge based systems [11], email headers, regular
expression matches and machine learning algorithms [4J15], or an arbitrary ex-
traction function [6].

Extrinsic attributes for objects are discussed less than intrinsic. The Con-
ceptual Email Manager (CEM) [4] uses extrinsic attributes to allow the user to
override intrinsic attributes to always be true or false for a particular mes-
sage and also to allow CEM to update attributes such as “mail read” and “new
mail” [4].
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The collection of intrinsic and extrinsic attributes is used to form the at-
tribute set M for FCA. In CEM [4] the attributes create a partial order (M, <)
such that the transitivity in the partially ordered attributes is also reflected in
the relation I of the formal context (G, M,I), ie. If for an object g € G and an
attribute m € M if gI'm then Vu € transitive-parent(m), gIu. This allows one
to not only tag files with the most specific attributes but to find them in the
formal context using less specific attributes relative to (M, <). The partial order
(M, <) in CEM is edited using a tree widget in which multi parented attributes
appear under each of their parent attributes in the tree.

Although Ferré and Ridoux use formulas as their attributes they too apply
an ordering to their attributes [7]6]. Their formulas are ordered by a possibly
infinite lattice and they present methods to enable navigation of the concept
lattice built from these formulas using contextualized logic.

Modern file systems support Extended Attributes (EAs) which allows arbi-
trary key-value data to be attached to files and directories. Additional APIs have
been provided for both UNIXP and Microsoft Windowsd operating systems for
associating a key-value pair with a file. With EAs an application can store meta
data about a file with the file itself on disk. One can abstractly consider the
EAs for a file f as a subdirectory which can not contain directories but only files
containing meta data about the file f. In this light, a directory can be seen as a
many valued formal context. Assume that a directory with content G forms the
objects g using its contents. A file g € G may have an EA m € M with value
w € W where m and w are strings. Then w is functionally dependent on g and
m.

Enrichments to FCA have been created to allow many valued attributes to be
used and simple logics over attributes to generate summary attributes. Creating
a binary relation that can be used as I C G x M can be done by creating
conceptual scales [5413/T4] or using logical scaling [I4]T3]. Both conceptual and
logical scaling can be seen as a method to take one or more columns in a many
valued context and generate one or more new binary columns as the result.

CEM [4] creates conceptual scales automatically based on the partial order it
maintains over the attributes in the formal context. A default scale S, is created
Vu € (M, <) such that S, is true iff an object g has any of the direct children
attributes of p in (M, <). Using LCA for file systems [6] has a similar setup
using the lattice of formulas it follows that one formula g deduces all formula
below it in the lattice.

3 libFerris and FCA

The libferris project was originally created to provide a modern semantic file
system [§]. A semantic file system differs from a traditional file system in two
major ways: by allowing the results of a query to be presented as a file system
and to present interesting meta data from files as key-value attributes. Queries

3 EA and ACL for Linux website, http://acl.bestbits.at/
* http://linux-ntfs.sf.net /ntfs /attributes/ea_information.html
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are submitted to the file system embedded in the path and the results of the
query form the content of the virtual directory. For example, to find all docu-
ments that have been modified in the last week one might read the directory
“/query/(mtime>begin last week)/”. Interesting meta data is extracted from a
file’s byte content using what are referred to as transducers in [§]. An example of
a transducer would be a little bit of code that can extract the width of a specific
image file format.

The core abstractions in libferris can be seen as the ability to present many
trees of information overlaid into one namespace, the presentation of key-value
attributes that files posses, a generic stream interface for file and attribute con-
tent, indexing services and the creation of arbitrary new files.

Overlaid trees are presented because one can drill into composite files such
as XML, ISAMA databases or tar files and view them as a file system. The
overlaying of trees is synonymous with mounting a new file system over a mount
point on a UNIX machine to join two trees into one globally navigable tree.
Being able to overlay trees in this fashion allows libferris to provide a single file
system model on top of a number of heterogeneous data sourcedd.

Presentation of key-value attributes is performed by either storing attributes
in kernel level EAs or by creating synthetic attributes who’s values can be dy-
namically generated and can perform actions when their values are changed.
Both stored and generated attributes in libferris are referred to simply as EAs.
Examples of EAs that can be generated include the width and height of an im-
age, the bit rate of an mp3 file or the MDA hash of a file. For an example of
a synthetic attribute that is writable consider an image file which has the key-
value EA width=800 attached to it. When one writes a value of 640 to the EA
width for this image then the file’s image data is scaled to be only 640 pixels
wide. Having performed the scaling of image data the next time the width EA is
read for this image it will generate the value 640 because the image data is 640
pixels wide. In this way the differences between generated and stored attributes
are abstracted from applications.

Another way libferris extends the EA interface is by offering schema data
for attributes. Such meta data allows for default sorting orders to be set for
a datatype, filtering to use the correct comparison operator (integer vs. string
comparison), and GUISs to present data in a format which the user will find intu-
itive. Having the correct comparison operator and sorting order is a prerequisite
to generating logical scales for an EA.

Although attaching and interacting with typed arbitrary key-value data on
files is very convenient in libferris it leaves applications open to interpret the data
how they choose. For this reason specific EAs have been defined for semantic
categorization of files on a system wide basis. These EAs allow one to associate

5 Indexed Sequential Access Method. eg. B-Tree data stores such as Berkeley db.

5 Some of the data sources that libferris currently handles include; http, ftp, db4, dvd,
edb, eet, ssh, tar, gdbm, sysV shared memory, LDAP, mbox, sockets, mysql, tdb and
XML.

" MD5 hash function RFC, http://www.ietf.org/rfc/rfc1321.txt
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files with “emblems” to explicitly capture the intrinsic and extrinsic attributes
of a file. The set of all emblems ¢ is maintained in a partial order (£, <). The
relation for p,¢o € £ of p < ¢ means that p logically is-a ¢. Consider the
example of marking an image file: one may attach the emblem “sam” to the
image file. This emblem may have a parent “my friends” to indicate that sam is
one of my friends. It follows that the image file is also of one of my friends. A
file can have many emblems attached to it. For best querying results the most
specific emblems from (&, <) that are applicable to a file should be attached.

In a way the partial order of emblems (£, <) maintains a richer structure
than the simple directory inclusion used in standard hierarchical file systems. If
we are to define direct directory inclusion as a relation consider that we have a
set of documents G arranged into a standard file system tree using the relation
A C GXG@. The relation A is considered as anti-transitive, i.e. zAy, yAz = —(xAz).
The relation A is also not reflexive and is antisymmetric. One can use A to
represent the normal parent relationship from file systems so: aAb < a is a direct
parent of b. In normal file systems each object would have only one parent.

The emblems (£, <) can be mounted as a file system in libferris and allow
retrieval of all objects that have an emblem when the leaf emblems in (£, <)
are listed. Thus executing 1s -1 emblems://whitepaper/ferris would show
a list of all files that have been tagged with ferris or any of its transitive parent
emblems in (&, ).

In order to quickly find the set of files that have a given attribute value
indexing is available on both the full text of files [I7] and on their EAs. The
EA index is maintained in a sorted order to allow the list of files for which
a comparative constraint on their EA holds. For example width<800 can be
resolved completely using only the index.

Given the indexes, files, emblems and attributes from libferris there are many
ways to create a formal context: logical scaling, file system inclusion and the
presence of emblems.

The most mechanical of these is using emblems because a file either has one
attached or it doesn’t. Logical scaling can be used by supplying a simple boolean
logic to use on the attribute index, for example, width < 900. There are several
predicate languages used at current: an extended Lightweight Directory Access
Protocol (LDAP) search syntaxf] and XPath expressiondd].

File System inclusion is a form of logical scaling which when given a file
system Z will create a new attribute ¢ in the context. For each g € G The value
of gI¢ will be true iff 3u € Z such that p = g. Using file system inclusion and
the full text index one can define an attribute in the formal context which is
true iff objects g € G satisfy a boolean full text query. For example, if we wish
to have a new attribute ( indicating if an object satisfies the boolean query
alice wonderland we first mount the full text query and obtain the file system
Z showing the files containing these terms and then bind that file system to the
formal context using file system inclusion

8 http://www.fags.org/rfcs/rfc2254.html
9 XML Path Language (XPath) Version 1.0, http://www.w3.org/TR/xpath
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K= (G,MU{c},1U{(9:Q)|g € G,3p € Z,g = u}) (1)

One of the main utilities of this scheme is to allow existing virtual file systems
that libferris can generate based on queries to be leveraged in FCA.

In a way the use of emblems to categorize ones files combined with the use
of a properly synchronized index can be seen as a mechanism for cached queries.
In this light it is possible to allow logical scaling to be performed before it is
used in FCA. For example, by using a collection of emblems suitably parented
one can cache numeric intrinsic results. This is done using a chain of emblems
a <+ b + ¢ + d where the description of a is “< 10” and b is “< 5” and so
on. A script can then be run to operate over a file system tree and assign the
most specific emblem to each file for latter use in FCA. This does imply that
the level of quantization captured in the emblem chain is acceptably small when
the objects are tagged with emblems to allow future use in FCA.

There are three main possibilities as to who attaches emblems to files: user
explicit assertion or retraction, use of rigid rule sets (such as width >= 1024
implies attachment of the medium-resolution-image emblem) and use of Su-
pervised Machine Learning (SML) algorithms. Automatic attachment has been
explored using SML algorithms such as Support Vector Models [10] or Bayesian
networkd'. The main issue with using such SML algorithms is that they are not
entirely accurate. See [12] for further examination of emblem attachment and in
particular automated emblem attachment.

4 Conclusion

A survey of the limited work that exists applying Formal Concept Analysis to
file systems and semi structured data has been presented. A modern semantic
file system, libferris, which can be used to generate formal contexts suitable for
FCA has been presented. Discussion of libferris covered the use of EAs to create
many valued formal contexts and the use of emblems as a direct source of binary
attributes. Some concerns such as the requirement of indexing were also touched
on.

By using a modern semantic file system as the data source for FCA one
extends the horizons of what they can analyze to include not only structured
data from relational databases [16], semi structured email data [4] or full text
documents [2] but data from many sources including directly from the Internet.
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Abstract. TOSCANA-systems have been used in many contexts to vi-
sualize information found in relational databases. As opposed to many
other approaches this is done based on conceptual structures rather than
numerical analysis. While conceptual structures often tend to ease un-
derstanding of the data by avoiding too much information reduction,
sometimes a particular reduced information gained by using numerical
approaches is preferable. This paper discusses how conceptual structures
and numerical analysis can be combined into conecptual information sys-
tems using TOSCANAJ.

1 Introduction

The developement of the theory of conceptual information systems always went
along with the usage and development of tools, most noticably TOSCANA. As
the first program of its kind, TOSCANA has a long history of projects where it
was applied, but it also encountered limitations due to aging effects of its code
base. About 2 years ago the KVO grou started the TOSCANAJ project@ with
the aim to address these issues with a new architecture. This work is based
on the experiences from TOSCANA projects, mostly coming from the Technical
University in Darmstadt and it aims at giving both a professional tool for applied
conceptual knowledge processing as well as a platform to extend the theory of
conceptual information systems.

One area where TOSCANAJ offers a range of new features extending the
existing notion of conceptual information systems is the integration of numerical
methods. In combination with a relational database management system a range
of new combinations of conceptual and numerical analysis and visualization can
be achieved, such as:

— labels in line diagrams can display numerical aggregates of object sets;
— classical textual database reporting views can be displayed within the pro-
gram, thus easing access to larger amounts of numerical analysis data;

! http://www.kvocentral.org

2 http://toscanaj.sourceforge.net

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 96-I03, 2004.
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— charts can be accessed for any object set in a displayed lattice;
— ratios of object sets can be displayed — in comparison to neighbouring sets
or the full object set within a diagram

Some of these features have been described in earlier work, most noticably
by Stumme and Wolff (see e.g. [SW97], [SW9g]). This paper tries to give an
overview of the features in TOSCANAJ relating to numerical analysis and to con-
textualise these in a larger framework based on the ideas of Stumme and Wolff.
The implementations in TOSCANAJ are used as examples and proof of concept
— unless otherwise stated all the described functionality has been implemented
and used in conceptual information systems using TOSCANA.J.

The paper is structured as follows: Section [Z gives some background in form
of an overview of the literature. Section Bl discusses the use of aggregates as
label contents in a line diagram. Section ] shows how reporting tools similar to
standard database analysis tools can be used within a conceptual information
system. Section [ discusses how to attach comparisons of extent sizes as labels
onto the lines. The paper concludes with an outlook for further developments in
Section

2 Background

We assume the reader is familiar with Formal Concept Analysis and the ter-
minology and notations introduced by Ganter and Wille in [GW99|. We also
assume that the reader knows about the notion of conceptual information sys-
tems as defined for example in [HSWWO00]. An overview of TOSCANAJ and its
features can be found in [BHO04].

While the notion of a conceptual information system has been well elaborated
in the literature ([HSWW0Q], [HSOT], [Stu00]), the combination with numerical
methods is less well researched — with the exception of the combination of FCA
and data mining (e.g. [STB*02]).

Stumme and Wolff have presented two distinct ideas in some of their papers
([SW97], [SWIS]): the use of aggregating functions to extend conceptual infor-
mation systems to integrate so-called relational structures as extension to the
idea of many-valued contexts and the use of Pearson’s y2-measure to determine
the dependency of two scales.

Data mining and FCA are supported by a range of tools like the TITANIC
algorithm ([STB™02]) and different programs. A tool called CHIANTI was written
by Stumme and Hereth ([HSWWO0]) to investigate different measures for the
distance of scalesd. Other aspects like the combination of aggregating functions
with conceptual systems have been described in research papers, but to the
knowledge of the author never been implemented.

This paper will discuss some of these combinations and how they are imple-
mented in the TOSCANAJ program. Beside giving a proof of concept with the
implementation, some additional notions like the integration of reporting tools

3 note that we use “distance” in a wider sense than metric.
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will be discussed to extend the notion of a conceptual information system into
a broader data analysis technique.

3 Displaying Aggregates within the Line Diagrams

ToscANA 2 and 3 have two basic options for aggregation — instead of just al-
lowing the user to see the lists of the items in the extens or object contingents,
they also allow one to show the object counts either as absolute numbers or
as distribution, that is, relative to the size of the current object set. For many
conceptual information systems created this was sufficient, but for other systems
it turned out to be a limitation since other aggregates were considered useful in
their context but not easily available.

While using the same default options for the labels, TOSCANAJ tries to give
the Conceptual System Engineer more flexibility by allowing the definition of
additional label contents in the CSX file, which contains the schema for the
conceptual system in XML format. Thus the user of the system will be offered
more options for the labels if the corresponding schema is loaded. These options
can be either lists or aggregates. Since we are interested in the numerical aspects
only the latter will be discussed here.

If labels should display aggregates, the CSX file has to contain a definition
of an <aggregateQuery>, which contains at least one SQL fragment defining
the aggregate to use. All aggregates are defined on the SQL level, which gives
a great level of flexibility and good performance since the aggregation happens
in the database engine. Most database engines also allow writing extensions, in
this way new aggregates can be introduced. By not using a separate aggregation
system, performance and a clean abstraction is achieved.

Not only can the Conceptual System Engineer use any aggregate defined in
the underlying database management system, TOSCANAJ also offers two orthog-
onal extensions:

— aggregates can be formatted (e.g. as currencies) and multiple aggregates can
be combined into a single label; and

— the results can be viewed as relative numbers compared to the same aggre-
gate on all objects in the current diagram.

These extra options can be illustrated using two examples. The first one
gives the price range of the objects in question by querying the minimum and
maximum of the PRICE column and displaying it in a formatted way as shown in
Fig. [l on the left. A result of this query can be seen to the right. The definition
is given only structurally to avoid the overhead of the XML syntax. In the CSX
file the indentation will be given as nested XML elements with attributes. The
name is used for menu entries.

Displaying the aggregate relative to the same aggregate on the current object
set is a generalization of the distribution labels from TosSCANA 2/3. There the
number of objects in a certain set (extent/contingent) is displayed relative to the
full number of objects. A similar approach can be taken with other aggregates,
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aggregateQuery
name = "Price Range"
queryField Mini- Tower . Small- footgnn W

format = "$ 0.00" . [52665.00 - $4529.00] + [$2260.00 - $5415.00
query = MIN(price) l& C:Ij_ b,
separator = " - "

$2895.00 - $4495.00] [$2721.00 - $4665.00] [$2675.00 - $4205.00]

queryField
format = "$ 0.00"
query = MAX(price)

Fig. 1. Querying a range from a database column

although of course the interpretation changes. For example the query shown
in Fig. [ queries the average price once as normal query, and then again as a
relative value, compared to the average on the current object set. The value of
98.93% on the right in the resulting diagram means that the average price of the
objects in the contingent is 1.07% below the average of the objects displayed in
the diagram (either the full object set or the set reduced by filtering).

These features of using SQL aggregates, being able to combine them and the
relative views allow a conceptual information system to be customized to display
very specific information useful for it. The Conceptual System Engineer can mix
numerical analysis into the conceptual information system in a suitable fashion
to enhance the ease of use and usefulness of the system created.

aggregateQuery
name="Average Price (relative)"
queryField Mini- Tower Small foo(gnn W

query = AVG(price) [E3516.00 G0.18 %) | [£3527.00 (0949 %
format = "$ 0.00" @L _HQ
separator = " ("

[$3496.00 (98.62 %)| [$ 3658.00 (103.19 %)] [$ 3507.00 (98.93 %)

queryField
query = AVG(price)
relative = true
format = "0.00 %"
separator = ")"

Fig. 2. Querying an average value as absolute and relative numbers

4 Using Conceptual Structures
to Access Numerical Reports

If more than just simple aggregates are needed to be shown to the user, displaying
this information directly in the line diagram is not feasible anymore. In this case
additional windows are needed that can be shown on request. TOSCANAJ follows
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Fig. 3. Calling a bar chart to display numerical information about an extent

the tradition of the older TOSCANA systems by attaching this operation to the
object labels — since the information is about the object sets, this is a well
accepted approach.

There are two distinctive popup windows the user can open: the first are
views on single items, which provide information about a particular object in
a set. To access this object-specific information, a particular object has to be
selected from a list. As opposed to this, reports showing information about a full
object set can be selected on any type of label.

Obviously the reports allow integration with aggregates and other numerical
facilities. TOSCANA 2 and 3 used MS Access forms and HTML templates to
do the reporting, while TOSCANAJ offers a plugin interface with a number of
implementations. One of them uses a similar approach to TOSCANA 3 and uses
HTML templates to create reports. As opposed to TOSCANA 3, TOSCANAJ can
show these as windows within the main application — TOSCANA 3 had to start
an external browser. The internal approach allows better use of the screen real
estate.

ToscaNAJ exceeds the functionality of the older programs in its ability to
access charts for the object sets in a lattice. Due to the integration with the
JFreeChart rendering engine@, a range of different charts can be displayed within
the framework of the scales. This includes line charts, bar charts, pie charts,
area charts, scatter plots and many more. The charts are highly configurable
and additional information like moving averages can be added into the charts.

Fig. Blis a screenshot of ToscaANAJ showing a bar chart of benchmark data
for a particular extent. Via the context menu of the leftmost object label the

* http://jfree.org/jfreechart
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chart option configured in the CSX file has been selected, which opens a chart
created by JFreeChart. This chart shows the results for three different types of
benchmark in a quick overview. For this type of information a chart is far more
efficient than a conceptual scale and the integration allows integrating typical
views from existing data analysis approaches into a conceptual information sys-
tem.

This combination of conceptual and numerical data analysis allows the user to
combine the two approaches to synergetic effects. While the conceptual structure
gives the guidance to identify the objects of interest, the numerical summary
information in the reports — either in textual or in chart form — allows quickly
identifying certain characteristics of the selected object set. These may then in
turn lead to more refinement within the conceptual information system.

5 Looking at Object Frequencies

So far we have looked at numerical information we display based on single object
sets — with the exceptions of the relative aggregates where the values found get
normalized. Sometimes it is interesting to look at the aggregates for different
sets and how they compare to each other. In our work on TOSCANAJ we have
so far investigated only the comparison of the object counts with each other,
since this is the simplest case. Some of this work should be extended to other
aggregates.

One of our ideas of visualizing the ratios of object counts is to look at the
extent ratios of neighbouring concepts. This measure gives a notion close to
the notion of “support” in data mining. The extent ratio between two concepts
C7 > (5 tells how many objects which have all attributes in the intent of C4
will also have the additional attributes in the intent of Cs.

These ratios can be visualized in TOSCANAJ as shown in Fig. @] This example
shows how easy it is to read information like “about 80% of the PCs are available
via direct sales” or “about two thirds of the PCs available in shops are also
available via direct sales”. Since this type of information is about a ratio of
extents the information is easier to access on the edges.

6 Outlook and Conclusion

We have shown a number of different ways to combine the structuring power
of conceptual information systems with the information reduction of numerical
approaches. Since the TOSCANAJ features presented in the paper are mostly set
up for specific conceptual information systems, the numerical aspects can be
applied in a well-targeted fashion, based not only on the informational structure
found in the data source, but also on the abilities of the end-user.

TOSCANAJ is an ongoing project and it is likely that more features in the
direction described here will be added in the near future. Another planned step
to allow more flexibility and power in configuring tailored information systems
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Fig. 4. Labels on the edges denote extent ratios

is the unification of the different views used for displaying different types of
information.

Except for the labels on the lines all views visualize certain aspects of the
concepts. This includes not only the object and attribute labels and the sepa-
rate pop-up windows as used by the reporting tools, it also includes the nodes
themselves since in TOSCANAJ they do not just denote the concepts’ positions
as in a classical line diagram, they also convey information about the concepts.
In the standard setting this is a color gradient hinting at the extent size.

All these views — labels, pop-ups and nodes — can be seen in some sense as
interchangable. Most interesting seems to be the idea of replacing the standard
nodes with more informative structures like charts or UML-like boxes showing
attribute and object contingents. Furthermore TOSCANAJ could allow an ar-
bitrary number of labels per concept and the notion of pop-up windows could
be unified with the labels by maintaining a connector as long as the pop-up is
visible. This would highly increase readability when multiple pop-up windows
are open.

Such a refactoring of TOSCANAJ would give great flexibility to advanced
Conceptual System Engineers. While we still propose to keep the default config-
urations rather simple for ease of use, the option to tailor the type and amount
of information displayed in a particular TOSCANAJ system seems to be a very
worthwhile goal to pursue — both for research purposes as well as discovering
new ways of applying conceptual information systems in real world projects.
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Abstract. Over the last two decades a number of tools have been developed to
support the application of Formal Concept Analysis (FCA) to a wide variety of
domains. This paper presents an overview of tool support for FCA.

1 Introduction

Over the last two decades a number of tools have been developed to support the applica-
tion of Formal Concept Analysis (FCA) to a wide variety of domains. These tools range
from the early DOS-based implementations of Duquenne’s GLAD tool to Java-based
tools currently under active development like ConExp and ToscanalJ. Both commercial
and open-source software appears in the list which also includes general-purpose and
application specific tools.

The next section of the paper introduces the general purpose tools. Application
specific tools are then discussed in Section 3] before Section ] concludes the paper.

2 FCA Tools

Duquenne’s tool for General Lattice Analysis and Design (GLAD) is possibly the earliest
software tool that facilitates the analysis of formal concept lattices [[1]. GLAD is a DOS-
based program written in FORTRAN that has been under development since 1983. The
tool facilitates the editing, drawing, modifying, decomposing and approximation of finite
lattices in general and is not restricted to the analysis of concept lattices. The lattices to be
analysed can be derived from abstract mathematics or applied statistics using techniques
like Analysis of Variance. Single-valued data can also be analysed by exploiting the
classic correspondence between lattices and binary relations identified by Birkhoff.

GLAD contains a large number of features, many of which are undocumented and it
also supports “scenarios” which represent a form of macro. These scenarios can be used
regenerate and manipulate a lattice by recalling the list of commands used to construct
it. Diagrams can also be output directly from GLAD in the Hewlett Packard Graphics
Language (HPGLﬂ — a vector based language designed for plotters.

Conlmp (Contexts and Implications) is another DOS-based tool implemented by
Peter Burmeister [2]] who started development in 1986 on an Apple II computer. While
Conlmp is purely text based and provides no graphical output for lattices it also supports

! See http://www.piclist.com/techref/language/hpgl.htm

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 104-[[T1] 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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a wide range of features for manipulating contexts and provides concept listings which
can be used for drawing line diagrams by hand.

The Duquenne-Guigues-base represents a canonical base of valid implications for a
given context and this is computed and used extensively within Conlmp. Interactive at-
tribute exploration is supported which can be used to derive both the Duquenne-Guigues-
base and a typical set of objects. In addition, a three-valued logic that allows for true,
false and unknown values can also be used.

While Conlmp supports single-valued contexts another tool called MBA (possibly
from the German for “Many-valued FCA”: “Mehrwertige BegriffsAnalyse”) can be used
to scale and pre-process many-valued contextd. In addition, contexts can be exported
from Conlmp in the so called “Burmeister Format” (*.CXT’) and rendered using another
DOS-based tool called Diagram [3]]. The use of separate tools for the tasks of data-
preparation, context creation, and line diagram rendering (Diagram) is also reflected in
the classic FCA tools Anaconda and TOSCANA.

Anaconda and TOSCANA (TOolS of Concept ANAlysis) are tools used for building
conceptual knowledge systems on top of data stored in relational databases. A conceptual
system engineer uses knowledge from a domain expert to create queries in the form of
conceptual scales using a conceptual system editor. These scales essentially capture the
expert’s knowledge and the information is stored in a conceptual system file. A user can
then exploit the conceptual scales to retrieve or analyse data from the database using
a conceptual schema browser [4]. In traditional TOSCANA systems Anaconda is the
conceptual system editor, TOSCANA is the conceptual system browser, and the data is
stored in a Microsoft Access database.

Anaconda is a tool for the creation and editing of contexts, line-diagrams and scales.
The context, scales and line-diagrams are saved in a conceptual schema file which is
then used by TOSCANA to analyse the data in the database. While TOSCANA users
cannot create new scales, the scales can be composed to produce nested line diagrams.
There are three versions of TOSCANA based on Vogt’s Ct+ FCA libraries [5/6] and
more recently a Java-based version — Toscanal.

Toscanal [4] is a platform-independent implementation of TOSCANA that supports
nested line diagrams, zooming and ideal/filter highlighting. Originally part of the Tockit
projecﬁ — an open source effort to produce a framework for conceptual knowledge
processing in Java — Toscanal is now a separate projecﬂ.

In the context of the workflow described earlier, Toscanal represents the conceptual
schema browser and the conceptual system editor role is filled by two tools — Siena
and Elba. The two tools can be seen as Anaconda replacements that are both used for
preparing contexts and scales, however, each represents a different workflow. Elba is
used for building Toscanal systems on top of relational databases while Siena allows
contexts to be defined using a simple point and click interface.

Toscanal] can be used to analyse data in relational databases via ODBC (Open
Database Connectivity)/JDBC (Java Database Connectivity) or, alternatively, an em-
bedded relational database within Toscanal can be used. Line diagrams can also be

2 See http://www.mathematik.tu-darmstadt.de/ags/ag1/Software/
3 See http://tockit.sourceforge.net/
* See http://toscanaj.sourceforge.net/
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exported in a variety of raster and vector-based formats including Portable Network
Graphics (PNG), Joint Photographic Expert Group (JPEG), Encapsulated PostScript
(EPS), Portable Document Format (PDF), and Scalable Vector Graphics (SVG).

An XML-based conceptual schema file (.CSX) is used to store the context and scales
produced by Siena and Elba. In addition, an extensible viewer interface allows custom
views to be defined as well as allowing external data viewers to be specified. This feature
is exploited by the formal specification browser SpecTrE described in Section 3.2l

The line diagrams in Siena and Elba use an n-dimensional layout algorithm in which
each attribute in the purified context is assigned to a vector [7]. The layout is then
projected onto the Cartesian plane using standard parallel projection and the approach
is based on the algorithm used in Cernato.

Cernato is a commercial FCA tool developed by Navicor that combines some of
the features of Anaconda and TOSCANA into a single tool. Users are presented with a
familiar spreadsheet-like interface for creating contexts and data can be imported and
exported in Comma Separated Value (CSV) format which facilitates the analysis of data
from genuine spreadsheet applications.

Line diagrams are constructed incrementally in Cernato and the layout is animated
by default. Zooming and the construction of scales, which are known as “views” in
Cernato, are also supported, however, nested line-diagrams are not. In addition to the
CSV import/export facility a custom XML format can also be used. Furthermore, line
diagrams can be exported in a number of raster-based image formats, contexts can be
saved as HTML-tables and Cernato is also able to export complete TOSCANA systems.

ConExp (Concept Explorerﬁ is another Java-based, open-source FCA project. Like
Cernato, ConExp combines context creation and visualisation into a single tool. While
ConExp does not support database connectivity, contexts can be imported and exported in
Conlmp’s *.CXT’ format. A number of lattice layout algorithms can be selected including
chain decomposition and spring-force algorithms. The line diagrams also support various
forms of highlighting including ideal, filter, neighbour and single concept highlighting
and can be exported in JPEG or GIF format.

ConExp currently implements the largest set of operations from Ganter and Wille’s
FCA book [8] including calculation of association rules and the Duquenne-Guigues-base
of implications. Interactive attribute exploration is also supported and the context can
display the arrow relations g /*m and g,/ m.

GaLiciﬂ, the Galois Lattice Interactive Constructor is another Java-based FCA tool
that provides both context creation and visualisation facilities [9]. GaLicia’s heritage
lies in a series of incremental data mining algorithms originally entitled the GALoOIS
LATTICE-BASED INCREMENTAL CLOSED ITEMSET APPROACH and also a trie data-structure
based version called GALICIA-T. These incremental algorithms were used for mining
association rules in transaction databases [[10l11]] and form the basis for the incremental
construction of lattices in GaLicia.

Both single and many-valued contexts can be analysed in GalLicia. In addition,
binary relationships between objects can also be described via a context and stored

5 See http://www.navicon.de
6 See http://sourceforge.net/projects/conexp
7 See http://www.iro.umontreal.ca/"valtchev/galicia/
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using GaLicia’s Relational Context Family [[12]]. A number of different lattice and Galois
sub-hierarchy construction algorithms are also supported.

GalLicia provides two lattice layout mechanisms including a “magnetic” spring-force
algorithm. The lattices can also be viewed using a novel, rotating 3-Dimensional view.
GalL.icia can be run as a stand-alone application or it can be used via the World Wide
Web as a Java applet running in a Web browser.

3 Other Tools

Having introduced a number of generic FCA tools in the preceding sections, this section
provides a brief overview of some application specific FCA tools. These tools can be
broadly classified into two main groups: the modular and the monolithic. Tools that rely
on other programs for part or all of their functionality will be classified as “modular”.
For example, a number of the application specific tools make use of pre-existing graph
drawing applications for lattice layout. In contrast the term “monolithic” will be used to
describe those tools which do not rely on other applications to function. This does not,
however, exclude the use of pre-existing libraries within the tools code. Additionally, the
term should not infer that a tool is poorly engineered or necessarily massive, but rather
that the tool has been constructed from scratch.

3.1 Monolithic Approaches

Diiwel’s BASE [13] tool supports the identification of class candidates from use-cases.
The name is taken from the German “ein Begriffsbasiertes Analyseverfahren fiir die
Software-Entwicklung” which translates into English as “concept-based analysis during
software development”.

Taran and Tkachev’s [14] tool SIZID is designed to support the analysis of sociolog-
ical and psychological data. SIZID can handle multi-valued contexts and the calculation
of implications.

Cole and Eklund have implemented a number of FCA based document management
and information retrieval tools. Warp-9 FCA [15] is a tool for managing a collection
of medical discharge documents that is implemented using the scripting and extension
language Tcl/T K. A medical ontology to index documents and the visualisation supports
folding line diagrams. The ideas in Warp-9 FCA are further refined and applied to the
analysis of email in the tool CEM — the Conceptual Email Manager [16]. More recently
a commercial descendant of CEM known as Mail-Sleuth has also been releasedl.

In Lindig and Snelting’s [17]] paper on the structure of legacy code a footnote men-
tions an inference based software environment called NORA which was used to produce
the analyses described in the paper. NORA stands for “NO Real Acronym”. While no
details of the NORA environment are presented in the paper, both Snelting and Lindig
have produced other tools to support the analysis of software using FCA. Snelting and
Streckenbach’s KABA is a Java-based tool that implements the analysis earlier described

8 See http://www.tcl.tk
? See http://www.mail-sleuth.com
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by Snelting and Tip [18]. The name KABA is taken from the German “KlassenAnal-
yse mit BegriffsAnalyse” which translates as “class analysis via concept analysis” in
English. Apparently “KABA” is also the name of a popular chocolate drink in Germany.

KABA combines concept lattices with dataflow analysis, and type inference. In
particular the prototype tool supports the visualisation of horizontal-decompositions in
Java classes and a 15 KLOC (“thousand Lines Of Code”) example is reported.

While another prototype tool that implements Lindig’s component retrieval ideas
could be considered monolithic [19], there have been a number of modular tools devel-
oped using Lindig’s concepmm framework.

3.2 Modular Approaches

Concepts is an updated version of Lindig’s TkConcept tool '] implemented in Tcl/Tk.
TkConcept is included here as an example of a modular tool because it makes use of a
graph layout application called Graphplac to draw lattice diagrams. TkConcept was
intended as a framework for concept analysis applications that provides basic abstractions
so that software designers can focus on the implementation of domain specific parts of
an application.

Van Deursen and Kuipers [20] used Lindig’s concepts tool in conjunction with Graph-
place in the analysis of a 100 KLOC COBOL program. A relational database was used
to derive information about the application using a COBOL lexical analysis tool. The
data was then extracted and formatted for analysis with concepts.

The ConceptRefinery tool described by Kuipers and Moonen [21] also uses concepts
in conjunction with a COBOL parser and a relational database. Concept refinery is
implemented using Tcl/Tk and a version of the dot directed graph drawing tool was
used for visualisation. Dot is part of the GraphViz graph visualisation packag.

GraphViz and concepts are also used to render lattice diagrams in Eisenbarth et al.’s
Bauhaus tool [22]. Bauhaus makes use of a number of components including the gcc
compiler and gprof profiler which are glued together using Perl. In addition to their
earlier work identifying features in web-browser code, Eisenbarth et al. have also used
their tool to analyse a 1,200 KLOC production system.

The Cable tool implemented by Ammons et al. makes use of FCA to aid in the
debugging of temporal specifications [23]. This visualisations presented to Cable users
are implemented using the Dotty and Grappa graph visualisation tools which are also
part of GraphViz.

Janssen’s JaLaBA tool4 is a novel on-line Java Lattice Building Application that uses
Freese’s LatDran] program for lattice layout. LatDraw makes use of a 3-dimensional
spring and force layout algorithm which produces line diagrams similar to GaLicia and
ConExp.

10 See http://www.eecs.harvard.edu/ lindig/src/concepts.html
' See http://sensei.ieec.uned.es/manuales/tkconcept/welcome.html
12 Available from
ftp://ftp.dcs.warwick.ac.uk/people/Martyn. Amos/packages/graphplace/graphplace.tar.gz
13 See http://www.research.att.com/sw/tools/graphviz/
14 See http://juffer.xs4all.nl/cgi-bin/jalaba/JaLaBA.pl
15 See http://www.math.hawaii.edu/ ralph/LatDraw/



Tool Support for FCA 109

The round-trip engineering work of Bojic and Velasevic [24] also makes use of a
modular tool implemented using Conlmp. By adapting the output from the Microsoft
Visual C*+ profiler, Conlmp was able to analyse their data which was then used to update
a UML model using the Rational Rose design tool!],

Richards and Boettger et al.’s RECOCASE tool [25] is also comprised of a number
of other applications. RECOCASE uses the Link Grammar Parser] to parse use-cases
and ExtrAndd is used to generate “flat logical forms” which are then analysed using
FCA.

A paper by Tonella [26] describes the CANTO tool (Code and Architecture aNalysis
TOol) [27] which has a modular architecture composed of several subsystems. CANTO
consists of a front-end for analysing C code, an architecture recovery tool, a flow analysis
tool and a customised editor. The components communicate either via sockets or files
and apart from the flow analysis tool each of the components is an external application.
Visualisations produced by the architecture recovery tool are created using PROVIS —
yet another graph drawing application based on Dotty.

Another FCA framework implemented by Arévalo [28.29] and Buchli [30]] is ConAn
(Concept Analysis) [30]. ConAn is implemented in Smalltalk and consists of a number
of tools for the creation and analysis of formal contexts. A tool called ConAn PaDi (Co-
nAn Pattern Displayer) built using the ConAn framework is used for analysing patterns
in data from the Moose Smalltalk re-engineering environmenJ. Beyond software engi-
neering applications ConAn also represents a generic and extensible framework. Users
can provide objects and attributes (known respectively as elements and properties) as la-
bels in a table or custom Smalltalk objects can be implemented to represent the elements
and properties used by ConAn.

The implementation of the authors own tool [31]], SpecTrE (the Specification Trans-
formation Engine), mirrors the modular approach taken by Van Deursen and Kuipers.
SpecTrE is used for visualising and navigating formal specification documents written
in Z [32]. The tool makes use of a parser to extract information from specifications which
is stored in a database. The information is then formatted for analysis and visualisation
using Toscanal and ZML [33]] — an XML-based Z representation.

4 Conclusion

This paper has presented an overview of FCA tools ranging from the early DOS-based im-
plementations through to Java-based tools currently under active development. Section2]
introduced the general purpose tools which include both commercial and open-source
software. Section[3 then discussed application specific tools. While the modular tools
demonstrate the reuse of common components for both the analysis of concepts and
visualisation, the diversity represents the applicability of FCA itself to wide-range of
problems.

16 See http://www.rational.com/products/rose/

17 See http://bobo.link.cs.cmu.edu/link

18 See http://www.ifi.unizh.ch/cl/extrans/overview.html
1% See http://www.iam.unibe.ch/"scg/Research/Moose/
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Abstract. Lattice diagrams, known as Hasse diagrams, have played an
ever increasing role in lattice theory and fields that use lattices as a tool.
Initially regarded with suspicion, they now play an important role in
both pure lattice theory and in data representation. Now that lattices
can be created by software, it is important to have software that can
automatically draw them.
This paper covers:

— The role and history of the diagram.

— What constitutes a good diagram.

— Algorithms to produce good diagrams.
Recent work on software incorporating these algorithms into a drawing
program will also be covered.

An ordered set P = (P, <) consists of a set P and a partial order relation <
on P. That is, the relation < is reflexive (z < ), transitive (z < y and y < z
imply < z) and antisymmetric (z < y and y < x imply z = y). If P is finite
there is a unique smallest relation <, known as the cover or neighbor relation,
whose transitive, reflexive closure is <. (Graph theorists call this the transitive
reduct of <.) A Hasse diagram of P is a diagram of the acyclic graph (P, <)
where the edges are straight line segments and, if a < b in P, then the vertical
coordinate for a is less than the one for b. Because of this second condition arrows
are omitted from the edges in the diagram.

A lattice is an ordered set in which every pair of elements a and b has a least
upper bound, a V b, and a greatest lower bound, a A b, and so also has a Hasse
diagram.

These Hasse diagram are an important tool for researchers in lattice theory
and ordered set theory and are now used to visualize data.

This paper deals the special issues involved in such diagrams. It gives several
approaches that have been used to automatically draw such diagrams concen-
trating on a three dimension force algorithm especially adapted for ordered sets
that does particularly well.

We begin with some examples.

! In the second edition of his famous book on lattice theory [3] Birkhoff says these
diagrams are called Hasse diagrams because of Hasse’s effective use of them but that
they go back at least to H. Vogt, Résolution algébrique des équation, Paris, 1895.

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 112-[I27, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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1 Some Examples

Generally lattice theorists have a fairly precise idea of how their diagrams should
look. Figure [[] gives an example.

Fig. 1. The diagram of a small modular lattice

Of course the reflection of this diagram around the vertical axis would be
considered equally acceptable but Figure [l is another possible diagram of the
same lattice.

While any permutation of the elements of a particular level would produce
a correct representation of the order, almost any such permutation would make
the diagram unrecognizable.

Most lattice theorists would draw the lattice of subsets of a three element set
as the cube drawn on the left of Figure[3. Orthomodular lattice theorists often
prefer to draw it as in the center but no lattice theorist would draw it as is done
on the right.

Thus while a randomly chosen diagram will be mathematically correct, it is
very likely to be useless. Prior to lattices being generated by computer programs
this was not a problem: mathematicians knew (at least in most cases) how a
particular lattice should be drawn and drew it that way.

2 A Brief History of the Diagram?

As mentioned earlier lattice diagrams are often called Hasse diagrams in honor
of H. Hasse who used them effectively. Apparently the earliest lattice theorists

2 Pseudo-history might be a better description of this section. The author’s mathe-
matical great grand parent is Eric Temple Bell who is known for his colorful, albeit
not entirely accurate, accounts of the history of mathematics; see [18].
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Fig. 2. A different diagram of the lattice of Figure

Fig. 3. The lattice of subsets of a three element set. Left: the usual diagram; Center:
as sometimes drawn by orthomodular lattice theorists; Right: an ugly version

such as R. Dedekind did not use diagrams to represent lattices. They began to
be used in the 1930’s but more as a tool for discovering new results; they rarely
appeared in the literature.

The free modular lattice with three generators (which is drawn in Figure §)
was first described by Dedekind in [7]. O. Ore [I7] gives something resembling a
diagram by placing the elements of the free modular on the page in an arrange-
ment reflecting the order but no lines are drawn. Ore, in connection with his
work on direct decompositions of algebraic systems, asked R. P. Dilworth if a,
b, ¢ and d are elements of a modular lattice such that every pair meets to the
least element and all pairs join to the top except possibly the pairs a, b and ¢, d,
do all pairs join to the top? Dilworth drew a diagram to show this was false; see
Figure dl Ore, like many lattice theorists of his era, was skeptical of diagrams
and asked Dilworth to find this lattice as a sublattice of the lattice of normal
subgroups of a group.

Another interesting thing about this diagram was that Dilworth used both
red and black to draw it. (If you are reading a print version of this paper, you
can see the color version at the author’s web site.) This use of color way back
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e}

Fig. 4. A counter-example to Ore’s question

in the 1930’s makes the diagram much easier to understand and better than the
diagrams in journals even today.

A. Day, C. Herrmann, and R. Wille [4] constructed a lattice much like this
one in their important study of four generated modular lattices. It shows, for
example, that My, the six element lattice with a least and greatest element and
4 incomparable elements, is not a projective modular lattice.

In [8] Dilworth cites as an example J. E. McLaughlin paper [16] in which
he proves that an atomic lattice with unique comparable complements must be
modular. (See [1] for a history of this important lattice theory problem.) As
was often done at that time, McLaughlin used diagrams in finding his proof but
omitted them from his paper. Dilworth’s paper shows how much more under-
standable the proof can be with the use of diagrams.

By the 1970’s diagrams had become an important tool in lattice theory. The
appendix has several diagrams that have played an important role in research,
biased toward my own work. Figure ] shows the free modular lattice on three
generators, FM(3), and the lattice freely generated by M3 and two extra ordered
elements below one of the generators. Both are used repeatedly in the study of
modular lattices.
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Figure[Id shows the free modular lattice FM(2+2) and free lattice FL(2+2)
generated by two 2-element chains. Of course the sublattice generated by two 2-
element chains in any lattice must be a homomorphic image of FL(242) and thus
these lattices are a useful tool in lattice theory. It is interesting that FL(2 + 2)
was described by R. A. Dean in [6] but it was H. L. Rolf who diagrammed the
lattice in [23] and since then it is known as Rolf’s lattice.

The lattice on the left of Figure [I1] is J. B. Nation’s semidistributive lat-
tice which is not a bounded image of a free lattice (answering a question of
R. McKenzie). Nation and I constructed the lattice on the right of Figure [Tl
from this lattice using Alan Day’s doubling construction. We knew this lattice
had certain properties and hoped it had certain additional properties but we
were having trouble proving that it did. To our surprise we found we were actu-
ally able to diagram this lattice. Once we had the diagram of the lattice, it was
clear that it had the properties we wanted.

Figure @ldiagrams the congruence lattice of the free algebra on one generator
in Polin’s variety. This diagram played a critical role in the characterization of
varieties with modular congruence lattice of [5].

3 Automatic Drawing

In the early 1980’s J. B. Nation and I were working on free lattices. The al-
gorithms for deciding equality of terms and for finding the canonical form of
elements were tractable; that is, polynomial time, but rather unpleasant for hu-
mans. So we wrote programs to do this (mostly in Lisp). Associated with each
element of a free lattice is a finite lattice that determines whether or not the
element has lower covers (lower neighbors). For example the lattices associated
with (zV (yA2)) A(yVz) and with (2 V (yAz))A(yV (zAz)) are diagrammed
in Figure B (Since the second lattice is semidistributive but the first is not,
(xV(yAz))A(yVz) has a lower cover but (xV (yAz))A(yV (zAz)) does not;
see [10]).

I had programs to automatically calculate these lattices, but it did not give a
diagrams. It just gave a list of the elements and covers. It is much more difficult to
understand the lattice from this sort of data, just as in Formal Concept Analysis
lattices help immensely in visualizing data. So I wrote a program to produce a
lattice diagram. But was disappointed because even small, well known lattices
were usually unrecognizable. For example the eight element Boolean algebra,
drawn on the left of Figure B often looked like the center or right drawing.
Clearly something better was needed.

4 Our Algorithm

Our algorithm is based on a combination of a mathematical rank function to
determine the height and a modification of the “forces” method of graph theory.

The program first calculates the rank function on the ordered set and uses
this to determine the height of the elements. It then places the points in three
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Fig. 5. The lattices L((x V (y A 2)) A (yV 2z)) and L((x V (y A 2)) A (y V (z A 2)))

space using the rank for the height, i.e., for the z-coordinate. The points of the
same rank are arranged around a circle on a plane parallel to the x—y plane. We
now place imaginary forces on the elements. Comparable elements are attracted
to each other while incomparable elements are repulsed.

These forces are applied several times in three phases. In the first phase the
repulsive force is set to be very strong; in the second phase the attractive force is
strong; and in the final phase the forces are balanced. Then an optimal projection
to two space is chosen (either by the program or the user).

4.1 The Rank Function

As mentioned above the algorithm positions the elements of the ordered set P
in 3-space and uses forces to adjust the z and y coordinates but the z coordinate
(the height) is determined by a rank function on the ordered set given by

rank(a) = height(a) — depth(a) + M

where height(a) is the length of the longest chain from a to a minimal element,
depth(a) is the length of the longest chain from a to a maximal element. M can
be any constant; it is usually the length of the longest chain in P so that the
rank of the least element of a lattice is 0. Figure [d] gives an example of this rank
function. Notice the rank function has a nice top to bottom symmetry.

The usual algorithm to find a linear extension of P (graph theorists call
this topological sorting) can be easily modified to calculate this rank function
in linear time. (See Chapter 11 of [10] for a discussion of algorithms for ordered
sets and lattices.)

4.2 Initialization and Force Scheme

We associate a point (z,y,2) in 3-space with each element of the ordered set.
The z coordinate is determined by the rank function. Initially the points of the
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0
Fig. 6. The rank function for N5

same rank are arranged with equal spacing (actually a slight perturbation is
added to avoid unstable equilibria) around a circle on a plane parallel to the z—y
plane with radius equal to the number of elements of that rank.

Then forces (with heavy damping—imagine the points lying in a thick syrup)
are repeatedly applied to the points. Each point is attracted to the points it is
comparable with. If the point has coordinates (g, yo, 20) and is comparable with
a point with coordinates (z1,y1,21) the force on the first point is

Catt (T1 — o, Y1 — Y0, 0)

If these two points are incomparable they are repulsed. The force on the first
point is
Crep (o — 71,40 — Y1,0)
[(z1—20) 2+ |(y1 — yo) > + [(21 — 20)?

Note the attraction of two comparable elements does not depend on the z—
coordinate while the repulsion does. In both cases the force is in the x—y plane so
that the z—coordinate remains fixed. The attraction is similar to the attraction
of a spring (Hooke’s Law) with natural length 0. But since the z—coordinate is
unchanged the distance between the two points is always at least |21 — zg|. Also
note that the attraction is not just between elements and their upper and lower
covers (neighbors) but between all pairs of comparable elements and does not
depend on z; — zg. The repulsion force uses an inverse square law and it does
depend on the z—coordinate.

4.3 Iteration

The total force on each node is calculated and all of the nodes are moved. This
process is iterated until the diagram becomes stable. Of course the attraction and
repulsion can be modified by changing cat¢ and c¢;p and the current algorithm
goes through three stages: first with the repulsion force strong (that is ¢,ep, large),
then with the attraction force strong and finally with balanced forces.

Finally a projection of the form (x,y, z) — (2 cos @ +ysin6, z) into the plane
is chosen. 6 can be chosen to maximize some niceness criterion or the user can
rotate the picture to find a pleasing projection.
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4.4 Comparisons

While the results of this algorithm do not match the quality of hand drawn
diagrams they are at least recognizably the same and often close to being sethet-
ically pleasing. For lattices with 10 or less elements the result is usually very
close to the hand drawn version.

To illustrate the difference we have taken three figures (Figure 1.1, Figure
1.17, and Figure 1.25) from [11], and reproduced them along with the diagram
drawn by the program in Figures [12], [3] and [[4l The first two, while far from
perfect, are easily recognized. The third one, Figure[I4lis particularly interesting
because the computer generated diagram is actually the way it is usually drawn;
see, for example, Figure 1 of Knuth [I5]. It better shows off the symmetry of the
lattice. The diagram from [II] also has some obvious pluses.

5 What Is a ‘Nice’ Diagram?

There is a large body of work on graph drawing. The Hasse diagram is a very
restricted type of graph diagram: the edges must be straight lines and vertical
coordinate must agree with the order (greater elements of the ordered set must
be higher in the diagram). Since our goal is to really picture the lattice, we
rarely diagram lattices with more than 50 elements so asymptotic results are
not always relevant. Nevertheless there are results of interest to lattice drawing.
We discuss one: minimizing the number of edge crossings.

5.1 Edge Crossings

Finding a diagram with the minimum number of edge crossings is NP-hard as
was shown by Garey and Johnson [I3]. In [9] P. Eades and N. Wormald showed
that the problem of minimizing the edge crossings in a bipartite graph where
one of the layers has a prescribed order is also NP-hard. It is easy to see that
these results imply that the problem of minimizing crossings in an ordered set is
NP-hard. However this does not immediately imply that the crossing problem
for lattices is hardf. It was Ivan Rival who brought the crossing problem for
lattice to my attention. While the result of Garey and Johnson can modified
in a straight-forward way to apply to lattices, extending Eades and Wormald’s
result takes more care. We outline how to do it here. Stating the problem:

DECISION CROSSING PROBLEM FOR LATTICES (DCPL)

Instance: A lattice L, an ordering on the atoms of L and an integer M.

Question: Is there a diagram of L, that is, a map from the elements of L into the
plane, such that the vertical coordinates are given by the rank function and the
left to right order of the atoms determined by the horizontal coordinate is the
given ordering of the atoms and such that the number of crossings is at most M7

3 Satisfying the lattice axioms places strong restrictions on a ordered set. While the
diagram of an ordered set with n elements can have as many as n”/4 edges, that of
a lattice can have at most n3/2; see [I0].
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Theorem 1. DCPL is NP-complete.

Proof. The problem is clearly in the class NP. The proof that it is NP-complete
follows the proof of Theorem 1 of [9] so we will only point out how to modify
that theorem to prove this theorem. To prove this problem is NP—complete we
give a polynomial-time reduction to the following known NP—complete problem:
given a directed graph D and a positive integer K is there a set of at most K
arcs whose removal would make D acyclic? This is known as the Feedback Arc
Set problem and is NP—complete; see p. 192 of [12].

So let D = (U, B) be a directed graph with vertex set U = {uy,...,u,} and
arc set B and let K be a positive integer. For each arc a = (u,, us) € B let C(a),
let the “clump” associated with a be the set

Cla) = {cf,c5,c5,c5} U{cs,¢ch, 1 <i<n,i#r s}

The atoms of L consist of the union of the C'(a)’s. The left to right order of
these atoms keeps the elements of each clump together and within a clump the
order is the order on the first index and within the ¢§,’s on the second index
but for the cf ;’s it is the reverse order of the second index.

The coatoms of L are the elements of U. If @ = (u,,us) € B then in L

ct, 5 < uy
a a
5, ¢ < us

a a
€34, Chy < U fort#r,s

Since each atom has exactly one upper cover under this order, L is a lattice once
we add a least and greatest element.

Let (u;) be the z-coordinate of u; in a Hasse diagram of L. This determines
a (left to right) order on the coatoms since the rank of all the coatoms is the
same. Let B’ denote {(u;,u;) € B : x(u;) > z(u;)}. Letting 8 = | B|, the number
of crossings in the diagram is

4(5) (Z) +2ﬁ<” ) 2) +4B(n — 1) + 3 +2|B|

The proof of this is similar to the proof of Lemma 1 of [9]. For example, if
a = (uy,us) and {i, 7} N{r, s} = 0 then, because of the reverse order of the c{ ; s,
there there are 2 crossings of the 4 edges from u; and u; into C(a) regardless of
whether ¢ < j or not. These crossings give rise to the 23 (”;2) term.

Of course the graph (U, B— B’) has a linear extension and so is acyclic. Thus
there is a set of K arcs of D whose removal makes it acyclic if and only there is
a left to right ordering of the coatoms of L so that the diagram of L with this
layout of the coatoms has at most

4@) (Z) +2ﬁ<”22> 1 4B(n—1)+ B+ 2K

crossings. Thus DCPL is NP-complete.
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5.2 Heuristic Niceness

Of course I am more interested in a useful tool than in theoretical results about
diagrams (which is also the goal of FCA) and so tend to concentrate on heuris-
tics. What constitutes a “nice” diagram is, of course, a question of sthetics,
not mathematics. R. Wille and his colleagues at Darmstadt suggested various
criteria. One was minimizing the number of different slopes of the edges. Look-
ing at the diagrams in this paper we see that this is very important. But it is
interesting to note that some minimum slope diagrams can be bizarre. Figure [7]
from [25] shows an Escher-like diagram of the 8-element Boolean algebra.

Fig. 7. An Escher-like diagram of the eight element Boolean algebra

In [11] this idea is refined into two rules: the rule of parallelograms and the
rule of lines. While the algorithm we presented does not follow these rules, it
often produces diagrams that approximate them.

In [2] the authors present an algorithm for minimizing total length of the
edges when the elements are restricted to lie on a grid which produces nice
results.

6 Software

Our algorithm was originally implemented in Lisp, but in 1996 we converted it
to a Java applet; see http://www.math.hawaii.edu/~ralph/LatDraw/. It has
been used as a component in several other programs:

e JavaMath, a web based application using the applet to draw lattice (partic-
ularly subgroup lattices) directly from Maple and GAP.

e Universal Algebra Calculator, an application for universal algebra incorpo-
rating our program to draw congruence lattices.

e JalLaBA, Java Lattice Building Application. This allows you to enter your
own formal context and it will generate the lattice.

There are more details on the site above.
We are presently reconstituting our program as a component which can be
easily plugged into other programs. The goals of the new program include:

e Bring the Java up-to-date: the original applet was written in the first Java
(version 1.02) and as such uses the old event model and does not use Graph-
ics2D.
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e Add new, often requested, features such as dragging the elements, interval
viewing, saving in various formats, printing.

e Two way communication between the component and the client program
using it: the program would be aware of events in the component so, for
example, it could display information about a node when the user clicks it.
In the other direction, the program can request that the component change
the color of certain elements in the lattice based on a user’s gesture in the
program. At the programming level, there will be higher level events so, for
example, the program will be able to listen for higher events such as “vertex
clicked” or “edge clicked” rather than just mouse clicked.

I plan is to make this open source and to put it on sourceforge.net. Sample
programs using the drawing component will be included.
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Appendix A: More Diagrams
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Fig.10. FM(2 + 2) and FL(2 + 2)

Fig. 11. Nation’s example of a finite semidistributive lattice which is not a bounded
homomorphic image of a free lattice and its W—cover
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Fig. 12. Left: Figure 1.1 of [I1]. Right: as drawn by the program

Fig. 13. Left: Figure 1.17 of [I1]. Right: as drawn by the program
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Fig. 14. Left: Figure 1.25 of [I1]. Right: as drawn by the program



Congruences of
Finite Distributive Concept Algebras

Bernhard Ganter

Institut fiir Algebra, Technische Universitat Dresden, Germany

Abstract. We describe a method to construct a formal context for the
congruence lattice of a finite distributive concept algebra. This is part
of a broad effort to investigate the structural properties of conceptual
negations.

1 Introduction

“ ..these animals have four legs, but they aren’t mammals. They are
not dangerous, they don’t attack humans, but some of them have very
poisonous skin...”

This could be a partial natural language description of some concept, perhaps of
“frog”. Note that it contains several negations, even iterated ones like “some”,
which perhaps can be interpreted by an (—V—)—expression. Formal Concept Anal-
ysis and Contextual Logic should be able to work with such expressions, not only
on the context level, but also on the algebraic level of concept lattices.

It seems that there are many possibilities to formalize conceptual negation.
Rudolf Wille has therefore started a broad investigation of negation notions, their
formal representations, and their algebraic properties. This paper deals with one
small aspect of this research. It gives an impression how gradually mathematical
theory is accumulated that eventually should be useful in practical applications.
But our approach is not guided by potential applications. Our aim is to prove
a mathematical result, which then hopefully is a building block in a powerful
structure theory.

2 Concept Algebras

The concept lattice V' := B(G, M, I) of any formal context (G, M, I) can natu-
rally be equipped with two unary operations

A: V-V and vwv:V -V,
called weak negation and weak opposition, given by

(A7 B)A = ((G \ A)H> (G \ A)/)
(4,B)Y = ((M\ B),(M\ B)").

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 128-141, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Fig. 2. The dicomplementation of the concept algebra 2A(G, M, I), where (G, M, I) is
the formal context from Figure 1. The number in the triangle next to a concept gives
its weak negation and its weak opposition, respectively.

The concept lattice, together with this natural dicomplementation, is called
the concept algebra 2(G, M, I). A simple example is given in Figures 1 and 2.

This notion was introduced by R. Wille [4], who also started an investigation
of the abstract properties of concept algebras. His research was continued and
extended by L. Kwuida in his recent Ph.D. project. One of the key questions is
to describe the equational or quasi-equational theory of concept algebras and to
thereby characterize dicomplemented lattices internally. It is, however, still
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an unsolved problem to give a compact algebraic description of this class. Only
a few elementary axioms are known to hold:

(1) 224 <, (1) zVV = a,

(2) z<y= a2 >y”, (2) z<y=a¥ >yY,

(3) (wAY)V (zAYy?) =2, (3) (zVy A(zVyY) =z

It has recently been shown by Kwuida [3] that in the case of finite distributive

lattices these conditions indeed characterize concept algebras up to isomorphism.

Note that a lattice usually admits more than one, often many dicomple-
mentations. Consider, for example, the Boolean lattice on n atoms. A natural
dicomplementation is given by taking the usual Boolean complement for both A
and v/. But this is not the only choice. Kwuida has shown that the total number
of dicomplementations on this lattice is in fact 2 ("~ This comes from the
fact that different formal contexts may have isomorphic concept lattices, but
non-isomorphic concept algebras. Reducing a context can change the induced
dicomplementation. It does therefore not suffice, not even for finite concept al-
gebras A(G, M, I), to consider only the standard context given by the sets Gj,,
and M;,.,. of irreducible objects and attributes.

3 Congruences of Concept Lattices

Concept algebras do not form an equational class, since concept lattices do not.
We nevertheless may expect that complete subalgebras, products and complete
homomorphic images of concept algebras are again (isomorphic to) concept al-
gebras. For subalgebras and products, this has been shown by Kwuida, for ho-
momorphic images this is still open. It is therefore of interest to study the homo-
morphic images of concept algebras, and the congruence relations they induce.
This is particularly promising because the congruence theory of concept lattices
is so elegant and effective, at least in the case of doubly founded lattices'. We
give a short sketch in the sequel. The reader is referred to [1], Chapter 3, for
further basic facts and notions.

— A subcontext (H,N,I N H x N) of (G,M,I) is called compatible iff for
each concept (4, B) € B(G, M, I) the restriction

(ANH,BNN)

is a concept of the subcontext.
— If (H,N,INH x N) is compatible, then the map

(A4, B) " (AnH,BNN)
automatically is a complete homomorphism
o N B(G,M,I)—B(H,N,INHXN)
between the concept lattices.

! The property of being doubly founded is a generalization of finiteness [1].
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— If B(G, M, I) is doubly founded, then for each complete homomorphism
©:B(G,MI)—-V

from B(G, M, I) to an arbitrary complete lattice V' there is a compatible
subcontext (H,N,I N H x N) with H C Gj;y, N € Mj,, and a monomor-
phism
e:BH,N,INHxXxN)—->V,
such that
Y =€ ¥YHN-

— Moreover, the congruence
Ou,n :=kerpyg ny =kero
is given by

(A,B)@uynN(C,D) < BNN=DNN
<— ANH=CnNAH.

— Compatible subcontexts can nicely be described by means of the arrow
relations. For a formal context (G, M, 1), for g € G and m € M, we define

g,/ m <= (g,m)¢Iand (¢ Ch' g #h implies him),
g,/ m <= (g,m)¢Iand (m Cn',m #n implies gIn),
g,/ m <= g,/mandg /" m.

— A subcontext (H,N,INH x N) is arrow-closed if

he Hme M,h /" m=mée N, and
geG,neN,g,/ n=gecH.

In a doubly founded context, the compatible subcontexts are precisely the
arrow closed subcontexts.
— For a doubly founded context (G, M, I), define

there are g1 = ¢g,92,...,9r € G and
My, M1, M =m ¢ M

such that g; ./ m; holds for all i € {1,...,k}
and g; /" m;—1 holds for all i € {2,...,k}

g m: <

g X m:<= not g m.

Then a subcontext (H, N,I N H x N) is compatible if and only if (G\ H, N)
is a formal concept of B(G, M, X ).

— Therefore the congruence lattice of B(G, M, I) is isomorphic to the com-
pletely distributive concept lattice B(G, M, X ).



132 Bernhard Ganter

4 Sublattices and Closed Relations

The complete congruences of a concept algebra 2A(G, M, I) are those congruences
of the concept lattice B(G, M, I), that preserve the dicomplementation. It follows
from general algebraic facts that such congruences form a complete sublattice of
the congruence lattice. Formal Concept Analysis offers a nice characterization
of the complete sublattices using closed subrelations:

— A relation J C I is a closed subrelation of (G, M,I) iff every formal
concept of (G, M, J) is also a formal concept of (G, M, I).

— If J is a closed subrelation, then B(G, M, J) is a complete sublattice of
B(G, M, I). Conversely, each complete sublattice corresponds to some closed
subrelation.

— Therefore: The concept algebra congruences of 2A(G, M, I) are in 1-1-cor”-
res”-pon”-dence to the concepts of some closed subrelation of
(Gipps Mipys &X)-

1rr?

We now know what to look for: a certain subrelation of X . Before we pro-
ceed, we deviate for an intermezzo, studying closed relations of such contexts in
greater generality.

4.1 Quasi-ordered Contexts

Let (G, M,I) be a formal context and let = be a subrelation of I such that for
each g € G there is some m € M with g = m, and for each m € M there is some
g € G with g =m.

Slightly misusing notation, we will sometimes write m = g instead of g = m,
and moreover will combine several relational expressions into single terms. For
example, “g I m = h” is short for “g I m and h = m”.

Definition 1 We call (G, M, I) quasi-ordered (over =) if

g1 I m1 = go I msy implies g1 I mo. O

For example, the ordinal scale (P, P, <) is quasi-ordered over the equality re-
lation =.

The reason for calling such a context quasi-ordered is the following: We can
define relations <;; on M and <g on G by

g1 <gg:<= g Imy =g forsomem; € M

my <prmg: <= mo =gy I my forsome gy € G.

Proposition 1 If (G, M, ) is quasi-ordered, then both < and <p; are quasi-
orders.

Proof It suffices to give a proof for <s. We have to show that <g is reflexive
and transitive.
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Reflexivity: For each g € G there is some m € M with g = m, which implies
g I m. Thus we get g I m = g, and consequently g < g.
Transitivity: Suppose g3 <g g2 <G g1- Then

g2 I mg = g3 for some mz € M and g1 I my = go for some my € M,

which combines to
g1[TTlQEQQIM3.

Since (G, M, I) is quasi-ordered, this implies g; I ms = g3, which is

93 <G 9g1-

d
From each of these two quasi-orders we get an equivalence relation by defining

g1 ~a g2 1 = g1 <qg g2 and g2 <q g1,
mi ~py Mo = my <pr mao and mo <5 mi.

Proposition 2

— g1 =m = g2 tmplies g1 ~q g2, and
— mq = g = my implies mq1 ~pyr mo.

Proof Since = is a subrelation of I, g = m = g implies g1 I m = g2, which
is g2 <@ ¢g1. The rest follows analoguosly. O

Proposition 3 g, = my <pr mo = g2 implies g1 <g g2, and dually.

Proof If m; <jp; mo, then there is some g € G with ms = g I my. From
g I my = g1 we get g1 <g g and from g = my = g2 we get g <¢g go. 0

Proposition 4 If g1 <g g2 and g1 I m, then go I m. Dually, if m1 <pr mo and
g I ms, then g I m;.

Proof ¢ <g ¢o implies that for some m; € M we have go I m; = ¢g; and
therefore
g Imi =g Im,

which implies go I m. O

It is now apparent what the structure of a quasi-ordered context is: After clar-
ification, it is isomorphic to a context (P, P,<) for some ordered set (P, <). It
is therefore not surprising that we can characterize the formal concepts of the
complementary context:

Proposition 5 Let (G, M, I) be a quasi-ordered context (over =). Then (A, B)
is a concept of the complementary context (G, M, (G x M)\ I) if and only if the
following conditions are fulfilled:
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— A is an order ideal of <g,
— B is an order filter of <,
— A= B#%, and B = A%.

’

Proof First suppose that (A, B) satisfies the conditions of the proposition. If
m € M is not in A’ (where A’ if computed with respect to the formal context
(G, M, (G x M)\ I)), then a I m for some a € A. We find some g € G with
g = m, which gives a I m = g, thus ¢ <¢ a. Since A is an order ideal, this yields
g € A and therefore m ¢ A# = B. This proves B C A’. For the other inclusion,
let m ¢ B. Then, since B = A%, we find some a € A with a = m and thus
a I m, which shows that m ¢ A’.
Conversely, let (A, B) be a formal concept of (G, M, (G x M)\ I). Then

B={me M]|—(alIm)forallacA}.

According to Proposition 4, my <p; mz and —(a I mq) together imply —(a I
mz). For this reason, B is an order filter. The dual argument shows that A must
be an order ideal. Since = is a subrelation if I we clearly have B = A’ C A%,
Suppose m € A%, m ¢ B. Then there is some a € A such that a I m, and some
g € G with ¢ = m. But a I m = g implies g <g A, which implies g € A. But
that contradicts m € A%. g

Theorem 1 If (G, M,I) is a quasi-ordered context over =, then
(Gx M)\ J

is a closed subrelation of (G, M, (G x M)\I) if and only if I C J and (G, M, J)
s quasi-ordered over =.

Proof If J is a quasi-ordered super-relation of I, then Proposition 5 can be
used to describe the concepts of (G, M, (G x M) \ J). It follows immediately
from the definitions that the quasi-orders <g and <j; induced by J contain
the corresponding quasi-orders induced by I. Therefore order filters induced
by J are also order filters for I, and the same holds for order ideals. As a
consequence we get that each concept of (G, M, (G x M)\ J) also is a concept
of (G, M, (G x M)\ I). This makes (G x M)\ J a closed relation.

For the converse assume that J := (G x M)\ J is a closed subrelation of
(G, M, (G x M)\I). Then J is the union of sets A x B, where (A, B) is a concept
of (G, M, (G x M)\ I). So if

g1Jma,

then there is some formal concept (A, B) of (G, M, (G x M)\ I) such that g; € A
and mg € B. Now consider arbitrary go € G, m; € M with go = m;. We have

g €A or my € B,

because if g» ¢ A then we find some b € B with go = b (because A = B#), and
mi1 = g2 = b enforces that m; € B. So we have

ggjmg or gljml.



Congruences of Finite Distributive Concept Algebras 135

We have proved
g1dmge = Yg,=m, (g1Jm1 or gaJma).
This is logically equivalent to
(Fgo=my 91 J m1 and g2 J m2) = g1 J meg,
or, in other notation,
glJmlzgnggéglng,

which is precisely the condition of being quasi-ordered for J. O

The theorem can be used to characterize the closed subrelations in the case of
doubly founded completely distibutive lattices. Such lattices are concept lattices
of contra-ordinal scales, i.e., formal contexts of the form (P, P,?), where
(P, <) is some (quasi-)ordered set.

Corollary 1 The closed subrelations of the contra-ordinal scale (P, P, %), where
(P, <) is some (quasi-)ordered set, are precisely of the form 2 for quasi-orders
C containing <.

Without proof we mention

Corollary 2 A formal context, the extents of which are precisely the complete
sublattices of B(P, P, 2), is

(g(P7 P7 z)’ P X P? 0)7

where
(A,B)o(p,q) :<= ~—(p€Bandqc A).

The intents of this context are the quasi-orders containing <. An example is
given in the Appendix.

4.2 Closed Subrelations of X

With the third corollary we come back to our original theme. Recall that the
context (G, M, ) is quasi-ordered over /.

Corollary 3 Let (G,M,I) be a doubly founded reduced formal context. The
closed subrelations of (G, M, X ) are precisely of the form (G x M)\ J, where
J C G x M is some relation containing o, for which (G, M, J) is quasi-ordered
over /.

The condition of being quasi-ordered is a closure condition. For given rela-
tions R € Gx M and = (as in 4.1) there is always a smallest relation S containing
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R for which (G, M, S) is quasi-ordered over =. In the case of the arrow relations,
we write

= trans(,/, /),
and, more generally, if D and U are relations containing , and ', respectively,
then
there are g1 = ¢,92,...,9x € G and
mi,..., Mg, M =m € M such that
g; D m; holds for all i € {1,...,k} and
gi U m;_1 holds for all i € {2,... k}.

Recall that each formal concept (A, B) of (G, M, X ) defines a compatible
subcontext (H, N,INH x N) of (G,M,I)by H:=G\ A, N:=B.If (A, B) is
also a concept of the closed subrelation (G x M) \ trans(D, U), we will say that
(H,N,INH x N) is compatible with (D, U).

Proposition 6 A subcontext (H, N,INH x N) is compatible with (D, U) if and
only if

— h € H and h U m together imply m € N, and

—n €N and g D n together imply g € H.

(g,m) € trans(D,U) : <

Proof Let us abbreviate
T:= (G x M) \ trans(D, U).

“=": If (H,N,INH x N) is compatible with (D, U), then (G \ H,N) is a
formal concept of (G, M,T). Now if n € N and g D n, then (g,n) € trans(D,U)
and therefore (g,n) ¢ T. This implies g ¢ N7 = G\ H. Thus g must be in H.

If h € H and h U m, then choose some n and g such that h /' n and g ,/ m.
Such elements exist since (G, M, I) is reduced. Each subcontext compatible with

(D,U) must in particular be compatible and therefore arrow-closed, thus n € N
can be inferred from h " n. Moreover

g/ mUhK,/n

implies (g,n) € trans(D,U) and thus (g,n) ¢ T. Then g ¢ N7 = G\ H, and
consequently g € H and thus m € N.

“<”: Conversely let (H,N,I N H x N) be a subcontext that satisfies the
conditions of the proposition. We will show that (G\ H, N) is a formal concept of
(G,M,T).Letn € N and (g,n) ¢ T, thus (g,n) € trans(D,U). By the definition
of trans(D, U) there must be a sequence

g=g1 DmiUgs Dmy...U g D my =n.

Using the conditions along this sequence from right to left, and assuming n € N,
we get g € H. Thus (g,n) € T for all g ¢ H, which proves that G\ H C NT. If
h € H then there is some m € M such that h ,/ m, which implies m € N and
(h,m) ¢ T. Thus G\ H = NT.

It remains to show that (G \ H)T C N. So let m ¢ N, and consider some
g,/ m. g € H would contradict the first condition. Therefore ¢ € G \ H,
(g,m) ¢ T and thus m ¢ (G \ H)T. O
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To find the closed relation characterizing concept algebra congruences, we may
look for “additional arrow relations” X and v, such that

J =trans(,/ U X, /U ).

It turns out that we can actually split our considerations and treat the two
unary operations separately. We will consider only one, say /.

5 A—-Compatible Subcontexts

Definition 2 A compatible subcontext (H, N,INH x N) of (G, M, I) is called
A-compatible, if
(N (A, B)* == onn((4,B)?)

defines a unary operation on B(H, N,INH x N). o

From this condition it follows automatically that the so defined operation satis-
fies the equations which are satisfied by A.

Lemma 1 A4 compatible subcontext (H, N, INHXN) of (G, M, I) is /\-compatible

if
Vnen G\n' C((G\n')"NnH)".

Proof We must show that for arbitrary concepts (A;, By) and (Az, B2) we
have:

if o(A1, By) = ¢(Az, By) then o((A1, B1)®) = ¢((Az, B2)™).

This can be simplyfied to the case that Ay = (A1NH)"”. The simplified condition
then is that
P((4,4)%) = p((AN H)", (AN H))®)

holds for all concept extents A of (G, M, I), which is equivalent to
(G\NA)'NN=(G\(ANnH)"YNN for all extents A.
Yet another equivalent reformulation is that for all extents A we have
Vnen (G\NACH < G\(ANH)"Cn').

Since (AN H)"” C A, the direction < is always true and it suffices to prove
Voen (GNACR =G\ (ANH)"Cn'),

which is equivalent to
Voen (G\n' CA=G\n' C(ANH)").

For the special case that A = (G\n')” this is exactly the condition of the lemma.
It remains to show that that condition is also sufficient.
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Suppose therefore that A is some extent for which G\ n’ C A. Since A is an
extent, we infer (G \ n')” C A, and consequently
(G\n)"NHC ANnH.
If the condition of the lemma holds, then
G\n' C(G\w)" nH)' C(AnH)",

as was to be proved. O

In order to better understand the condition of the lemma, let us abbreviate
E := G\ n'. Then the condition is

EC(E'"nH),
which is clearly equivalent to
E// — (E// ﬂ H)N.

The latter condition states that the extent E” has a generating system in H. A
reformulation of the lemma therefore is:

Lemma 2 A compatible subcontext (H, N, INHXN) of (G, M, I) is /\-compatible
iff for each attribute n € N the set H contains a generating set for the closure

of G\ n'.

It now becomes clearer how to define the “extra arrows”-relation »: For each
attribute n € N we must define » in such a way that the transitive closure

trans(,/ U X, )

points from n to some generating set of (G \ n’)".

But there may be many generating sets, and it is not clear which one to choose
in general. However, there is a class of lattices where the generating systems are
essentially unique.

An extremal point of a concept extent A in a clarified context is an irre-
ducible object e € A such that

e ¢ (AN Gipp) \ {e})"-

An extremal point of a subset is an extremal point of the extent it generates.
Certainly, an extremal point of A must be contained in every generating set of
A that consists of irreducibles. For certain lattices, the extremal points always
form a generating set:

Theorem 2 ([1], Thm. 44) In a finite meet-distributive lattice each concept
extent is generated by its extremal points.

Proposition 7 If B(G, M, 1) is finite and meet-distributive, then a compatible
subcontext (H,N,INH x N) with H C G ., N C M. is also /\-compatible iff
H contains for each n € N all extremal points of G\ n’.

Proof This is immediate from Theorem 2 together with Lemma 2. O
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In the meet-distributive case it is now clear how to define the relation :

g 2 m: <= gis an extremal point of G \ m/.
With this notation we get from Propositions 6 and 7
Theorem 3 If B(G, M, I) is finite and meet-distributive, then the congruence
lattice of the concept algebra A(G, M, I) is isomorphic to the concept lattice

(Gipps Mjpyps G X Mg\ trans(,/ U X, 7).
Combining this with the dual relation
g m: <= mis extremal in M \ ¢’

we get

Theorem 4 The complete congruences of a finite distributive concept algebra
A(G, M, I) are given by those compatible subcontexts of

(Girps Mgy IOV G X M),

which are both X-closed and < -closed. The congruence lattice is isomorphic to
the concept lattice of

(Gipps My G Mo\ trans(,” U X, /U X)),

We close our considerations by determining the congruence lattice of the
concept algebra in Figure 1. Figure 3 shows four contexts. The first is the re-
duced context for Figure 1, with the arrow relations. The second displays the
relations » and v . The third context ist (G, M, trans(,/ U, /U x )). The
fourth finally is the the complementary context of the third, which by Theorem 4
describes the concept algebra congruences.

afblcld] [ lafbl[c[d] [[Ta[b]cld] [ [afb]c[d]
1|/ x| x| x 1 1] x 1 x | x| x
2| x [ x| x 2 2l | x 2(| x x| x
3| x| x|/ x 3 XX 3 X | X 3| x| x
4| x| x| x|/ 4 X|x 4 X | X 4| x | x

Fig. 3. Determining the congruence lattice of the concept algebra in Figure 1.

The congruence lattice obviously is an eight element Boolean lattice. Con-
sider, as an example, the formal concept ({1}, {b, ¢, d}) of the fourth context.
It corresponds to the compatible subcontext ({2,3,4},{b,c,d}). The induced
congruence has the classes

{0,1},{2,5},{3,6}, {4, 7}, {8,11},{9, 12}, {10, 13}, {14, 15}.

It can easily be read off from Figure 2 that this congruence indeed is compatible
with the dicomplementation.
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Appendix: All Complete Sublattices of a Small Lattice

As an example to Corollary 2, consider the lattice in Figure 4. Its 35 complete
sublattices are the extents of the concept lattice in Figure 5.

Z[la]b[c[d]
XX

c ¢ d a X
b || x X | %
d ¢ X

b a b d|x]| [x

Fig. 4. A small distributive lattice, its ordered set (P, <) of irreducibles, and its stan-
dard context (P, P, 2).

Fig. 5. The lattice of complete sublattices of the lattice in Figure 4. The shaded element
serves as an example of how to interprete this lattice. Its meaning is explained in
Figure 6.
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. Clla[b[c[d] Z[|a[b[c[d]
X X

a x| X a X
d b || x|x|x]|x b[x| [x|x

c X [ X c

& b d X | X d

Fig. 6. With reference to the shaded element in Figure 5: its extent, its intent, and the
corresponding closed subrelation of (P, P, 2).
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When Is a Concept Algebra Boolean?
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Abstract. Concept algebras are concept lattices enriched by a weak
negation and a weak opposition. The introduction of these two opera-
tions was motivated by the search of a negation on formal concepts.
These weak operations form a weak dicomplementation. A weakly di-
complemented lattice is a bounded lattice equipped with a weak dicom-
plementation. (Weakly) dicomplemented lattices abstract (at least for
finite distributive lattices) concept algebras. Distributive double p-alge-
bras and Boolean algebras are some special subclasses of the class of
weakly dicomplemented lattices. We investigate in the present work the
connection between weak dicomplementations and complementation no-
tions like semicomplementation, pseudocomplementation, complementa-
tion or orthocomplementation.

1 Introduction

As a part of his project to extend Formal Concept Analysis to a broader field
(called “Contextual Logic”), Rudolf Wille suggested and started a systematic
study of potential “conceptual negations”. One of the starting point is that of
Boolean algebras, which are most important and useful in Propositional Calcu-
lus. Is there a natural generalization of Boolean algebras to concept lattices?
Yes, there is, and it has been introduced by Wille under the name of “Concept
Algebras”.

At present, Concept Algebras are studied as mathematical objects. It turned
out that even their elementary mathematical description raises a lot of problem,
some of which are still unsolved. Here we give some solutions. They pave the
ground for a clear algebraic theory, which is a precondition for (later) practical
applications. For the moment, we know no practical examples where Concept
Algebras are absolutly needed. However they generalize Boolean algebras in such
a natural way, that it seems promising to develop their mathematical theory.

The aim of Formal Concept Analysis is among others to support human
thinking. It is based on concept as unit of thought. Therefore we need a con-
venient logic (Concept Logic) in order to do reasonning on concepts. In [Bo54]
George Boole developped a mathematical theory for logic. The encoding of the
conjunction, the disjunction, the negation, the universe and “nothing” leads to
the so called Boolean algebras. In the case of concepts the conjunction and dis-
junction are respectively encoded by the infimum and supremum operations of
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the concept lattice. The universe is encoded by the greatest element of the con-
cept lattice while the least element encodes “nothing”. The main problem is the
lack of negation at the conceptual level since the complement of an extent is not
always an extent.

We consider for example the interordinal scale I,, := (n,n, <)|(n,n,>) for
n = 4. The corresponding context is on Figure 1 below.

<1|<2|<3|<4(>1({>2|>3|>4
1| x| x|x|x|x

2 X|x|x|x|x

3 X|[x|[x|x|x

4 X |x|[x|x]|x

Fig. 1. Context of the interordinal scale I4

This context is object reduced. Its concept lattice is drawn on Figure 2 below.

Fig. 2. Concept lattice of s

Now let us examine the doted concept of Figure 2. Its intent is {1,2} and
its extent {<2, <3, <4}. Since the attribute <2 implies <3 and <4 we decide to
called this concept <2. We want to negate this concept. If this concept has a
negation, this should again be a concept of the same context. This should also be
computed by a relatively simple process in this context. We would expect some
laws such as “the law of double negation”, “the principe of excluded middle”
or “the princip of contradiction” to follow from this computation process. How
can we define such a process? How can we compute a negation of the concept
<2 if there is one? One possibility is to consider the concept generated by the
complement of the extent of the initial concept. Let us denote by © this com-
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putation process. This gives for the concept <2 the concept >3. i.e. <2° = >3.
This makes sense as long as there is no object between 2 and 3. Now assume
that there are some. For example we add a new object 2.5 and keep the set of
attributes. The structure of the concept lattice does not change since the ob-
ject 2.5 is the suppremum of 2 and 3, and then reducible. But now the concept
generated by the complement of the concept <2 is the concept >2. The meet of
these two concepts is not empty. We cannot call the concept >2 the negation of
the concept <2.

Note that the lattice on Figure 2 is dually pseudocomplemented®. The dual
pseudocomplementation sends the concepts <1, <2 and <3 all together to >4
and sends the concepts >4, >3 and >2 to <I1. It is less suitable if we wish to
distinguish much more elements. If we require that the negation should be a
complementation we would not be able to get the negation of concept that do
not have a complement. In the present example only the concepts <1, >4, the
smallest and the top element have a complement.

Note that the concept 2 is obtained from the concept x by a type of opposing
derivation, meaning what remains after removing the concept x. This process is
“in some sense not far from negation”. The binary relation 2 = y* defined
on the concept lattice on Figure 2 is an equivalence relation. Though it is not a
congruence relation, the operation © on the quotient satisfied “the law of double
negation”, “the principe of excluded middle” and “the princip of contradiction”.

Following Boole’s idea of a negation, and the requirement that the negation
of a concept should of course be a concept, we consider the concept generated
by the complement of the extent. i.e. In the case of a concept (A, B) we take the
concept which extent is generated by A; that is the concept (A”, A’). Although
the supremum (A, B)V (A", A’) is 1, we may have (A, B)A (A", A’) # 0. In every
context, each concept is dertemined by its extent or its intent. Instead of the
above approach with extents, we can also work with intents. Unfortunately the
two operations obtained are in general different. A dream is for example to fall
into the situation of Boolean algebras if the two operations are equal.

2 Weak Dicomplementation

2.1 Definition and Motivation

Definition 1. A weakly dicomplemented lattice is a bounded lattice L
equipped with two unary operations > and ¥V called weak complementation
and dual weak complementation, and satisfying for all x,y € L the following
equations:

(1) 22% <z, (1) 2V >,
(2) 2 <y = 2% >y2, (2) e <y = 2V >yY,
3) @Ay V(@Ay?) =z, (3) vy A(zvyY) ==z,

! See Definition 5. The reader is also referred to [Gr70] for a better introduction to
pseudocomplemented lattices.
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The pair (x,zV) is called the weak dicomplement of z and the pair (©,V)
a weak dicomplementation. We call z© a weak complement of z and
xV a dual weak complement of x. The algebra (L, A, v,2 0, 1) is called a
weakly complemented lattice while (L, A, V,V ,0,1) is called a dual weakly
complemented lattice.

The motivation comes from concept algebras. The concept algebra of a
formal context? K is its concept lattice equipped with two unary operations
4 and V called weak negation and weak opposition, and defined for each
formal concept (A, B) by

a—

(A,B)* :=(@A"A) and (A, BV :=F.,B),

where A := G\A and B := M\B. These operations satisfy the equations in
Definition 1 (see [Wi00]). Thus concept algebras are examples of weakly dicom-
plemented lattices. If a weakly dicomplemented lattice is a concept algebra of
some context, it is said to be representable (by this context).

We would like to discover the equational or quasi-equational theory of concept
algebras. An abstract structure (defined by a set of equations or implications)
which satisfies all equations or quasi-equations valid in all concept algebras will
be called a dicomplemented lattice. Since we are not sure that the equations
in Definition 1 are enough to do the job, we prefer to use the term “weakly
dicomplemented lattice”. At least for finite distributive lattices, there is no need
to distinguish between both notions. This is proved by Ganter and the author
in [GKO02].

Here are some simple examples of (weakly) dicomplemented lattices. Ob-
viously Concept algebras are dicomplemented lattices. As we expect Boolean
algebras can be made into weakly dicomplemented lattices by defining 22 := 2’
and zV := 7/, where z’ is the complement of z in the Boolean algebra. Each
bounded lattice L can be endowed with a trivial dicomplementation by de-
fining (1,1), (0,0) and (1,0) as the (weak) dicomplement of 0, 1 and of each
x ¢ {0,1}, respectively. The corresponding formal context is (L, L, <).

Now we recall some unary operation properties we will often refer to.

Definition 2. Let f : L — L be a unary operation on a lattice L.

(i) f is monotone if for all x and y the inequality x <y implies fx < fy.
(ii) f is antitone if for all x and y in L the inequality x <y implies fx > fy.
(iii) The operation f is called square-extensive if v < f2x for all v € L, and

square-intensive if x > f2x for all x € L.
(iv) An involution is a unary operation which is both square-extensive and
square-intensive.

(v) f is idempotent if f?x = fu.

Definition 3. A closure operator on L is a monotone and idempotent map-
ping f: L — L such that © < fx. An element x € L is said to be closed (with

2 For basic notions of Formal Concept Analysis the reader is referred to [GW99).
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respect to f) if © = fx. Dually an interior operator on L is a monotone
and idempotent mapping g: L — L such that x > gx. An element x € L is an
interior element (with respect to g) if x = gx.

The weakly dicomplemented lattices form an equational class. Some basic pro-
perties are gathered in the following propositions:

Proposition 1 ([Wi00]). Let L be a weakly dicomplemented lattice.

AN

1. The mapping ¢: x — x is an interior operator on L. Dually the mapping

¥: x— VYV is a closure operator on L.
2. gVIV = gV < gB = g ALL,
3. BV < 2Pl < p < gVV < VA,

The set S(L) := {x € L | 2 = z} of interior elements (also called dual
skeleton) is equal to the set {x € L | 3,¢1 = = y*} which is the same as the set
{x € L|xAx® < 2”2}, Dually, the set S(L):={z € L|a2VV =z} of closed
elements (also called the skeleton) is equal to the set {z € L | Iyer z =y}
which is the same as the set {x € L |z V2V > aVV}.

Proposition 2. For any weak dicomplementation (“,¥) on L, for all x and y
in L the following properties hold:

(4) zva® =1, 4) zAnzV =0,

(5) (zAz)s =1, (5) (Vv a¥) =0,

(6) 22 <y <= y* <u, (6) 2V >y = yvV >z,
(7) (xAy)> =22 VY2, (7) (xVy)Y =2V AyY,

(8) (xAy)2s <aBB Ayss, (®) (zVy)VV = zVV VyVV.

Proof. (4) In Definition 1 setting = to 1 in the third equation gives y V y© =1
for all y € L.

(5) Since the operation © is antitone we get (z A z2)2 > 22 vV 222 = 1.

(6) 22 <y = y> <a2PP <.

(7) Obviously (z Ay)® > 2 Vy®. If a > 2° and a > y* then

aASxAA/\yAASx/\y. Thus (z Ay)> < a®® < a.

(8) This is trivial since x +— 2% is monotone.

The remaining part follows dually.

The aim of this contribution is to clarify the connection between weak dicom-
plementation and some complementation notions. They are defined below.

2.2 Some Complementation Notions
We assume that L is a bounded lattice.

Definition 4. (i) A semicomplementation on L is a unary operation f such
that for all x € L, x A fx = 0. The image of an element by a semicomple-
mentation is called its semicomplement.
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(ii) A dual semicomplementation on L is a unary operation g such that for
allx in L, xNVgx = 1. The element gx said to be called a dual semicomplement
of x.

(iii) A complementation is a semi- and dual semicomplementation. The image
of an element by a complementation is call its complement.

(iv) L is said to be uniquely complemented if there is exactly one comple-
mentation on L. In this case we called it a unique complementation.

(v) A bi-uniquely complemented lattice is a bounded lattice in which every
element x ¢ {0,1} has exactly two complements.

Each weak complementation is, by Proposition 2, a dual semicomplementa-
tion and each dual weak complementation a semicomplementation. The lattices
on Figure 3 are bi-uniquely complemented. The antitone involution z — 2+ on

By is neither a weak complementation nor a dual weak complementation. In fact

(bAa)V (bAat)#band (aVb)A(aVbh) #a.

B4 M3

Fig. 3. Lattices with bi-unique complementation

In Figure 4 the element a has a bi-unique complement but these lattices are
not bi-uniquely complemented. One might expect the pair (zV,z%) in a weakly
dicomplemented lattice to be a bi-unique complement of . This cannot happen
as we will see later.

On a weakly dicomplemented lattice V is a semicomplementation while &
is a dual semicomplementation. Note that both unary operations interchange
0 and 1. Moreover, x is comparable with z# or 2V if and only if {z%,2V} and
{0, 1} have a nonempty intersection.

Definition 5.

(i) An element x € L has a pseudocomplement, denoted by z*, if t Ay = 0 is
equivalent to y < z*. A dual pseudocomplement of = € L is an element
xt (if it exists) such that xVy =1 < y>at.

(ii) A pseudocomplemented lattice (resp. dual pseudocomplemented
lattice) is a lattice in which each element has a pseudocomplement (resp. a
dual pseudocomplement). In these cases, x — x* (resp. x — x) is a unary
operation called pseudocomplementation (resp. dual pseudocomple-
mentation).
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(ii) A p-algebra is a lattice with a pseudocomplementation and a dual p-alge-
bra a lattice with a dual pseudocomplementation.

(iii) A double p-algebra® is a pseudocomplemented and dually pseudocomple-
mented lattice. We will always denote pseudocomplemention and dual pseu-
docomplemention by * and *, respectively.

Each distributive double p-algebra is a weakly dicomplemented lattice. Not all
double p-algebras are weakly dicomplemented lattices. The lattice on the left of
Figure 4, with a** = a** = a*T = a™ = q, is a double p-algebra and is not a
weakly dicomplemented lattice. However (Ns; A, V,%,V ,0,1) with

avVV =a®? =q,aV? =1 and a®V =0

on the right of Figure 4 is a (weakly) dicomplemented lattice. The corresponding
formal context is its standard context?.

Fig. 4. Double p-algebra and weak dicomplementation on N5

The other complementation notions considered in this contribution are

Definition 6. An orthocomplementation on a bounded lattice L is an invo-
lutorial antitone complementation. An orthocomplemented lattice or ortho-
lattice, for short, is a bounded lattice equipped with an orthocomplementation.
An orthomodular lattice is ortholattice satisfying for all elements a and b

a<b = aV(atAbD)=D (orthomodular law)

where x — x - denoted the orthocomplementation. A weak orhocomplemen-
tation is a square-extensive antitone semicomplementation. A weakly ortho-
complemented lattice is a bounded lattice with a weak orthocomplementation.
Dually is defined a dual weak orthocomplementation.

3 The reader is referred to [Ka73] or to [GV98].
4 The attributes are the meet-irreducible elements, the objects the join irreducible
elements and the incidence relation is induced by the order relation of the lattice.
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All dual weak complementations are weak orthocomplementation and all weak
complementations are dual weak orthocomplementation. Could a weak comple-
mentation or dual weak complementation be an orthocomplementation?

The implication in the previous definition is obviously true with + taken to
be a weak complementation. Thus all weakly complemented lattices satisfy the
orthomodular law. They are ortholattices if and only if the weak complementa-
tion is also a complementation. Let L be a lattice and a,b € L with a < b. Let
¢ € [a,b]. An element d € [a,b] is called a relative complement of ¢ in the
interval [a,b] if cVd =b and ¢ A b= a. A lattice is called relatively comple-
mented if for every a,b,c € L with a < band ¢ € [a, b], ¢ has at least one relative
complement in [a, b]. Of course if L has 0 and 1 and is relatively complemented
then L is complemented. If L has neither 0 nor 1 a relative complement (if there
is one) is neither a semicomplement nor a dual semicomplement. Therefore this
notion might be far away from the notions of weak complement and dual weak
complement.

3 Weak Dicomplementation and Complementation

We shall consider a weak dicomplementation (©,V ) on a bounded lattice L.
Proposition 3.

(i) If ® is a complementation then © is a pseudocomplementation.
(ii) If V is a complementation then V is a dual pseudocomplementation.

Proof. (i4) is a dual of (i). We are going to prove (i). If ©* is a complementation
then x A 22 = 0 for all z € L. Moreover if y € L and Ay = 0 then

y=(@Ay)V @ ry) =2 Ay
and so y < 2. This means that & is a pseudocomplementation on L.

Corollary 1. The operations © and ¥V are unique complementations if and only
if & =V,

Obviously © will be a complementation if it is a pseudocomplementation. This
is also the case for V if it is a dual pseudocomplementation. This seems to be
an extreme situation. Contrary to what happens in those cases the operation 2
seems to be closer to a dual pseudocomplementation than to a pseudocomple-
mentation. Note that A 22 = 0 and 2° = 1 together imply = = 0.

Definition 7. A weak complementation ©

on L is said to be nontrivial if
2 =1 = 2=0foralazel.
A dual weak complementation V is said to be nontrivial if

V=0 = x=1 foralxelL.

A nontrivial weak dicomplementation is a weak dicomplementation (©,V)
such that © and ¥V are nontrivial.



150 Léonard Kwuida

Theorem 1. Let © be a weak complementation on a lattice L. The following
assertions are equivalent:

(i) © is a nontrivial weak complementation,
(i) © is a complementation on L,
iii) (L, A,V,>,0,1) is a p-algebra

) ) ) ) ) p g 7
iv) all elements of L are interior elements
(iv) :
(v) °

the mapping x — = is bijective.

Each of these assertions implies the following:

(vi) the de Morgan laws hold for the weak complementation,
(vii) atoms and coatoms have unique complement.

Proof.

We start with the implication (i) == (ii). We assume that © is a nontrivial
weak complementation. From the equality (z A 22)% =1 we get t Az® =0
and 2 is a complementation on L since z V z® = 1 always holds.
The implication (i¢) = (4i7) is immediate from Proposition 3.
To prove that (i¢7) implies (iv), we consider an arbitrary element z in L. We
have

r=(xAz®)V (x AzPP) = (A zBP).

Therefore inequality < 2% holds, implying the equality since 2% < z
is always true by definition. Thus x is an interior element.
For (iv) = (v) we have, for all  and y in L the implications

R INAEEIVA

and the mapping « — z® is injective. This mapping is trivially surjective
since each = € L is equal to y* for y := z°.

(v) == (i) is straightforward since the mapping z +— x* is bijective.
We assume that one of the statements (¢) to (v) holds.

(vi) We are going to prove that the de Morgan laws hold for the weak comple-
mentation. Proposition 2 give us (z Ay)> = 22 Vy® and (z Vy)> < 22
A y®. But there is an z € [ such that 2 A y® = z® because of the
surjection property. Thus

AN _ (=2 /\yA)A N VTS

2=z =xVy

and (z Vy)© =22 Ay2.

(vii) Let a be an element of L\{0,1}. The element a* is the pseudocomplement
of a. If x is a complement of a then x < a®.If a is a coatom and z < a®
we will have 2 > a®® = a since x — 2® is injective, and a is interior.
This would imply 2% = 1 since a is a coatom. As © is nontrivial we get
x = 0 forcing a to be 1. This is a contradiction. Thus z = a® and a has
a unique complement. Coatom complements are atoms.
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Theorem 2. On a doubly founded® lattice L, a weak dicomplementation (©,V)
is nontrivial if and only if © =V. In this case L is a Boolean algebra.

Proof. The concept lattice of the context K(L) := (J(L), M (L), <) is isomorphic
to L. A relation < is defined on the set of all weak dicomplementations on L by:

(PrVi) < (P2 V2) i e= g® < 2®2 and 2V > 2V2 for all  in L.

This relation, called “finer than”®, is an order relation with a greatest ele-
ment, namely the trivial dicomplementation. It also admits a smallest element
which is the dicomplementation of the formal context K(L). We denote it by
(Axw) Vew) ) If L is not distributive then there is a sublattice of L isomorphic
to Ns or to M3. Thus L contains one of the lattices on Figure 5 as sublattice.

N5 M3

Fig. 5. Forbidden sublattices of distributive lattices

Observe that in the context K(L) we have for each element = € L,

#2500 = (JI\ @) = ({u € J(L) | u £ a})".

A

Thus in both cases we will have for any weak complementation = on L

CAZCAK(L) >aVb>ec

This would force ¢® to be equal to 1. This is impossible since our weak dicomple-
mentation is nontrivial. Thus L is distributive. Consequently we get ©* =V since
they are both complementation on L. This achieves to prove that (L, A, V,*,0,1)
is a Boolean algebra.

We have also proved the following corollary.

5 The property of being doubly founded is a generalization of finiteness. We refer the
reader to [GW99] for the definition of a doubly founded lattice. We need only the
fact that the concept lattice of the context (J(L), M (L), <) is isomorphic to L. Here
J(L) and M(L) denote the set of join irreducible elements and meet irreducible
elements respectively.

6 In [GKO02] the authors proved that the set of all weak complementations on a doubly
founded lattice endowed with the “finer than” relation is a complete lattice.
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Corollary 2. The operation © is a nontrivial weak complementation on L if
and only if (L, A, V.20, 1) is a Boolean algebra.

Remark 1. If there is a negation on a context K it should not depend on the
intent side or extent side definition. Therefore the two operations should be
equal.

(A,B)® = (A,B)Y <= (A,B)® <(A,B)Y < A"CB

Thus any object g not in A has all attributes not in B. Each weakly dicomple-
mented lattice in which the two unary operations coincide is said to be with
negation.

Another consequence of Theorem 1 is the following corollary.
Corollary 3.

(1) (L,A,V,2,V,0,1) is a weakly dicomplemented lattice with negation if and
only if (L, A,V,",0,1) is a Boolean algebra, where ' :=>=V .

(ii) S(L) is a sublattice of L if and only if (S(L),A,V,V,0,1) is a Boolean al-
gebra. In particular S(L) = L if and only if (L,A,V,V ,0,1) is a Boolean
algebra.

(ii’) The dual of (ii) holds.

Proof.

A

(i) It is enough to prove that under these conditions the operation = is nontri-

vial. This is actually the case, since for each z € L we have
=1 = 2V =1.

Thus x < zV and z =z AzxzV = 0.
(ii) The dual weak complementation V is nontrivial on S(L).

We recall that each dual weakly complemented lattice is a weakly orthocom-
plemented lattice. It can be an ortholattice only if it is a Boolean algebra. A
bi-uniquely complemented lattice cannot be distributive. Therefore the class of
bi-uniquely complemented lattices intersects the class of weakly dicomplemented
lattices only on the two element Boolean algebra. This class does not form a va-
riety.

What happens if (L, A, V,V ,0, 1) is a p-algebra? One might hope that L must
be distributive. This is unfortunately not the case.

4 Dicomplementation
and Double Pseudocomplementation

Definition 8. The standard dicomplementation of a doubly founded lattice
L is the dicomplementation induced by the concept algebra of its standard context.
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Theorem 3. For doubly founded distributive lattices the double pseudocomple-
mentation is the standard dicomplementation.

Proof. Let L be a doubly founded distributive lattice. There is a poset (P, <)
such that (P, P, 2) is isomorphic to the standard context of L. For a set of objects
A (resp. attributes B), A” = | A (resp. B” = 1B) is the order ideal (resp. filter)
generated by A (resp. B). Moreover we have

A'=1A and B’ =1B.
Let (A, B) be a concept; its weak opposition is
(A,B)Y = (B',B") = (1B, 1B) = (T4, 1A).
The pseudocomplement of (A, B), denoted by (A, B)*, satisfies

(A4, B)" = \J{(X,Y) | (4,B) A(X,Y) =0}
=\V{X )| AnX =0}

- <<U{X (anx =0))" (Utx 1 anx —[2)})/)

. <(U{iX AN X :@})H, (Utix 1 an1x —V)})/)
_ (U{lxAle:(Z)},U{leAﬂlem))

= (fz14n 1o =0} TeTAN L2 =07)

The set {x | AN |z = 0} is equal to TA. This proves that (A, B)* < (4, B)V.
The reverse inequality is immediate since V is a semicomplementation.
Dually (A, B)® = (A, B)*, the dual pseudocomplement of (A, B).

Remark 2. There are nondistributive finite double p-algebras which are dicom-
plemented lattices. An example for these is the lattice L = 0 & N5 & 1 on the
left of Figure 6. It is a double p-algebra. Its double pseudocomplementation
is also the trivial dicomplementation although L is not distributive. However
this dicomplementation is trivial. If a weak dicomplementation is assumed to be
nontrivial then the distributivity follows from Theorem 1. What happens if the
operation is neither trivial nor nontrivial?

Remark 3. The lattice My with the antitone involution + is an orthomodular

lattice. But the operation * is neither a weak complementation nor a dual weak
complementation. On Figure 3 the lattice B4 with the operation * is an ortholat-
tice but is not orthomodular. The only (weak) dicomplementation on My, n > 3
is trivial. None of these lattices is pseudocomplemented.
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1

Fig. 6. Nondistributive dicomplemented lattice that is a double p-algebra. Orthomod-
ular lattice

5 Conclusion and Further Research

‘We have explored the connection between weak dicomplementation and some ex-
tentions of the complementation of a Boolean algebra, arisen from a formalization
of the “negation” by Boole. Not all extensions have been considered in this work.
Boolean algebra extensions can be divided in three main groups. The first class
retains only the distributivity. This is one of the most fruitfully investigated class
of lattices”. Other extensions are more concerned with an abstraction of the nega-
tion. To these belong extensions by a single unary operation: p-algebras, Stone
algebras, Ockham algebras, de Morgan algebras, Kleene algebras, weakly com-
plemented lattices, orthocomplemented lattices and weakly orthocomplemented
lattices. In the third class the negation is captured by two unary operations.
Some members are double p-algebras, double M S—algebras and weakly dicom-
plemented lattices. An attribute exploration would better present the interde-
pendence between these extensions. This is still to be done.

References

[BD74] R.Balbes & P.Dwinger. Distributive lattices. University of Missouri Press.
1974.

[Bo54] G.Boole. An investigation of the laws of thought on which are founded the
mathematical theories of logic and probabilities. Macmillan 1854. Reprinted
by Dover Publ., New york (1958).

" They are many monographs devoted to the theory of distributive lattices. [Gr70],
[BD74], .



[GKO02]

[Gr70]
[GV98]

[GW99)
[Ka73]

[Wi00]

When Is a Concept Algebra Boolean? 155

B. Ganter & L. Kwuida. Representing weak dicomplementations on finite dis-
tributive lattices. Preprint MATH-AL-10-2002.

G. Gratzer. Distributive Lattices. Springer 1970.

H. Gramaglia & D. Vaggione. A note on distributive double p-algebras. Czech.
Math. J. 48, No.2, 321-327 (1998).

B. Ganter & R.Wille. Formal Concept Analysis. Mathematical Foundations.
Springer 1999.

T. Katrindk. The structure of distributive double p-algebras. Regularity and
congruences. Algebra Universalis, Vol.3, fasc.2, 238-246 (1973).

R. Wille. Boolean Concept Logic in B. Ganter & G.W. Mineau (Eds.) Con-
ceptual Structures: Logical, Linguistic, and Computational Issues. Springer
Procedings 2000.



Background Knowledge in Concept Graphs

Frithjof Dau

Technische Universitdt Darmstadt, Fachbereich Mathematik
SchloBgartenstr. 7, D-64289 Darmstadt
dau@mathematik.tu-darmstadt.de

Abstract. Traditional logic can be understood as the investigation of
the three main essential functions of thinking — concepts, judgements
and conclusions. In the last years, in a new research field termed Con-
textual Logic, a mathematical theory of this logic is elaborated. Concepts
have already been mathematically elaborated by Formal Concept Anal-
ysis. Judgements and Conclusions can be expressed by so-called Concept
Graphs, which are built upon families of formal contexts.

There are two approaches to concept graphs: A semantical approach,
which investigates the theory of concept graphs in an algebraic manner,
and a logical approach, which focuses on derivation rules for concept
graphs, relying on a separation between syntax and semantics. In [24],
Wille introduced two forms of complex implications (object implications
and concept implications) to the semantical approach. In this paper it is
investigated how these implications can be incorporated into the logical
approach.

1 Introduction and Basic Definitions

The traditional philosophical goal of logic is the investigation of the forms of
thinking. I. Kant explained this understanding of logic as “the theory of the three
main essential functions of thinking — concepts, judgements and conclusions”. In
the last years, a new research field termed Contextual Logic (CL) came up, where
a mathematical theory of traditional logic is elaborated. The understanding of
concepts in the line of traditional logic has already been adopted and successfully
mathematized by Wille’s Formal Concept Analysis (FCA ), so the question of how
to proceed with judgements and conclusions arose.

John Sowa developed on the basis of Peirce’s Existential Graphs and the se-
mantic networks of artificial intelligence the theory of Conceptual Graphs (CGs).
These graphs are a diagrammatic system of logic whose purpose is ‘to express
meaning in a form that is logically precise, humanly readable, and computation-
ally tractable’ (see [16]). Thus, conceptual graphs can considered to be formal
representations of judgements. Moreover, Sowa incorporated deduction rules into
his system which allow to obtain new graphs from given ones. Hence, this theory
offers a formalization of conclusions as well.

Both FCA and CGs have been used for knowledge representation and process-
ing. They have a common philosophical background, based on Peirce’s pragma-
tism. Particularly, a main goal of both systems is the support of human, rational

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 156-[Z71], 2004.
© Springer-Verlag Berlin Heidelberg 2004
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communication. Thus, for a mathematization of judgements and conclusions,
associating FCA and CGs turned out to be a promising approach.

The combination of FCA and CGs yields mathematically defined structures
termed Concept Graphs. The system of CGs is a very comprehensive and complex
system, not mathematically defined, and without sharp borders, thus it has been
impossible to develop a single system of Concept Graphs covering all features of
CGs. Instead of that, since Concept Graphs were introduced for the first time
in [20], different forms of concept graphs have been elaborated.

Most important for this paper is to distinguish two different accesses for a
development of concept graphs, namely semantical approaches, and those based
on a separation of syntax and semantics, termed syntactical approaches. In order
to discuss this distinction accordingly, we first need some definitions. We start
with the underlying structures for (both approaches to) concept graphs.

Definition 1 (Relational Graphs with Cuts).
A structure (V, E,v, T,Cut,area) is called a relational graph with cuts if

— V., E and Cut are pairwise disjoint, finite sets whose elements are called
vertices, edges and cuts, respectively,
-v:E—- keNVk 18 a mappingd,
— T ¢ VUEUCut is a single element called the sheet of assertion, and
— area: Cut U{T} = P(VUE UCut) is a mapping such that
a) c1 # ca = area(ci) Narea(cy) =0,
b) VUEUCut = Ugecuugry areald),
¢) ¢ ¢ area™(c) for each ¢ € Cut U{T} and n € N (with area®(c) := {c}
and area™t(c) := U{area(d) | d € area™(c)}).

For an edge e € E with v(e) = (v1,...,vx) we set |e| :=k and u(e)‘i = v;.
Sometimes, we will write e!i instead of v(e)|,, and e = (vi,...,v;) instead of
v(e) = (v1,...,v). We set B :=V and E®) .= {e € E||e| = k} for k> 0.

As for every x € V U E U Cut we have exactly one context ¢ € Cut U{T}
with x € area(c), we can write ¢ = area™'(z) for every x € area(c), or even
more simple and suggestive: ¢ = cut(x).

If Cut = 0, we will speak simply of relational graphs, which can be identified
with the more simple structure & := (V, E,v).

The contextual structures for both approaches to concept graphs are so-
called power context families (PCFs), i.e., families K := (Ko, K1, Ko, ..., K,) of
contexts Ky, := (G, My, I}) with G # 0 and G C (Go)* for each k =1,...,n.
The formal concepts of K; with &k = 1,...,n are called relation concepts because
their extents are k—ary relations on the object set Gy.

Semantical theories deal with the elaboration of a mathematical structure
theory of concept graphs of a given power context family in an algebraic manner.
In this sense, a semantical concept graph of a power context family is a structure
& :=(V,E,v,k,p) such that

! We set N:={1,2,3,...} and Ny := NU {0}.
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1. (V, E,v) is a relational graph without cuts,

2. k:VUE — Uken, B(Ki) is a mapping with x(u) € B(Ky) for u € E®),
and

3. p: V — Gy is a mapping such that p(v) € Ext(k(v)) for each v € V, and
(p(e1),...,plex)) € Ext(r(e)) for each e = (v1,...,v;) € E.

Semantical concept graphs are mathematical structures defined over a given
PCF. Then the forms and relations of those concept graphs are investigated.
This includes operations on those graphs and a thorough study of the properties
of the corresponding algebra of concept graphs of a given power context family.
This approach was proposed by Wille in [20], and since then, it was further
elaborated by himself, Pollandt and Schoolmann (see for instance [TOJITJT4]).

In the syntactical approach to concept graphs, the graphs are investigated
with methods known from mathematical logic. This approach has been inves-
tigated by Prediger, Klinger, and Dau (see for instance [I2II3I6I7/2]). In this
paper, we will focus on the approach of the author.

First of all, a separation between syntax and semantics is introduced. In
order to do this, first the notion of an alphabet is provided: An alphabet is a
triple A := (G,C,R) of disjoint sets G, C, R such that G is a finite set whose
elements are called object names, (C,<c) is a finite ordered set with a greatest
element T whose elements are called concept names, and (R, <) is a family of
finite ordered sets (Ri,<wr,), k = 1,...,n (for an n € N) whose elements are
called relation names. We suppose that we have a special name =& Ry which
is called identity. Finally, let <g be the order on G U {x} such that * is the
greatest element of G U {*}, and all elements of G are incomparable.

Now we can obtain the query graphs from relational graphs by labelling
the vertices and edges with names from our alphabet. For our purpose, we will
consider particularly (syntactical) concept graphs with cuts (CGwCs) (see [2]): A
structure & := (V, E,v, T, Cut, area, k, p) is called concept graph with cuts over
the alphabet A, if

— (V,E,v, T,Cut,area) is a relational graph with cuts@,

— k:VUE — CUR is a mapping such that x(V) C C, k(F) C R, and all
e € FE with |e| = k satisty k(e) € Ry, and

— p:V — G U {*} is a mapping.

In contrast to semantical concept graphs, the vertices and edges of a syntactical
concept graph are now labelled with names for objects and concepts. Thus, we
have no direct connection between graphs and PCFs. As usual in mathematical
logic, the connection is established by interpreting the names of the alphabet in
models. Therefore, in addition to PCFs, we need an interpretation. The resulting
structures are the models for the logical approach to concept graphs. The are
given as follows:

2 An additional restriction is needed: (V, E,v, T, Cut, area) must have so-called dom-
inating nodes. Due to space limitations, a discussion of this is omitted here. The
interested reader is referred to [2].
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Definition 2 (Contextual Models).

Let A := (G,C,R) be an alphabet and K be a power context family. Then
we call the disjoint union A := AgUAcUAr of the mappings A\g:G — G,
Ac:C — B(Kp) and Ag: R — Rk a K-interpretation of A if Ac and Ag are order-
preserving, and Ac, \g satisfy Ae(T) = T, Ag(Ri) C B(Ky) forallk=1,...,n,
and finally, (g1,92) € Ext(Ar(=)) < g1 = g2 for all g1, 92 € Go. The pair (K, \)
is called contextual model over A or contextual structure over AJ.

The focus of a logical investigation of concept graphs are derivation rules
instead of operations. Particularly for CGwCs, a sound and complete calculus is
provided in [2], to which we will refer in the remaining paper.

These two approaches are two different viewpoints on the same thing, thus
they are not competing, but complementary to each other.

2 Background Knowledge

We have already seen that the syntactical concept graphs are based on an al-
phabet of which the names are ordered. This idea is adopted from the theory
of Conceptual Graphs, where this order is usually called type hierarchy. This
order encodes pre-knowledge on the concepts and relations we consider, thus,
the type-hierarchy is how background knowledge is incorporated into the sys-
tem of Conceptual Graphs. The type-hierarchy yields specific restrictions for
models: The interpretation functions A have to respect the type-hierarchy. As
a simple example, let us consider two concept names C1,Cy with C; < Cs. If
these concept names are interpreted in a contextual structure (K, \), we demand
that Ac(C1) < A¢(C2) is satisfied. That is, Vg € G : g € Ext(Ac(Cy)) = g €
Ext(Ac(C2)). Thus, C; < Cs can be understood as an implication C; — Cs as
well.

In [2324], Rudolf Wille — inspired by Brandom’s elaboration of ‘material im-
plications’ in [1] — introduced more complex implications as background knowl-
edge to semantical concept graphs. First of all, he allowed conjunctions of con-
cepts in the premises and conclusions of the implications (particularly, this ap-
proach is a generalization of the type-hierarchy). Furthermore, he used this ap-
proach for implications between objects as well. He considered the following
implications:

For two given sets of objects(tuples) A, B C Gj, in a PCF K := (K,,...,K,)
of contexts Ky = (G, My, Ii), a object implication A — B is given if we have
Alx C B'¥. For two given sets of concepts ¢, C B(Ky), a concept implication
¢ — D is given if we have A € < AD. In the following, it will be investigated
how these kinds of implications can be integrated into the logical approach of
concept graphs.

In order to exemplify object- and concept-implications, we adopt the exam-
ple of [23]. Consider the context of Australian cities and states and its con-
cept lattice, both depicted in Fig. [l The state names are abbreviated by ACT

3 The name ‘contextual structure’ is chosen according to the term ‘relational struc-
ture’, which is common in first order logic.
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population >0.08 mill.

administrative centre__fpopulation >0.15 mill.

state capital

Hobart

population >1.5 mil

state capital
administrative centre
state

territory

population >6 mill.
population >4.5 mill.
population >3 mill.
population >1.5 mill.
population >1 mill.
population >0.3 mill.
population >0.15 milll.
population >0.08 milll.

population >3 mill.
Sydney C
Melbourne Adelaide
Brisbane Perth
Perth C
Adelaide :
Canbara Brisbane
Hobart
Darwin

ACT Melbourne
NSW

Vic Sydney
Qld
SA
WA
Tas
NT

Qld

population >4.5 mill

O

Vic

population >6 mill

NSwW

Fig.1. A PCF of Australian cities and states and its concept lattice

(Australian Capital Territory), NSW (New South Wales), Vic (Victoria), Qld
(Queensland), SA (South Australia), WA (Western Australia), Tas (Tasmania),
and NT (Northern Territory) (see [9]).

The following two implications are valid object implications in our example:
Tas — SA and SANACT — Tas

Let C denote the concept generated by the attributes administrative center and
population > 0.3 mill. The next two implications are valid concept implications:

u(state capital) — p(administrative center) and

p(state capital) A C' — p(population > 1 mall)

In [23], Wille defines the informational content of a semantical concept graph,
and he defines a graph &, to be more specific than a graph &; (which is denoted
by &, < &), if and only if the informational content of &, is contained in the
information content of &,. In the following picture, due to the second object
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implication, the right concept graph is more specific than the left one (where
TERRITORY stands for the concept p(territory)).

TERRITORY: Tas| < |TERRITORY:ACT| |TERRITORY:SA |

Fig. 2. An example for dependencies of CGs due to an object implication

Analogously, due to the second concept implication, we have the following
dependency:

ADMINISTRATIVE CENTRE: Perth| S | STATE CAPITAL: Perth| | C: Perth|

Fig. 3. An example for dependencies of CGs due to an concept implication

It should be briefly discussed why we focus on concept implications instead
of attribute implications, as they are known in FCA. As said above, concept
graphs are a main part of the program of Contextual Logic, of which the pur-
pose is to develop and elaborate a formal theory of the elementary logic, based
on the doctrines of concepts, judgements, and conclusions. Concept graphs are
a formalization of judgements. The most elementary judgements are of the form
“an object belongs to the extension of a concept”, and these judgements cor-
respond to the “atomar” items of concept graphs, namely concept boxes and
relation ovals (relation ovals represent elementary judgements where tuples of
objects belong to the extension of a relation-concept). For this reason, in the
framework of Contextual Logic, it is quite natural to elaborate concept implica-
tions instead of attribute implications. Nonetheless, as each concept is generated
by attributes, i.e., as each concept is the meet of attribute concepts, concept im-
plications can be in some sense reduced to attribute implications. We will come
back to this point in Sec. Bl where the results of this paper are discussed.

As said above, Wille incorporated object- and concept-implications into his
algebraic understanding of concept graphs. The goal of this paper is to incor-
porate these implications into the logical approach to concept graphs. In the
remaining part of this section, some basic ideas for doing this shall be described.

Obviously, an (object or concept) implication X — Y holds if each implica-
tion X — y, y € Y holds (the above examples are already of this type). Thus,
it is sufficient to consider only implications with a simple conclusion. Next, due
to the separation of syntax and semantics, we have to consider implication be-
tween names for objects and concepts. Similar to the type hierarchy from which
we obtained specific restrictions of our models, these implications correspond to
(further) restrictions of our models as well. The implications can be now restated
as follows: If g1,...,9, € G are object names, then g1 Ago A ... A Gn_1 = gn
is called a (syntactical) object implication. If Cy,...,C, € C are concept names,
then C1 ACo A ... ANCph_1 — C, is called a (syntactical) concept implication.
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Note that we consider object implications only for objects, not for tuples, and
concept implications only for concept names, not for relation names. The other
cases can be handled analogously and are omitted for sake of simplicity.

If an object implication g1 A ga A ... A gn—1 — gn is given, we consider only
models M := (K, \) which respect this implication, i.e., models which satisfy
{6(91)s -5 2g(gn-1)}° C {Ng(gn)}°. In other words:

M respects g1 A...Agn—1 = gn 1T Y(Ag(91)) V... VY(Ag(gn-1)) = ¥(Ag(gn))

(1)
Analogously, if a concept implication C;1 A Co A ... A C,_1 — C}, is given, we
have:

M respects C1 A...ACp_1 — Cp iff Ac(Cr)A ... AX(Cro1) < Ae(Ch) (2)

If we understand a subsumption relation C; < (5 in a type hierarchy as an
implication C; — Cs, Eqn. (@) extends the conditions for models which respect
a type-hierarchy.

We have already seen that background knowledge yields specific restrictions
for the models. These restrictions have to be reflected by derivation rules, i.e.,
we have to provide rules for the calculus which reflect exactly the background
knowledge. For example, the calculus should allow us to derive the left graph
of Fig. Bl from the right one. Analogously, the left graph of Fig. 2 should be
derivable from the right one.

3 General Logical Background

As already mentioned, the graphs in [2] are based on an alphabet of which the
names are ordered. Moreover, in [2], a sound and complete calculus for CGwCs
is provided. Particularly, this calculus has two rules (named ‘specialization’ and
‘generalization’) which reflect the order of the names.

Object- and concept implications are more complex than an order on the
set of object- or concept names, that is, an order on the set of names can be
reflected by object- or concept implications, but not vice versa. Our goal is to
incorporate these kinds of implications into the theory of CGwCs. To be more
specific: Instead of an ordered alphabet of which the order is reflected by rules in
the calculus, we will now have an unordered alphabet, but a set of implications
which has to be reflected by the calculus. Of course, this calculus has not to be
developed ‘from the scratch’: We already have a sound and complete calculus for
CGwCs, but without background-knowledge in the form of object- or concept
implications. These implications will be incorporated by adding further rules
to the calculus. It has to be checked whether these additional rules correspond
to the implications of our background knowledge. In this section, a method for
doing this will be described.

Our starting point are CGwCs which are based on a (non-ordered) alphabet.
These concept graphs are evaluated in contextual structures via the relation .
Let us denote the class of models for this kind of concept graphs by 9. In [2],
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a calculus for these graphs is provided. Let us denote the set of rules by ;.
(This use of the symbol ‘+’ is a little bit sloppy: Usually, the symbol denotes
the syntactical entailment relation between formulas of a given logic, which is
derived from a set of rules. We will use ‘+’ in this sense as well, but the set of
rules shall also be denoted with ‘+’. It will be clear from the context which use
of ‘+’ is intended.)

The basic idea is that further background knowledge corresponds to a re-
striction of 9t (see the discussion above). So we get class of models My C M.
On the other hand, we are looking for an extension of the set of rules which
captures exactly the background knowledge, i.e., we are looking for a calculus
Fo Dby

Similar to the distinction between b1 and 2, we will distinguish between =4
and =2 as follows: For two graphs &,, 8;, we will write &, =; &, if and only if
M [ &, for all models M € 9M; with M | &,.

Analogously, we define § F; & and 9 ; & for a graph & and a set of
graphs 9.

The soundness and completeness of -1 can be now stated as follows:

Let 81,2 two CGwCs. We have: &1 k1 B2 <— &) &1 6, (3)
We assume that both 1,2 are Peirce-style-calculi, that is:

1. Each rule can be applied either in arbitrary positive contexts, or in arbitrary
negative contexts, or in each context of a graph, and

2. For each rule which can be applied in arbitrary positive contexts, we have
a rule in the opposite direction which can be applied in arbitrary negative
contexts. Vice versa: For each rule which can be applied in arbitrary negative
contexts, we have a rule in the opposite direction which can be applied in
arbitrary positive contexts. The rules which can be applied in each contexts
can be applied in both directions.

The calculus -1, and hence -5 as well, encompasses the 5 basic-rules of Peirce.
This yields a first simple lemma;:

Lemma 1 (Syntactical and Semantical Deduction Theorem).
Let &,, & be two CGwCs. Then we have

Gk & = F; ( G (4)
G, 6, = £ (6 (5)

Proof: We show both directions separately and start with ‘=":
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The direction ‘<=’ is done as follows:
Lm. 6.4.in [2]

6, F @, @a deﬁt'oja “e, 6T e,
O

By definition of F, we have: If § := {&;|i € I} is a (possibly empty) set
of CGwCs, then a graph & can be derived from $) if and only if there is a
finite subset {&1,...,®,} C $ with &;...&, - & (where &;...8,, is the
juxtaposition of &1,...,&,,).

It is easy to check that 9)U; satisfies the compactness-theorem. Thus, for
the semantical entailment relation, we have a similar property, i.e. we have: If
$H = {8;|i € I} is a (possibly empty) set of nonexistential concept graphs,
then $ E & if and only if there is a finite subset {&;,...,&,} C H with
®;1...6, E &. From this we immediately conclude for a CGwC & and set $ of
CGwCs:

HH G —9H ‘21 & (6)

Now the main idea for the extension of k-, to k5 is the following: The models
in M, have to be described properly by the additional rules in ko \ F1. That is,
on the one hand, the rules in 5 have to be sound, i.e. for two CGwCs &1, &5
we have

Gy By = &) | 6, (7)
On the other hand, let us assume that for each M € 2, \My, there exists a
graph &,; with

Fo &) and M £ By (8)
If the last two assumptions (@) and () hold, we obtain that 5 is an adequate
calculus, as the following theorem shows.
Theorem 1 (Completeness of 3).
Fo is complete, i.e. B4 Eo &y = B, o &,

Proof: Let $ := {&p | M € M \Ms}. From () we conclude: 2 &y, for all
&y € 9. Now (@) yields:

My ={Me |ME & for all & € H} 9)
Thus, we get:
G b2 By 2L fa. M e My : if M | &,, then M = &,
<@>f.a../\/l€9ﬁl:ifMF@forall@EﬁandMleﬁa,

then M | &,
< 57) U {@a} |=1 st

<@>f) U {@a} Fi &

<= there are 64,...,6, € H with &; &5... &, &, &,

<@> there are &4,...,®, € H with h@1 Gy .. Q5n®a
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From this result, Fo D+ and (B) we obtain:

8B, @1 esnesa S

Now () yields &, o &y. O

4 Incorporating Background Knowledge into the Calculus

As the preceding section shows, we have to find additional and sound rules which
describe properly the restriction of 9t; to 915. This is done separately for object-
and concept-implications. Concept implications are easier to handle, so we start
with them.

4.1 Incorporating Concept Implications

We have already seen that concept implications are a generalization of the order
on the concept names in a type-hierarchy. A subsumption relation C; < Cj is
reflected in reflected in -1 by the rules ‘generalization* and ‘specialization’, which

—particularly for C; < Cs— allow to replace an evenly enclosed vertex

(with g € G U {x}) by , and, vice versa, to replace an oddly enclosed
vertex ’ Cy:g ‘ by ’ Ci:g ‘ These rules will be canonically extended.

Let a concept implication C; A...ACy_1 — C,, for concept names C1,...,C,
€ C be given. As discussed in Sec. 2] this implication yields the following restric-
tion for models: M € My <= M € My and A¢(C1) A ... AAe(Cro1) < Ae(Ch).
In other words: For all g € Gy we have

gEA(C)A...g € Ac(Cr1) => g € Ac(Ch) (10)

Before we provide a rule which encompasses this implication, we need a simple
definition.

Definition 3 (0g).

Let .= (V,E,v, T,Cut,area, &, p) be a concept graph over A. Let Og be the
smallest equivalence relation on V' such that if e € E is an edge with v(e) =
(v1,v2) and k(e) <=, then v10svs.

Now the new rules for the calculus are:

1. generalization of concepts
Let & := (V, E,v, T,Cut,area, k, p) be a CGwCs and let v1,...,v,-1 € V be
vertices with v10sv20s . . .0gv,—1 such that ¢ := cut(v1) = ... = cut(vy—1)
is an even context, and x(v;) = C; for all 1 < i < n — 1. Then for each v;,
k(v;) = C; may be replaced by k(v;) = C,,.
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2. specialization of concepts
The preceding rule may be reversed in negative contexts.

We have to show that these rules satisfy Eqn. (@) and Eqn. ().
The soundness of the rules can be proven analogously to the soundness of the
rules ‘generalization’ and ‘specialization’ in b (see [2]), hence Eqn. ([7) holds.
Now we derive with the new rule a graph & as follows:

DC, Ins

" (e o Et o -0 () )
o oa O o]

Yy

- @

new}_rule G R

Let M € 9 \My be an arbitrary contextual model. Eqn. (I0) immediately
yields that M £ &. We conclude that Eqn. (§)) is satisfied, thus Thm. [T yields
that 5 is complete.

4.2 Background Knowledge for Objects

Incorporating concept implications into Fo was straight forward. First of all,
concept implications can be considered to be a generalization of the idea of a
type hierarchy, i.e., in our alphabet, we have an order on the concept names. But
we do not have a corresponding order on the object names in a type hierarchy,
which could analogously be generalized to object implications. Moreover, the
proof for the completeness in the last subsection heavily relies on the fact that
we can quantify over objects (to be more precisely: In the system of CGwCs, we
can express universal quantification and material implications). Thus, the idea
of the last subsection cannot be adopted for object implications, as we have no
possibility to quantify over concepts.
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Since quantification over concepts is not possible, we need ‘enough’ concept
names to describe all concepts of a contextual structure. Then we can hopefully
adopt the idea of the last section. First of all, we have to clarify the meaning
of ‘enough’. Usually, the concept names do not encompass all concepts in a
contextual structure. But it is not necessary that each concept (A, B) of a given
contextual model is generated by a concept name (i.e., there exists a concept
name C with A¢(C) = (A, B)). The following further restriction for the models
in My will turn out to be sufficient:

General Restriction for Models M € Mta: The concepts of M which
are generated by concept names are A-dense in the set of all concepts.

(%)

Now let an object implication gy A...Agn_1 — g, for object names g1, ..., gn
€ G be given. This implication yields the following restriction for models:

MEeEMy <= M e M , M satisfies (%) and A\g(g1)V...VAg(gn-1) = Ag(gn)

The rules capturing this restriction are defined analogously to the rules for con-
cept implications. They are as follows:

1. generalization of objects
Let & := (V,E,v, T,Cut,area, k,p) be a CGwCs and let vy,...,v, € V be
vertices such that ¢ := cut(vy) = ... cut(v,—1) = cut(v,) is an even context,
p(v;) = g; for all 1 <i < n—1, and there is a (fixed) C € C with x(v;) = C
for all 1 < ¢ < n — 1. Then for each v;, p(v;) = ¢g; may be replaced by
p(vi) = gn-

2. specialization of objects
The preceding rule may be reversed in negative contexts.

Again, the soundness of these rules can be proven analogously to the soundness
of the rules ‘generalization’ and ‘specialization’ in 1, so Eqn. (@) holds.

The proof of Eqn. (8) for these rules is more complex than for object im-
plications. In contrast to object implications, we will construct for each model
M € My a graph G which satisfies Eqn. (B)). So let M € 95 be a fixed model.

Let M := {m,...,my} be an enumeration of the attributes of M. Due
to (), each attribute concept p(m;), 1 < i < k, of M is the meet of some
concepts generated by concept names. We fix these concept names as follows:
For each 1 < ¢ < k, let C;1,...,C;,, be n; concepts names with p(m;) =
Ac(Cin) A .. AXe(Cip,) - In order to construct a graph &), for Eqn. (), we
transform the model restriction v(Ag(g1)) V ... VY(Ag(gn-1)) > v(Ag(gn)) as
follows:

Y(Ag(91)) V.- VA(Ag(gn-1)) = ¥(Ag(gn))

= Ag(91)' N...NAg(gn-1)" S Aglgn)"

= Vme M :g(g1)Im A ... ANXg(gn-1)Im = Ag(gn)Im

<= Vm e M :Xg(g1) € Ext(u(m)) A...AAg(gn—1) € Ext(u(m)) =

Ag(gn) € Ext(p(m))
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= V1 <i<k:Ag(g1) € ExtAc(Cia) Ao . AXe(Cin)] AL A
A6 (gn1) € ExtPe(Cit) A AXe(Con))] =
)\g(gn) € EXt[)\c(Ciﬁl) VANAN Ac(ci’ni)]

= V1 <i<k:Ag(g1) € Ext(Ae(Cin)) Ao . AXg(91) € Ext(Ac(Ciny)) Ao A
A6 (gn1) € Ext(Ae(Ci)) A+ AAg(gn1) € Ext(Ae(Cin,)) =
Ag(gn) € Ext(Ac(Cin)) A .o Adg(gn) € Ext(Ae(Cim,)) (1)

Recall that Ag(g) € Ext(Ac(C)) is, as a concept graph, expressed by the con-
cept box . So we see that the last equation (which depends on %) can be
represented by a concept graph as follows:

( N
Ciig Coigr | | G, i
Cig Cioigr | | Gy, 82
G i =
Cirignt] | Ci2iguer] = | Cin, 8n-1
Cirgn Cioign | | Cin, 8
& J

It is easy to see that each graph &, ; can be derived from k. Let &4 be the
juxtaposition of all &;, 1 <4 <k, (which can be derived as well).

Similar to concept implications, Eqn. (III) yields that M = & A4, so Eqn. (8)
is satisfied. Again Thm. [ yields that ko is complete.

5 Discussion of the Results and Further Research

It has been the goal of the paper to show that object- and concept implications,
which Wille introduced to semantical concept graphs, can adequately be handled
in syntactical concept graphs as well. At a first glance, due to the proven results,
the goal of the paper is fulfilled. A closer observation shows valuable insights
into the different structure of semantical and syntactical concept graphs.

We have started with CGwCs, without any background knowledge. Then we
argued that the incorporation of background knowledge corresponds to a re-
strictions of our models. The basic idea of this paper is that these restrictions
can already be “described” with our starting CGwCs, which has been captured
by Eqn. (B). Satisfying Eqn. (8) was possible because the expressive power of
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CGwCs is strong enough. In contrast to the syntactical approach, for the se-
mantical approach to concept graphs, background knowledge was introduced to
concept graphs in which we have no possibility to express negation. Due to the
weak expressive power of those graphs, the restrictions of our models cannot be
described with syntactical concept graphs without cuts. Thus, the idea of this
paper cannot be adopted to incorporate background knowledge to syntactical
concept graphs without cuts. So the question arises how background knowledge
can be handled in these graphs.

In [23], it is shown that the calculus for concept graph with cuts is still
complete if it is restricted to the class of concept graphs without cuts. The proof
relies on completely different methods than the proofs in this paper: It is based on
so-called standard-models and standard-graphs. It is likely that the methods of
[213] can be adopted to incorporate background knowledge to syntactical concept
graphs without cuts, but of course, this has to be worked out in a precise manner.

The next remarkable fact is that the handling of object implications had
been significant more complex than the handling of concept implications: We
needed the further restriction (*) on page [[67)] For concept implications, we did
not need a similar restriction. The main reason for this is the fact that -similar
to first order logic- we can express with CGwCs an universal quantification for
objects (in other words: we have statements which range over the set of objects).
But we cannot express an universal quantification for concepts or relationdl. In
Formal Concept Analysis, thus in the semantical approach for concept graphs,
the situation is different: Here we have the well-known duality for objects and
attributes. We have argued that concept implications can be reduced to attribute
implications, thus, due to this duality principle, it is obvious that -for the seman-
tical approach- concept implications and attribute implications can be treated
similar.

The different treatment of object- and concept implication in the syntactical
approach would not arise if we used use the “classical” relational models of first
order logic (instead of the contextual models) as semantics for concept graphs.
Remember that a relational model is a pair (U, I), consisting of an universe of
discourse U, and an interpretation function I which maps object names to objects
and relation names to (extensional) relations. Particularly, we do not have more
relations in this model than relation names in the underlying alphabet. For
contextual models, the situation is different: We may have many more concepts
or relations than we can describe with our language of syntactical concept graphs
over a fixed alphabet. For this reason we had to introduce restriction (). If (x) is
satisfied, then, roughly speaking, each concept or relation of a contextual model
can be described within our language of CGwCs, even if the concept or relation
has no name.

In practice, the restriction (*) should have no considerable effects. This can
easily be seen if we examine how Toscana-Systems are set up. This process usu-

4 With an universal quantification for concepts we would have the full expressive power
of second order logic. But then, due to the theorems of Lindstréom, we could not have
a sound and complete calculus.
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ally starts with fixing a set of objects and multi-valued attributes, from which
—usually with the process of scaling— a formal context and its concepts is derived.
The crucial point for our consideration is that the knowledge experts determine
the objects, attributes and the incidence relations of the context, then, after-
wards, the concept lattice is derived and examined. Particularly, a knowledge
experts explicates only attributes and attribute concepts, but no further con-
cepts. Of course, these explicated attribute concepts are A-dense in the set of
all concepts of the formal context, i.e., (%) will obviously be fulfilled. In this
sense, for incorporating the results of this paper in the development of Toscana-
systems, we probably do not have to take care of (x). Nonetheless, the impact
of (*) to models has to be further investigated.
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Abstract. This paper describes a technique in which some columns of an n-ary
relation are interpreted as defining a situation. For example when considering
movies, critics and reviews we talk about the situation when the critic is a par-
ticular critic. We then construct a formal context called an agreement context
designed to show that which is in common between the situations. We elaborate
this idea in two ways: (i) by combining different types of situation; and (ii) using
conceptual scales to introduce intervals of agreement.

1 Introduction

Formal concept analysis as a technique of data analysis has a long and successful his-
tory of application in various domains. Through these applications, and in concert with
theoretical developments a work-flow of conceptual data analysis has been established
that may be summarised as: (i) collect high quality, meaningful input data and organ-
ise it as a many-valued context, (ii) create a collection of conceptual scales with which
to interpret the values in the many-valued context, and (iii) explore the landscape cre-
ated by the application of these conceptual scales to the data in order to form and test
hypotheses about the data and retrieve specific instances.

Classic conceptual data analysis requires that the input data can be organised as a
many valued context. This assumes a functional dependency: a value has to be unique
for any given object-attribute pair. Such a context can be represented in a form similar
to a spreadsheet — each object is assigned a row, each attribute a column, and each cell
may contain at most a single value.

Much of the data that we would wish to analyse though exists within relational
database in a form that cannot be readily converted into the form of a many-valued
context since either the functional dependency is lacking or the relation to be analysed
is of higher order than three. A number of approaches have been defined that extend
FCA to handle higher order relational data in various ways. Notable examples include: a
triadic approach to concept analysis [WL95], multi-contexts [Wil96] and power context
families[Wil97], relational graphs [Wil02], and reverse pivoting [HSO1].

This paper provides a quite different approach to the analysis of high order relations
by considering some columns of the relation a defining a situation. By situation we
mean that part of the relation defines a context in which something can be true, while not
necessarily being true in general. For example by considering a movie critic as defining
a situation, we can ask within that situation if a particular movie is considered good

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 172-179, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Table 1. Movie ratings taken from the “SBS Movie Show” by two reviewers, Margaret Pomeranz
and David Stratton, organised as a ternary relation Ry

Movie Critic Rating
The League Of Extraordinary Gentlemen Margaret 2.5
The League Of Extraordinary Gentlemen David 1
Matchstick Men Margaret 4.5
Matchstick Men David 4.5
The Wannabes Margaret 2
The Wannabes David 35
Swimming Pool Margaret 4
Swimming Pool David 3.5
American Splendor Margaret 4.5
American Splendor David 4
28 Days Later Margaret 4
28 Days Later David 3
Bad Boys 11 Margaret 2
Bad Boys 11 David 3
Japanese Story Margaret 4.5
Japanese Story David 4.5

or not. This notion of situation is similar in some ways to a situation within situation
theory [Bar89], or a local logic within the logic of distributed systems [BS97].

Throughout the paper we will use ratings of movies by two reviewers, Margaret
Pomeranz and David Stratton, from a TV show called “The Movie Show”!. Table 1
shows the eight movies we will use in our first example and refer to as R, other
examples use an extended set of 35 movies whose reviews were conducted around the
same time which we refer to as R,,;;.

The rest of the paper is structured as follows: Section 2 introduces the notion of
an agreement context and demonstrates its use via an example. using the data from Ta-
ble 1. Section 3 explains how the notion of a agreement contexts may be combined with
conceptual scaling, first as a mechanism to scale the output of the agreement context
and then secondly as a way to scale relation before looking for agreement. Section 4
provides a conclusion and outlook.

2 Agreement Contexts

In order to understand the basic intuition behind agreement contexts, consider the
columns movie, critic and rating of the example introduced in Section 1. The data con-
tained in these columns can be seen as a relation, R C D; X D, x D3, in which the
dimensions, Dy, ...,D3 cover movies, critics, and ratings respectively.

Now consider what is in common between the ratings assigned by a group of critics,
S C D,. A movie rating pair (m,r) € D| X D3 is in common between critics s1,s, € S if
(m,s1,7r) € R and (m,sz,r) € R. The following approach considers each critic as defining

! http://www.sbs.com.au/movieshow/
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a situation and then generates a concept lattice containing the agreement between each
subset of the defined situations.
First we introduce two relational projections:

Definition 1. Given an n-ary relation R, let T and T} be operations on tuples of R
defined as:

;' (81,---.8n) = (8i)
ﬁ;'1(g17"'7gn) = (817'"7gi717gi+l>'--7gﬂ)

Likewise define n! and & as operations on n-ary relation given by:
TR={njg [ g€ R} and TR={mg¢|geR}

Given these definitions we can generalize the idea above to create a formal context
to express agreement.

Definition 2. For any relation R, we define Kg ; as:
Kgi:= (ﬁ?R,TE;ZR,I[)

where
(ggm) €l & FHER: g=T'tand m="n}t

This structure is not suited for apposition, an operation on contexts needed to ap-
ply nesting and zooming as used in programs such as TOSCANAJ [BH04] and CEM
[CS00]. Given K; = (G,M;,1;), for i € 1,2 the apposition, K;|K3, is defined [GW99]
as:

K ‘ Ky = (G,Ml UMz,[l Ul.z)

where M; = {i} x M; and I; = {(g, (i,m)) € Gx M; | (g,m) € I} fori € 1,2.

In order to construct an apposition, both contexts must share a common object set,
and this does not hold for the family of contexts (Kg;)i=1,. ». To obtain a common
object set we introduce the following definition which uses the tuples of R as objects:

Definition 3. The i-th agreement context of the relation R is the formal context M (R, i)
= (R,m!R,ViR) where

ViR:={(g,m) ERXT/R | SheR:T'h=T7}g and n}h =m}

The concept lattice of the agreement context M (R, i) is isomorphic to the concept
lattice of the context Kg; since T} is an intent preserving surjective mapping from the
objects of M (R, i) to the objects of Kg ;. Since the object set for all agreement contexts
of one relation is the same, apposition can be applied and thus nesting and zooming is
possible.

Example: A agreement context was generated from the data in Table 1 by considering
the critic field as a situation and the concept lattice of this context is shown in Fig. 1.
The concept lattice contains four concepts, the bottom concept has as extent tuples in
which the ratings are common between Margaret and David.
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Swimming Pool - David - 3.5 The League Of Extraordinary Gentlemen - Margaret - 2.5
The Wannabes - David - 3.5 American Splendor - Margaret - 4.5

American Splendor - David - 4 The Wannabes - Margaret - 2

28 Days Later - David - 3 Swimming Pool - Margaret - 4

Bad Boys Il - David - 3 Bad Boys Il - Margaret - 2

The League Of Extraordinary Gentlemen - David - 1| 28 Days Later - Margaret - 4

Matchstick Men - David - 4.5
Matchstick Men - Margaret - 4.5
Japanese Story - David - 4.5
Japanese Story - Margaret - 4.5

Fig. 1. Lattice for the agreement context M (Rs,2)

The extent for the concept labeled Margaret contains (i) those reviews particular to
Margaret, (ii) the reviews of Margaret that match a review of David, and (iii) the reviews
of David that match a review of Margaret. The concept labeled David similarly contains
those reviews that match Margaret’s, those of Margaret that match one of David’s, and
those particular to David.

Two entries occurs for each movie, one for each critic in Fig. 1. As we explained
earlier it is possible to recover Kg; by applying the projection T} to each extent. In
our example this corresponds to removing the critics from the object labels and then
removing duplicate labels. If this were done the bottom concept would contain just
“Matchstick Men - 4.5” and “Japanese Story - 4.5”.

3 Agreement Contexts and Conceptual Scaling

Conceptual scaling means defining a formal context by which values from some domain
may be interpreted. As an example consider the commonly used interordinal scale,
I,. This scale is used to interpret numerical values in a certain range by constructing
intervals between n selected boundaries.

Many-valued contexts are defined in [GW89] as a tuple (G,M,W,I) where G, M,
and W are sets, and I C G X M x W is a relation such that w is functionally depen-
dent on g and m, i.e. (g,m,w;),(g,m,w;) € I implies w; = wy. A conceptual scale, for
an attribute m is a formal context (Gs,My,I;) with Gy O {w € W | (g,m) € I}. The
conceptual scale can be applied to the many valued context to derive a formal context
(G,M;,J), where (g,m) € J := Iwe W : (g,m,w) €1, (w,m) € L.

In the following we will describe two approaches of combining conceptual scal-
ing with agreement contexts: first using conceptual scaling as means of visualising the
agreement extents and secondly applying conceptual scaling to a relation before the
agreement operations to find agreement induced by the scale.
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3.1 Applying Conceptual Scales to Agreement Extents

Definition 4. Given a relation R C Dy X ... X D, and a conceptual scale S :=
(Gs,M;, 1), with G5 2 D; the context derived with respect to agreement scaling is
(R,M;,J) where

(g;m) €J:=3IweD;:(g,w) € VR, and(w,m) € I

Standard conceptual scaling relies on the functional dependency of the many-valued
context in order to achieve the result that the context derived with respect to plain scal-
ing can be V-embedded into the scale lattice. Definition 4 drops this requirement and
thus we need to make use of a construction introduced by Stumme and Hereth [HSO01],
namely the power scale.

Definition 5. A power scale of a conceptual scale (Gg,Ms,I5), is the formal context
(B(Gy), My, L), where

(A,m)€IP = 3gcA: (g,m) €1
for A C Gy, andm € M.

The concept lattice of a context derived with respect to agreement scaling from a
relation R and a conceptual scale S can be V-embedded into the concept lattice of the
power scale of S, and if V;R defines a functional relationship then the derived context
can be V-embedded into B(S), thus agreement scaling can be consistently combined
with conceptual scaling in order to provide an interpretation for the domain to which it
is applied.

Example: The example in Fig. 2 is derived from our “SBS Movie Show” example
using agreement scaling with two conceptual scales. The outer scale is a boolean scale
for Margaret and David, while the inner scale an interordinal scale Ig. Since the rating is
functionally dependent on the movie and the reviewer we can use Ig rather than having
to resort to the power scale of Ig.

The bottom concept of the outer scale contains the movies whose ratings were in
common between the two reviewers. For instance both reviewers agreed that “Legally
Blonde 2” should have a rating of 2 stars. Similarly both critics agreed that “Matchstick
Men” should deserved a review of 4.5 stars. A limitation of this approach is that the
bottom outer concept contains only movie ratings that are in exact agreement between
the two critics. This can be seen by considering the concepts for Margaret and David.
Both critics gave low scores to Take Away — David gave it 1 while Margaret gave it
0.5. Although these ratings are close they do not result in an agreement in this structure.
The approach outlined in the next section attempts to remedy this.

3.2 Finding the Agreement in a Conceptual Scale

The approach presented so far shows exact agreement and does not account for how
similar two ratings may be. In the example used one might ask a question like: “What
is the range of ratings given for a particular movie?”. This can be achieved by first
applying the conceptual scale to a relation and then creating the agreement context.



Agreement Contexts in Formal Concept Analysis 177

[The League Of Extraordinary Gentlemen - 1
Take Away - 1
Tears Of The Sun - 1.5

Take Away - 0.5

Once Upon A Time In the Midlands - 0.5
Tears Of The Sun - 0.5

” TMatchstick Men - 4.5
Japanese Story - 4.5

v
! -

Undead - 3 E}‘r!d\r:‘gENemoL‘- 4

The Rage In Placid Lake - 3.5 ilya 4-Ever -

Morvern Callar - 4

Fig. 2. A nesting of two conceptual scales of the B, and /g type, applied via agreement scaling to
the second and third column of R,,;. The object labels contain contingents projected through ﬁ%

Definition 6. Given an n-ary relation R C D X ... X D, and a conceptual scale S :=
(Gs,M;, L), with G D D; the relation derived with respect to plain scaling is:
R®;S:={ge xi\ Dy x My x}_,, D¢|3h € R: W,h =T, gand (n,h,m,g) € I}

In terms of relational algebra this is a join of R with ;: the i-th column of the relation
gets replaced with the attributes of the conceptual scale. Creating agreement contexts
for this relation finds agreement based on the attributes in the conceptual scale, rather
than exact matches within the column begin scaled. By using different conceptual scales
the commonality can be modeled with different granularities and dimensions.

Example: Fig. 3 shows the commonality between Margaret and David using the in-
terordinal scale from the example above, but this time scaling is performed prior to
constructing the agreement context.

The first step to create this diagram is to conceptually scale R,,;; by using the same
Is we used before. From this scaled relation we construct the agreement context and
select the bottom concept whose extent corresponds to the reviews in common between
Margaret and David. We generate the 3-rd agreement context which corresponds to
considering the scale attributes as defining an agreement context. The resulting concept
lattice is shown in Figure 3 with the following modification: We project out both the
rating and the critic from the concept extents. This modification is valid since the critics
are already determined to be both Margaret and David for each movie rating pair, and
the ratings for each movie are specified by the concept intent.
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[The League Of

Down With Love
The Wannabes

Tears Of The Sun

Pirates of the Caribbean: The Curse of the Black Pear]
American Splendor

Narc
28 Days Later

Danny Deckchair

The Night We Called It A Day|
Together

It Runs In The Faimily
Identity

Buffalo Soldiers < he el Job

Travelling Light The Inside Story

Undead Finding Nemo

Teesh And Trude Lilya 4-Ever

Lara Croft Tomb Raider: The Cradle of Lif Cypher

Wilbur Wants To Kill Himself|
The Man On The Train
Swimming Pool

Welcome to Collinwood

The Rage In Placid Lake
Morvern Callar

_0O
Matchstick Men|
Japanese Stol

[Take Away| [Legally Blonde 2: Red White and Blonde]

Fig. 3. Ratings in common between Margaret’s and David’s generated from the extent of the
bottom concept of B(M (R, ®31s,2)). From the extent of this bottom concept an agreement
context with respect to third column — the scale attributes < 1, < 2 etc. — has been constructed.
It’s concept lattice is shown with extents projected to contain only movie titles

Note that the result is structurally an /s even though the scaling was done with an
Ie. This occurred because the lattice was generated using a data driven process where
unrealised concepts are not drawn.

The diagram in Fig. 3 gives a good overview of the interval of agreement between
the two reviewers for each movie. The movies at the widest layer of the lattice corre-
spond to total agreement between the reviewers within the given scale. For movies in
this layer the reviews can vary by at most in half a point since the narrowest interval in
the scale is one point wide. The higher a movie is in this diagram, the less agreement
there is. “Once Upon A Time In The Midlands” has the least agreement, the two critics
agree that its rating is less than or equal to 4 points, but nothing more — Margaret gave
half a point, David three and a half.

4 Conclusion and Outlook

For the purposes of experimenting with the approach we wrote a prototype called TU-
PLEWARE?. This program allows to import relational data from different sources, such
as text files, relational databases, RDF files or command line calls to other storage sys-
tems. The results can be exported to TOSCANAJ and thus nesting and zooming are
supported in a limited fashion.

2 http://tockit.sourceforge.net/tupleware
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We have given an approach of interpreting dimensions of a relation as a situation
and then exploring the agreement between these situations using Formal Concept Anal-
ysis. With the prototype we implemented we showed that the approach is suited to the
analysis of agreement between two movie critics and that the resulting diagrams visu-
alize different aspects of the agreement in an intuitive fashion.

The work outlined in this paper can be extended in different ways. In terms of
problem domains more problems can be approached, such as comparing results from
different sensors or analysing larger data sets with more or wider dimensions. In terms
of the mathematisation the question of how functional dependencies between columns
of the relation affect the suitability of columns to be selected as defining situations is yet
to be fully explored. In terms of tool support the current prototype is still quite limited
in its support for the features presented in this paper and in terms of user guidance.
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Abstract. Based on the conceptual representation of objects in space
and time as introduced in Temporal Concept Analysis first steps are done
into the direction of a conceptual theory of “indistinguishable objects”.
For that purpose a formal construction of “objects” from observed “phe-
nomena” using their “genidentity” in conceptual transition systems is
introduced. A conceptual representation of the German tale “The race
between the hare and the hedgehog” is chosen as the leading example.

1 Introduction

The purpose of the paper is to start a conceptual investigation of phenomena
around the term “indistinguishable objects” which occurs for example in statis-
tics, physics, and many fields of knowledge representation. In this paper, it is
impossible to give an overview over the main ideas used in the formal represen-
tation of objects and the problem of indistinguishability. Therefore, the reader is
referred to the nice collection of important papers concerning the philosophical
and quantum physical aspects of objects in [2]. Many of the ideas described there
are closely related to the conceptual representation of objects in this paper.

1.1 Objects, Identity through Time, and Genidentity

The term “object” is used in a general way, often associated with terms like
“individual”, “particle”, “subject”, or “atomic subsystem”. The conceptual rep-
resentation of objects in this paper is strongly related to the problem of identity
through time which ([2], p.7)

can also be understood in the sense of searching for “something” that
unites the successive parts or momentary stages of an object. In the
literature, this “something” is usually called genidentity, after Hans Re-
ichenbach’s use of the term for characterizing the relation connecting
different states of the same physical object at different times.

In his paper “The Genidentity of Quantum Particles” ([4], [2], p.61) Reichen-
bach writes

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 18088, 2004.
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A thing is a series of events succeeding one another in time; any two
events of this series are genidentical.

In the following we shall demonstrate that Reichenbach’s philosophically for-
mulated idea of “genidentity” can be described in the mathematical framework
of conceptual transition systems as defined in section 4. For that purpose we use
an “object construction from observed phenomena’.

1.2 Object Construction from Phenomena

In previous papers on Temporal Concept Analysis [TT[12/13] the author started
from the usual interpretation of an object p as something which has an “identity
through time”. Then the idea of an “actual object (p,g) at time point g’ led
to the introduction of the “time relation” on the set of actual objects [12]. And
that led to the definition of transitions and life tracks of objects.

In this paper we reverse the formal process from given objects to their life
tracks. We now wish to investigate the process of object construction from
observed phenomena. An example is the construction of the objects “Venus”,
“Morning Star”, and “Evening Star” from some observed luminous phenomena
[[4]. In that paper the object construction was not yet formalized. In the actual
paper we introduce a method for constructing objects from observed phenom-
ena. These phenomena are related by a “genidentity” yielding “transitions” and
“life tracks of values” which are taken as new “objects”.

1.3 Indistinguishable Objects

The following investigation of indistinguishability of objects in temporal systems
describes basic effects occurring when some clearly distinguished objects become
indistinguishable by factoring out some information, for example deleting rows
or columns of the data table of such a temporal system. If we have “time-
independent” objects then equivalence relations on the set of these objects lead
to the well-known Maxwell-Boltzmann, Bose-Einstein, and Fermi-Dirac statis-
tics [4]. In this paper we focus on the question of constructing objects from
given phenomena. For that purpose we now give an overview over the object
representation in Temporal Concept Analysis.

2 Object Representation in Temporal Concept Analysis

To understand clearly the role of different structures in the description of ob-
jects in space and time we do not start with the usual algebraical, geometrical,
topological or even metrical notions. We use a much more elementary conceptual
notion which can be enriched later by classical structures.

Based on Formal Concept Analysis (FCA) introduced by Wille [56/3] we
use the notions of Temporal Concept Analysis (TCA) as defined by the author
[BI9JIOITTIT2IT3]. The central idea in TCA is to describe temporal systems as
formal contexts and “states” as object concepts of formal objects. In this paper,
these formal objects are interpreted as “time points” or “time granules”, but also
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as “actual objects” and, more generally, as “phenomena”. The central notion of a
“Conceptual Time System with Actual Objects and a Time Relation” (CTSOT)
is introduced in [12]. Roughly speaking, a CTSOT consists of a scaled many-
valued context divided into two parts, the time part and the event part. The
formal objects of it are introduced as pairs (p,g), called “actual objects” where
p is interpreted as a “person” or an “object” and g as a “time granule” (or
“time point”). The “time relation” of a CTSOT is defined as an arbitrary binary
relation on the set of actual objects.

To lead the reader to a quick understanding of the main ideas we study
an example of a CTSOT which describes a famous German tale with some
“indistinguishable objects”.

3 The Race between the Hare and the Hedgehog

The German tale “Der Wettlauf zwischen dem Hasen und dem Igel” (The Race
Between the Hare and the Hedgehog) [1] contains a nice and well-known mis-
interpretation on the side of the hare which is based on the fact that the hare
does not distinguish between the hedgehog and its wife.

3.1 A Short Version of the Tale

At a nice Sunday morning the hedgehog leaves his family for a walk to his field
where he meets the hare. They decide to make a race. The hedgehog asks his
wife at home to help him in that race by waiting at the lower field. Then the
hedgehog starts the race together with the hare at the upper field, but after a
few steps the hedgehog stops and returns to the starting point. The hare does
not realize that and runs down to the lower field where the wife of the hedgehog
is waiting. Since the hare does not distinguish her from the hedgehog he thinks
that the hedgehog was quicker. He repeats the race until he breaks down and
dies.

3.2 The Conceptual Time System

In the following we represent the main part of the tale in a CTSOT, called Cy;
its many-valued context is explained in Table 1. This table which will be used
in the following for several purposes. In the first part of the paper we do not use
the row and the column labelled “phenomenon”. The CTSOT C; has the set
P:= {Hare, Hedgehog, Hedgehog’s Wife} as the set of persons or objects. The
set G of time granules is G := {0,1,...,8}. The set IT of actual objects consists of
the 26 elements in the second column; the time part has one attribute “time”,
the event part has the two attributes “place” and “running”. The time relation
R on the set of actual objects is defined by

(1) (p,2) R(qh) <= p=qandg<h

for any two objects p, q and any two time granules g, h.
The strict order relation “<” on the set of time granules is understood here
as the usual strict order relation on the set of integers.
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Table 1. The many-valued context describing the main part of the race

actual object time place running
phenomenon animal |gender|time place running
1 (Hedgehog,0) hedgehog| male | 0 House no
2 (Hedgehog’s Wife,0)||/hedgehog|female| 0 House no
3 (Hare,1) hare | male | 1 Field no
4 (Hedgehog,1) hedgehog| male | 1 Field no
5 (Hedgehog’s Wife,1)||hedgehog|female| 1 House no
6 (Hare,2) hare | male | 2 Field no
7 (Hedgehog,2) hedgehog| male | 2 House no
8 (Hedgehog’s Wife,2)||hedgehog|female| 2 House no
9 (Hare,3) hare | male | 3 |Upper Field| no
10 (Hedgehog,3) hedgehog| male | 3 |Upper Field| no
11 (Hedgehog’s Wife,3)||hedgehog|female| 3 |Lower Field| no
12 (Hare,4) hare | male | 4 Field yes
13 (Hedgehog,4) hedgehog| male | 4 Field yes
14 (Hedgehog’s Wife,4)||hedgehog|female| 4 |Lower Field| no
15 (Hare,5) hare male | 5 Field yes
16 (Hedgehog,5) hedgehog| male | 5 |Upper Field| no
17 (Hedgehog’s Wife,5)||hedgehog|female| 5 |Lower Field| no
18 (Hare,6) hare | male | 6 |Lower Field| no
19 (Hedgehog,6) hedgehog| male | 6 |Upper Field| no
20 (Hedgehog’s Wife,6)||hedgehog|female| 6 |Lower Field| no
21 (Hare,7) hare male | 7 Field yes
22 (Hedgehog,7) hedgehog| male | 7 |Upper Field| no
23 (Hedgehog’s Wife,7)||hedgehog|female| 7 |Lower Field| no
24 (Hare,) hare male | 8 |Upper Field] no
25 (Hedgehog,8) hedgehog| male | 8 |Upper Field| no
26 (Hedgehog’s Wife,8)||hedgehog|female| 8 |Lower Field| no

The scales of the many-valued attributes are chosen as follows: an ordinal
scale for the time values using the scale attributes “>0" to “>8”. The scales for
the “place” and for “running” can be understood from Figure 1.

The bold arrows represent the life track of the hedgehog, the thin ones that
of the hare, and the single dashed one the life track of the hedgehog’s wife. While
the concepts of “Upper Field” and “Lower Field” are sub-concepts of the concept
of “Field” by the chosen scaling, the “running”-concept is also a sub-concept of
it since in that context each actual object which is running is on the field.

Using CTSOTs we employ a set P of “persons” or “objects”. In the next
section we reconstruct “objects” from given “phenomena”.

4 Conceptual Transition Systems

The purpose of defining Conceptual Transition Systems (CTS) is to clarify the
“object construction from observed phenomena”. Therefore, we start from a
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Field:
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Fig.1. The transition diagram of the “place-running” part. Hare: thin, Hedgehog:
bold, Hedgehog’s Wife: dashed

many-valued context whose formal objects are interpreted as “phenomena” in
the sense of “possible actual objects”. On the set of phenomena we define a
“time relation” R, called the (Reichenbach) genidentity which will be used to
define “life tracks” and therefrom “objects”. To represent life tracks not only
in the concept lattices of the derived contexts but also in other structures as
for example metric vector spaces we introduce a “frame” consisting of a set
F, usually with a certain structure, and a “frame mapping” f which maps the
phenomena into the chosen frame.

Definition: ‘Conceptual Transition System’

Let S:=((G, M, W, I), (S,, | m € M)) be a scaled many-valued context and let
v denote the object concept mapping of the derived context of S. Let R be a
binary relation on G, F a set, and f : G — F an extension of ~, that is, f = § o ~y
for some mapping 6. Then the tuple (S, R, f, F) is called a conceptual transition
system (CTS), R its genidentity, f its frame mapping, and F its frame. If f = ~
and F is the concept lattice of the derived context, then we call the CTS a basic
CTS and denote it by (S, R).

Examples of frames are: the direct product of the concept lattices of the
scales of the CTS, the real plane (for “drawing” line diagrams), or the Euclidean
affine spaces (for spatial embeddings of concept lattices).

In this paper, we need the frames mainly for defining the transition digraph
in a suitable generality:
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Definition: ‘R-transitions, transition digraph, transition diagram’

Let (S, R, f, F) be a CTS. For any (g,h) € R the R-transition from the start
(9,f(g)) to the end (h,f(h)) is defined as the tuple ((g,h),(f(g),f(h))). The ele-
ment f(g) is called the start-place and f(h) the end-place of that R-transition.
Let T(R,f) denote the set of all R-transitions. Then the directed multi-graph
I'R,f):= (F, T(R,f), start-place, end-place) is called the transition digraph of
(S, R, f, F) and a graphical representation of it a transition diagram.

Clearly, each CTSOT can be represented as a CTS in several ways, but there
is a simple construction yielding a canonical CTS of a given CTSOT. The main
idea can be described easily in terms of a “general data table”: Replace the
data table of the given CTSOT (see Table 2) by a new data table: shift the
leading column of the actual objects into the “right part” of the data table by
introducing two new columns “objects” and “time” and generate a new leading
column for the “phenomena’”. That is demonstrated in Table 3.

Table 2. General data table of a CTSOT

lactual objects“tirne part[event part‘

e [ v T w ]

Table 3. General data table of the canonical CTS of the given CTSOT

lphenomena"objects‘time‘time part‘event part‘

[ e T »p e[ v [ w |

The new scales for the many-valued attributes “objects” and “time” can be
chosen arbitrarily. We preserve the scales of the “old” attributes. By construc-
tion, the set of the two many-valued attributes “objects” and “time” is a key of
that many-valued context in the sense that there exists a bijection § from the
set of actual objects onto the set @ of phenomena of the CTS. We “transfer” the
time relation R of the CTSOT to the genidentity R’ of the canonical CTS by
the definition:

01 R'po: & B71(p1) R B~ (gp2). Let v denote the object concept mapping of
the derived context of the given CTSOT. Then the frame mapping f is defined
by f := 70 37! and the frame F is the image of 7.

That construction is basically used in Table 1 where we now switch from
the previously described many-valued context C; to the many-valued context
Cs which has the 26 “phenomena” labelled from 1 to 26 as formal objects,
and “animal”, “gender”, “time”, “place”, and “running” as attributes, and the
values as given in Table 1. For example, the phenomenon 2 is described as a
female hedgehog at time 0 in the house and not running, but no longer as the
object “Hedgehog’s Wife”. The point is here, that we choose some “object-free”
description and study how to construct “objects” from the “life tracks” generated
by the genidentity on the set of “phenomena”.
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4.1 The Construction of Objects

The general problem of object construction in this paper is: Given some spa-
tiotemporal phenomena and some relations on these phenomena, construct ob-
jects in such a way that the phenomena can be explained as actual objects.

If the spatiotemporal phenomena and their relations are given by a scaled
many-valued context S then our basic strategy for the construction of objects is
to construct a “conceptually meaningful” genidentity R leading to “meaningful”
directed paths in the transition digraph of the basic CTS (S, R). These directed
paths are then taken as the new objects, the “nodes” on these paths are inter-
preted as its “actual objects”, and they are used to construct a suitable CTSOT
“explaining” the given CTS.

The mathematical details of that construction can not be given here. Instead,
we demonstrate that construction of objects by applying it to the CTS which
describes the point of view of the hare.

4.2 The Point of View of the Hare

From Table 1 we construct a basic CTS, called (S2, Rg), where S, is the scaled
many-valued (“phenomena”) context in Table 1 with nominal scales for “animal”
and “gender” and the same scales as in Sy for the other three attributes. Rs is
defined by g Re h :& animal(g) = animal(h) and gender(g) = gender(h) and
time(g) < time(h) for any two phenomena g, h. The transition diagram of (Sa,
Ry) yields three paths which can be interpreted as “life tracks” of three “objects”,
interpreted as “Hare”, “Hedgehog”, Hedgehog’s Wife”.

In the same way we can treat the construction of the object “Hedgehog”
in the point of view of the hare. Since the hare does not “see” the phenomena
1,2,5,8,11,14,16,19,23,26 we now delete these rows in Table 1 and denote the
restricted set of phenomena as Gs. We also delete the column “gender” since
the hare does not distinguish between the hedgehog and its wife. The remaining
scaled many-valued context is denoted by S3. We define the genidentity R3 by
g Rs h :& animal(g) = animal(h) and time(g) < time(h) for any two phenom-
ena g, h € Gs. The transition diagram of (S3, Rs) yields two paths which can
be interpreted as “life tracks” of two “objects”, called “Hare” and “Hedgehog”.
That can be seen in the transition diagram in Figure 2 where we have drawn a
thin (resp. bold) transition arrow from the object concept of a phenomenon g to
the object concept of the phenomenon h iff animal(g) = animal(h)= hare (resp.
hedgehog). Hence, we can introduce in general the notion of a “life track of a
value” as for example the life track of hare resp. hedgehog. In the previous ex-
ample of the CTS (S2, Ry) we have constructed the life tracks of a pair of values,
for example the life track of (hedgehog, male). The mathematical description of
this construction will be given elsewhere. The main idea is to replace the equality
relation on the values by arbitrary relations, for example equivalence relations
or order relations.

The most remarkable feature in Figure 2 is the arrow leading from the at-
tribute concept of “running” to the attribute concept of “Lower Field” indicating
the transition of the “Hedgehog” from time 4 to time 5 resulting from the Rs-
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time:==5

Clower field

Fig. 2. The construction of the objects “Hare” (thin) and “Hedgehog” (bold) from the
phenomena seen by the hare

transition (13,17) which is not an Rp-transition, since gender(13) = male #
female = gender(17).

5 Conclusion, Applications, and Outlook

We have demonstrated the construction of temporal objects from given phenom-
ena using “conceptual” paths in transition digraphs of Conceptual Transition
Systems. That yields a useful approach for the investigation of temporal prob-
lems around the term “indistinguishable objects”. Coming from life tracks of
objects we have introduced the notion of the “life track of a value”. While life
tracks of objects have been used by the author in several applications [TTIT2T3]
the more general “life tracks of values” will be useful in experimental physics for
the “recognition” of particles, for the conceptual investigation of waves, and for
the formal description of agents in Computer Science.
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Abstract. Among many other knowledge representations formalisms, Ontologies
and Formal Concept Analysis (FCA) aim at modeling ‘concepts’. We discuss how
these two formalisms may complement another from an application point of view.
In particular, we will see how FCA can be used to support Ontology Engineering,
and how ontologies can be exploited in FCA applications. The interplay of FCA
and ontologies is studied along the life cycle of an ontology: (z) FCA can support
the building of the ontology as a learning technique. (¢¢) The established ontology
can be analyzed and navigated by using techniques of FCA. (¢i¢) Last but not least,
the ontology may be used to improve an FCA application.

1 Introduction

As concepts are the most basic units of thought, it is not surprising that they became im-
portant building blocks in Artificial Intelligence research. Their appearance is prevailing
in Knowledge Representation (e. g., in semantic networks, conceptual graphs, descrip-
tion logics), but they also appear for instance in Machine Learning (e. g., in conceptual
clustering, concept learning). All these approaches focus on other aspects of concepts,
leading to different formalizations.

In this paper, we focus on two of these formalizations, namely Ontologies and Formal
Concept Analysis. We will analyze how the two approaches can complement each other
from an application point of view. In particular, we will discuss how Formal Concept
Analysis can be used to support Ontology Engineering, and how ontologies can be ex-
ploited in FCA applications. We will here illustrate these aspects by selected applications
which we have set up during the last years.

The interplay of FCA and ontologies can be seen along the life cycle of an ontology:

1. FCA can support the building of the ontology as a learning technique.

2. The established ontology can be analyzed and navigated by using techniques of
FCA.

3. Last but not least, the ontology may be used to improve an FCA application.

The role of FCA in these three steps of the ontology life cycle is discussed in Sections 3]
to[3 resp. Each of these sections provides two examples, and concludes with a discussion
of related work. The first example in each section has been presented already sometime

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 189-207 2004.
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ago, we recall it only briefly here to sketch the whole picture. The second example in each
of the three sections is more recent, and is discussed in more depth. The discussions of
related work are rather selective in that we consider only articles which address explicitly
the combination of Formal Concept Analysis and ontologies. Before having a look at
these applications, we will start in the next section with a more in-depth discussion of
the relationship between ontologies and Formal Concept Analysis.

2 Concepts in Ontologies and in Formal Concept Analysis

‘Ontology’ in its original sense is a philosophical discipline dealing with the potentialities
and conditions of being. Within Computer Science, ‘ontologies’ have been introduced
about a decade ago as a means for formally representing knowledge. Following [23],
they are considered as an “explicit, [formal,] specification of a [shared] conceptualiza-
tion [of a domain of interest]’ﬂ. This means that ontologies serve as representation in
some pre-defined formalism of those concepts and their relationships which are needed
to model a certain application domain. Three major uses of ontologies can be distin-
guished: communication (between machines and/or humans), automated reasoning, and
representation and reuse of knowledge. Even though it seems at first glance that the use
of the term ‘ontology’ differs a lot in philosophy and computer science, W. Hesse pointed
out in [26] that its computer science understanding fits rather well with interpretations
of last century philosophy.

As we have just seen, ontologies have the ontological status of a model. Their purpose
is to model a shared understanding of the reality as perceived by some individuals in
order to support knowledge-intensive applications. Formal Concept Analysis, on the
other hand, plays a different role. Concept lattices are not understood as modeling some
part of the reality, but rather as an artifact, which is derived from some dataset. This
artifact is intended to support the user in analyzing and structuring the domain, based on
the given data. While ontologies can be established without any given data, FCA relies
thus always on some set of objects. Thus, in FCA, extensional and intensional aspects
are equally important, while ontologies emphasize on the intensional part.

The interaction between FCA and ontologies may go in two directions. On one hand,
FCA can be used as a technique for Ontology Engineering. It supports the structuring of
some given data by means of concept lattices. They can be used either to extract, from a
given dataset, a conceptual hierarchy which may serve as a basis for the manual or semi-
automatic development of an ontology. Or they are used for visualizing the ontology, in
order to support navigation and analysis tasks. For both aspects, there are basically two
ways how FCA and ontology notions can be combined. The most obvious way from a
theoretical viewpoint is to identify the ontology concepts with the formal concepts of
FCA. In many applications, however, it turns out that the canonical match is between
the ontology concepts and the FCA attributes. While FCA theory forces a distinction
between concepts and attributes, that distinction is not that sharp in the ontology world.
Or, as the German standard DIN 2330 states, attributes “are units of thought which are

! Gruber’s original version is without the words ‘formal’, ‘share’, and ‘of a domain of interest’,
which nowadays are rather accepted to describe more precisely the intention of ontologies with
Computer Science.
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gained by abstraction, and hence they are also concepts. For building concepts, one
always needs other concepts, which then play the role of attributes” (translated from
[20] by the authors). In fact, the decision if something is to be modeled as an attribute
or as a concept, is a discussion which is always coming up in Ontology Engineering.
It is though an interesting research topic, how the dual role of attributes and concepts
can be incorporated in FCA theory. In Sections [3land B] we will see how the two ways
of matching ontology concepts with formal concepts or with FCA attributes show up in
selected applications.

On the other hand, ontologies can be used to improve FCA applications. In standard
Formal Concept Analysis, the set of attributes does not carry any structure. By consid-
ering this set as a set of ontology concepts, we can model relations and dependencies
between the attributes. Although this does not increase the complexity of the resulting
lattices (as concept lattices cover, up to isomorphism, the whole class of complete lat-
tices), it enriches the conceptual structure and provides new means of interaction and
analysis. In Section[3] we will discuss two applications of this conceptual enrichment.

Beside those two directions of interaction — which may be closed to a loop — there
is also the possibility of a tighter integration. One attempt is for instance Wille et al’s
work on Contextual Logic, where FCA is considered as a theory for concepts as basic
units of thought, while concept(ual) graphs are formalizing judgments and conclusions
[59/42]] (see also [57]]). This combination of FCA and conceptual graphs aims thus at one
unifying theory for formalizing traditional logic based on the triad concept —judgment —
conclusion. This tighter integration, however, will not be discussed here. In the following
sections we focus rather on the first two ways of interaction.

3 Ontology Learning with Formal Concept Analysis

As mentioned above, an ontology is an explicit specification of a conceptualization.
However, in reality most conceptualizations are not made explicit but are rather implicit
in documents, people’s heads or even in actions carried out by them. In this sense, a big
challenge is to externalize the knowledge implicitly contained in these sources and to
crystallize it into an ontology, i.e. a formal and explicit conceptualization.

It is also not realistic to assume that there will be one single and complete ontology for
a given domain of interest. In fact, it is common in our world that different views on a
certain topic or domain co-exist, each of them with their own level of detail, granularity,
completeness and with their own focus. Thus, a very important issue is to combine the
view of different parties on a certain domain, i.e. to merge their respective ontologies.
In this section we address these two very important topics: In Section[3.1] we tackle the
problem of merging existing ontologies together with the help of FCA. In Section
we focus then on the externalization of the knowledge which is implicit in texts and
show how FCA can be exploited for this purpose.

3.1 Ontology Merging

The process of ontology merging takes as input two (or more) source ontologies and
returns a merged ontology based on the given source ontologies. The resulting ontol-
ogy may then be used for translating between applications which are based on their
respective source ontologies. High quality results of the merging process will always



192 Philipp Cimiano et al.

O,
D \_’ Linguistic K
» | Processing >
Fea- | B(K) | Lattice

Merge |~ | Exploration
—»| Linguistic
Processing

Oz R

2

Fig. 1. The FCA-MERGE approach

need a human involved who is able to make judgments based on background knowledge,
social conventions, and purposes. Thus, all merging approaches aim at supporting the
knowledge engineer, and not at replacing him.

In [51], we presented the method FCA-MERGE for merging ontologies following a
bottom-up approach and offering a global structural description of the merging process.
For each source ontology, it extracts instances from a given set of domain-specific text
documents by applying natural language processing techniques (see left part of Fig-
ure[T]). This way, one context is computed for each source ontology. Its objects are the
documents, and its attributes are the ontology concepts. An ontology concept is related to
a document iff it occurs in the document. The contexts are joined by context apposition,
and a pruned concept lattice is computed with the TiTaNIC algorithm [52] (see middle
of Figure [[). The concept lattice provides a hierarchical, conceptual clustering of the
concepts of the source ontologies. It is explored and interactively transformed to the
merged ontology by the ontology engineer.

Observe that, in this approach, the ontology concepts have been identified with the
FCA attributes, and not with the formal concepts. This seems to be the natural approach,
as they appear already as input to the FCA step, while formal concepts only show up at
the end of this step.

3.2 Ontology Learning from Text

There is no doubt that oral communication or text understanding presuppose some sort
of common ground between the communicating partners or between the writer and the
reader of a text [[13]. However, this common ground or conceptualization is typically not
made explicit in the conversation or the text itself. Brewster et al. [5] for example have
argued that text writing and reading is in fact a process of background knowledge main-
tenance in the sense that basic domain knowledge is assumed, and only the relevant part
of knowledge which is the issue of the article is mentioned in a more or less explicit way.
Actually, knowledge can be found in texts at different levels of explicitness depending
on the sort of text considered. Handbooks, textbooks or dictionaries for example contain
explicit knowledge in form of definitions such as “a tiger is a mammal” or “mammals
such as tigers, lions or elephants”. In fact, some researchers have exploited such regu-
lar patterns to discover taxonomic or meronymic relations in texts [2419]. However, it
seems that the more technical and specialized the texts get, the less basic knowledge we
will find in them stated in an explicit way. Thus, an interesting alternative is to derive
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Table 1. Object/Verb Relationships as formal context

bookable|rentable|driveable|rideable|joinable
hotel X
apartment X X
car X X
bike X X X X
excursion X X
trip X X

knowledge from texts by analyzing how certain terms are used rather than to look for
explicit definitions of them. In this line the distributional hypothesis assumes that terms
are similar to the extent to which they share similar linguistic contexts. Verbs for example
give information about the state in which certain objects are or about which actions are
carried out on them.

Let’s for example assume that we are interested in deriving some sort of concep-
tualization for the tourism domain by analyzing texts related to this area. By looking
at verbs as well as their direct objects we could for example derive a formal context
as depicted in Table[1l If we now make the underlying assumption that the relations in
Table [1| are more or less complete in the sense that we have a ’closed world” and all
non-occurring relations in the text are regarded as negative examples, we could group
the objects into classes or even into a concept hierarchy by analyzing their shared lin-
guistic contexts. This is in fact the assumption of most clustering techniques which have
tried to group terms appearing in texts into meaningful classes or even term hierarchies
[27313816/4614]]. In this line it is an interesting option to make use of FCA to structure
such terms into abstract units or concepts.

The concept lattice of the formal context in Table [ is depicted in Figure 2l It can
be transformed into a partial order as shown in the same figure in a straightforward way
by removing the bottom element, introducing an ontological concept for each formal
concept (named with the intent) and introducing a subconcept for each element in the
contingent of the formal concept in question. In fact, this is the aim of our ongoing work
presented in [[I1] and [12]. In order to derive the necessary verb/object dependencies
from text we make use of a natural language parser, which produces a syntactic tree
for each sentence in the text and from which these dependencies can be obtained in
a straightforward way. Furthermore, we normalize the extracted verbs and objects by
lemmatizing them via a lexicon lookup, i.e. bought/buys are transformed to the infinitive
buy, and hotels is transformed to the singular form hotel. Furthermore, we also add
the postfix ’-able’ to verbs to make them look more like attributes and to facilitate
human understanding of our automatically derived lattices and concept hierarchies. In
this context, there are three important issues to consider:

1. the output of the parser can be erroneous, i.e. not all derived verb/object dependencies
are correct,

2. not all the derived dependencies are ’interesting’ in the sense that they will help to
discriminate between the different objects,
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3. the assumption of completeness of information will never be fulfilled, i.e. the text
collection will never be big enough to find all the possible occurrences (compare
(60D).

To deal with the first two problems, we weight the verb/object dependencies with regard
to a certain information measure. In [I 1] we explored different measures and found out
that the simple conditional probability works well enough for our purposes. The use
of such an information measure deals with the first two problems as we consider only
those verb/object relations for which the mentioned information measure is above some
threshold ¢. The third problem is dealt with by our ’Smooth FCA’ approach presented in
[12]. In this approach we iteratively cluster terms and verbs together which are mutu-
ally most similar with respect to a certain similarity measure and thus artificially create
more attribute/object pairs. The result is an overall ’smoothing’ of the relative frequency
landscape by assigning some non-zero relative frequencies to combinations of verbs
and objects which were actually not found in the corpus. Our experiments so far have
actually shown that the use of this smoothing technique actually improves the quality
of the learned concept hierarchies [[12]. Figure [3| shows a lattice which was automati-
cally derived from a set of texts acquired from http.//www.lonelyplanet.com as well as
http://www.all-in-all.de, a webpage containing information about the history, accommo-
dation facilities as well as activities of Mecklenburg Vorpommern, a region in northeast
Germany. We only extracted verb/object pairs for the terms in Table[Il The corpus size
was about a million words and we used the Resnik measure described in [11] to weight
the extracted verb/object pairs. As it can be concluded from Figure Bl for excursion no
verb/object dependencies were found in the corpus.

3.3 Related Work

The idea of using FCA in NLP in general is certainly not new. In [43] for example, several
possible applications of FCA in analyzing linguistic structures, lexical semantics and
lexical tuning are mentioned. [47] and [39] apply FCA to yield more concise lexical
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Fig. 3. The lattice automatically derived from tourism-related texts

startable needable

inheritance hierarchies with regard to morphological features such as numerus, gender
etc. However, to our knowledge, FCA has not been applied before to the acquisition of
domain concept hierarchies such as in the approach described in this paper.

FCA-Merge is not the first tool for supporting the merging process of ontologies.
The need for some support in the merging process showed up soon, since manual on-
tology merging using conventional editing tools is rather difficult, labor intensive and
error prone. Therefore, several systems and frameworks have recently been proposed
[31U8137135]. They rely on syntactic and semantic matching heuristics which are derived
from the behavior of ontology engineers when confronted with the task of merging on-
tologies, i. e., human behavior is simulated. Although some of them locally use different
kinds of logics for comparisons, these approaches do not offer a structural description
of the global merging process.

Up to our knowledge, there is no other publication on FCA-based ontology merg-
ing, with one exception, namely OntEx, which we presented in [21]]. OntEx is based
on Bernhard Ganter’s Attribute Exploration. Its starts with the concepts of the source
ontologies, and with all known hierarchical relationships. It interacts with the knowledge
engineer by asking him, if further hierarchical relationships hold. If the user agrees, then
the relation between the concepts is added, if he denies, then he has to provide a coun-
terexample, which is exploited in the sequel. As FCA-Merge, OntEx also gives some
guarantee that all possible combinations are considered. However, to be applicable in
practice, it has to be combined with heuristic methods, as there is a price to pay for this
guarantee because of the high number of interactions.

4 Navigating Ontologies with FCA

Ontologies are most often too large to be displayed on a single computer screen. There-
fore, visualization and interaction techniques are needed, if the intended use of the
ontology comprises a direct user access to the ontology and/or knowledge base. This is
for instance the case for ontology-based web portals (see, e. g., the OntoWeb portaﬁ). In
this section, we present two applications where Formal Concept Analysis supports the
navigation within an ontology-based application: the first system is an email manage-
ment system, the second a management system for distributed learning repositories.

2 http://ontoweb.aifb.uni-karlsruhe.de/
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4.1 Conceptual Email Manager

The way standard email management systems store mails is directly derived from the
tree structure of filing cabinets and file management systems. This has the advantage
that trees have a simple structure which can easily be explained to novice users. The
disadvantage is that at the moment of storing an email the user already has to foresee the
way she is going to retrieve the mail later. The tree structure forces her to decide at that
moment which criteria to consider as primary and which as secondary. This problem
arises especially if a user communicates with overlapping communities on different
topics.

In [16] (see also [13])), we presented the Conceptual Email Manager CEME]. Itusesa
simple ontology for storing the emails. The ontology consists of a hierarchy of concepts
(catchwords) together with a lexicon. The hierarchy of the ontology may be any partially
ordered set; multiple inheritance is thus explicitly allowed. Emails may be assigned to
more than one concept, i. ., multiple instantiation is also allowed. In fact, the advantages
of FCA support for navigation and retrieval tasks only comes to its full potential, when
multiple inheritance and/or multiple instantiation show up.

From a FCA perspective, multiple instantiation can be seen as storing the emails in a
formal context. The objects are the emails, and the attributes are the catchwords. In this
setting, FCA attributes and ontology concepts are thus considered as equivalent. (Mul-
tiple) inheritance is then modeled as an additional partial order on the set of attributes,
which has to be reflected by the binary relation of the context: if an email is related
to a catchword, then it also has to be related to all catchwords which are higher in the
partial order. This allows to assign explicitly only very specific attributes to an email
(e.g,. ‘ICFCA 2004’), while more general attributes are then inherited (e. g., ‘Confer-
ence submission’). Different terms in different languages can be assigned to the same
attribute within the lexicon. It allows to extract the assignment of attributes to emails
automatically by means of Natural Language Processing techniques, reducing thus the
workload of the useif].

Multiple inheritance and multiple instantiation allow the user to retrieve emails via
a concept lattice following different paths. This means that one does not need to decide
which of the paths to use for storing. For retrieving the mail later, one can consider any
combination of the catchwords. This is made possible by using the richly structured
concept lattice as search space.

The ontology provides also a mechanism for automatically generating new concep-
tual scales. Each catchword gives rise to one conceptual scale, which has as attributes
all its immediate subconcepts. The set of scales inherits the hierarchy from the ontology,
so that one can focus into a single concept by selecting a next, more specific scale. This
kind of ‘conceptual focusing’ is visualized by means of local scaling [49]].

4.2 Courseware Watchdog

On a personal computer, it is possible to organize resources according to personal needs.
In the case of remotely stored resources, this is not possible anymore, since their storage

3 A commercial follow-up of the Conceptual Email Manager is offered by Email Analysis Pty
Ltd, Sydney, see http://www.mail-sleuth.com
* If wanted, the user can still modify the result afterwards.
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is not under the control of the user. Through the use of hypertext, remote material can be
linked and retrieved when needed, but the particular problem of finding and organizing
this remote material becomes even more crucial.

Research in the E-Learning domain shows that standards are needed for interoper-
ability, but true interoperability does not only need data integration, it also has to consider
the integration of applications. In [45], we illustrate such an integration of E-learning
related applications with the implementation of a Courseware Watchdog. It is part of the
PADLR project (Personalized Access to Distributed Learning Repositories) that builds
upon a peer-to-peer approach for supporting personalized access to learning materiafl.

The Courseware Watchdog is built on top of the Karlsruhe Ontology and Semantic
Web Framework KAON [IS]E]. KAON offers abstractions for ontologies and text corpora,
an ontology editor and application framework, inferencing, and persistence mechanisms,
etc. The Watchdog consists of the following components which are organized around an
ontology management system:

1. Visualization and interactive browsing techniques allow the browsing of ontology
and knowledge base in order to improve the interaction between of the user with the
content.

2. A focused crawler finds related web sites and documents that match the user’s
interests. The crawl can be focused by checking new documents against the user’s
preferences as specified in terms of the ontology.

3. An Edutella peer enables querying for meta-data on learning objects with an ex-
pressive query language, and allows to publish local resources in the P2P network.

4. A subjective clustering component is used to generate subjective views onto the
documents.

5. An ontology evolution component comprises ontology learning methods which dis-
cover changes and trends within the field of interest.

Here, we focus on the first component.

Ontologies are based two kinds of relations: hierarchical and non-hierarchical re-
lations. For each kind of relation, we use an appropriate technique: the display of hi-
erarchies through concept lattices in the first case, and relational browsing else. The
browsing component is implemented in the KAON framework, and extends the Concept
Explorergﬁl as a library.

We display the subsumption hierarchies of the ontologies (and in a similar way other
hierarchical relations as for instance property or topic hierarchies) by embedding them
into their Dedekind-McNeille completion, i. e., by displaying the concept lattice of the
formal context (C, C, <), where C'is the set of concepts of the ontology, and < is the
subsumption hierarchy. Unlike tree-oriented visualization techniques, this allows for the
display of multiple inheritance. As in the Conceptual Email Manager, we also introduce
instances and allow multiple instantiation. This is displayed as the concept lattice of the
formal context (C' U I, C, <c U is-a) where I is the set of instances, and is-a is the
instantiation relation between / and C. Using this approach, some new concepts may

5 http://www.| earningl ab.de/english/projects/padir.html
® http://kaon.semanticweb.org
7 http://www.sourceforge.net/projects/conexp
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appear, even if they were not explicitly modeled within the ontology. These concepts
may be used as a hint to the user to name them and to include them in his ontology.

In contrast to the Conceptual Email Manager, the Courseware Watchdog also has
to consider non-hierarchical relations in the ontology. These relations represent links
between diverse elements of the ontology (e. g., the “lecturer” of a “course” should be
linked to it by a relation “holdsCourse”). These kinds of relation are best understood and
used through some kind of exploration. Relational browsing is a technique consisting
in offering the user different links which he can choose to follow. In addition to normal
browsing along hyperlinks, the links are typed according to the ontology. It is possible
to navigate and explore the ontology following the relations of the ontology, and then
display different kinds of hierarchies.

The browsing component is also a generic way of interacting with the ontology within
the other modules of the Courseware Watchdog. I. e., the user can select concepts in the
Hasse diagram for use in the crawling, clustering or evolution process or for querying
the P2P network.

Within the framework of Formal Concept Analysis, ontologies can be considered
(under some constraints) as (many-valued) multi-contexts. We are currently investigating
how to formalize this relationship, and how to exploit it for a tighter integration. In
particular, we want to enhance further the interaction between FCA navigation metaphors
and ontology-based knowledge management techniques.

4.3 Related Work

Systems like WAVE for web navigation [34], the expert system MCRDR [44], the RECA
system for browsing rental advertisements on the WWW [14] were first prototypes
integrating both FCA and ontologies. The work on the Conceptual Email Manager was
inspired by these systems. Is is also related to the use of virtual folders in the program
View Mail (VM) [32]], which are collections of email documents retrieved in response
to a query.

A promising next step along the line of the Conceptual Email Manager and the
Courseware Watchdog will be to establish interfaces between the KAON framework
and the research and software project ‘Tockit — Framework for Conceptual Knowledge
Processingﬁ, in order to obtain a large, stable platform for future FCA/ontology-based
projects.

5 Using Ontologies for Formal Concept Analysis Applications

One of the criteria that made Formal Concept Analysis successful is certainly the fact
that, for most applications, only rather simple mathematical concepts are needed — the
simplest just being a binary relation between two sets. Surprisingly many applications
benefited from FCA just in this basic form. However, there were also many applications
which showed the need of a more expressive knowledge representation. In this line
arose for instance many-valued contexts, multicontexts, triadic contexts, and the like.
The challenge for research in Formal Concept Analysis was (and still is) to bring together

8 http://tockit.sourceforge.net/
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these more complex kinds of knowledge representation with the charm of the natural
appearance of a (concept) lattice out of the Galois connection induced by a binary
relation. In the next subsection, we will discuss one way how to derive a concept lattice
out of knowledge represented in a description logic.

Another important problem in FCA applications is the size of the concept lattices.
In the worst case, their size is exponential in the size of the formal context. Hence
methods for managing and structuring large conceptual hierarchies and for visualizing
(parts of) them have been developed. These include for instance conceptual scaling, local
scaling, and iceberg concept lattices. In the second part of this section, we show a new,
orthogonal approach: By summarizing ‘similar’ objects prior to the lattice computation
with a standard clustering algorithm together with background knowledge encoded in
an ontology, we are able to reduce significantly the size of the concept lattice without
loosing too much information.

5.1 Defining FCA Attributes with Description Logics

The best known approach for deriving a concept lattice from a dataset which is more
than just one binary relation is conceptual scaling. It allows to derive unary attributes
from many-valued ones, which are then the input to the lattice computation. However,
conceptual scaling still requires that the data is represented in one (database) relation
with the object name being a primary key. Conceptual scaling is thus not able to deal with
more than one relation. In FCA, the problem of multiple relations has been encoded in
the definition of (many-valued) multicontexts [22)58]], but a theory analog to conceptual
scaling, which allows the transformation of a multicontext into a meaningful structure
of concept lattices has not completely worked out up to now.

However, first steps in this direction have been made. One of them is logical scaling.
In [40], S. Prediger showed how a formal context (and thus a concept lattice) can be
derived from a database, once a set of new attributes together with definitions in some
logical language is given. In [41], we extended this approach to pre-definable conceptual
scales. Logical scales can thus seamlessly be used together with ‘standard’ conceptual
scales. In particular, they can be combined in nested line diagrams.

In order to illustrate the approach, we discuss a small example (see also [41]]):
Consider the database consisting of the two relations shown in the upper half of Figure[dl
In terms of FCA it is a many-valued multicontext, in terms of Description Logics (DL)
it is an A-Box. Assume that we want to classify the persons according to their wine
drinking behavior. With the set of definitions shown in the lower part of Figure[d (T-Box
in DL terminology), we can define typical profiles of wine fand]. These definitions yield
two possible scales: the data-driven and the theory-driven logical scale.

The realized data-driven scale [4()] of our example is shown in the left of Figure Bl
It is derived from the database by restricting the set of instances to those of the concept
‘Person’, and by taking all defined concepts of the T-Box as attributes. From the diagram,
one can for instance read that all Bordeaux drinkers are also drinking red wine. However,
it is not clear from the diagram if this implication holds for all possible objects (i. e., if

? For a description of how to read these definitions, refer to the article of F. Baader in this volume.
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Fig. 4. A many-valued multi-context (top) and the definition of a logical scale (bottom)
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Fig. 5. The resulting data-driven (left) and theory-driven realized scales

it is forced by the definitions in the T-Box) or if it is just a coincidence because our set
of instances does not cover all proto-typical cases.

Theory-driven scales [41] take this distinction into account. They consider all pos-
sible conjunctions of the defined attributes in the T-Box. The scale is computed with
B. Ganters Attribute Exploration using a DL subsumption algorithm as ‘expert’ (see [2]]
and Baaders article in this volume). The realized theory-driven scale of our example
is shown in the right side of Figure [Sl The data-driven scale is embedded in it as a
join-semi-lattice. In the diagram, we can read the implications based on the actual set
of instances as well, but it also shows which further attribute combinations are possible.
For instance, one can see that the definitions do not force Bordeaux drinkers to drink red
wine (they may also drink white Bordeaux only). One can also see that ‘wine drinker’
is the most general of the defined attributes, but that there may also exist instances not
belonging to it, as this concept is different from the top concept.

The approaches presented here can be applied to any DL, provided that the instance
problem is decidable within that language. L. e., one needs a sound and complete algo-
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rithm which determines whether an instance from the A-Box belongs, in each model,
to a given concept from the T-Box or not. If there are more than five to six definitions
within the T-Box, they have to be grouped thematically into smaller subsets in order to
become scales of reasonable size; each subset is giving rise to one logical scale.

5.2 Preprocessing Large Datasets for FCA

For a long time, conceptual scaling has been considered as the technique for dealing
with large datasets in FCA: if one projects the data set only on those attributes the user is
currently interested in, then the size of the lattice remains small enough to be displayed
on a computer screen or on a sheet of paper. Conceptual scaling is still a very useful
technique when the user has an idea which attributes (or which conceptual scales) are
relevant to his task at hand. However, if the user is first confronted with a dataset, he
needs some support to gain first insights, before he can start to select systematically
attributes or conceptual scales.

One solution to this problem are iceberg concept lattices [52]. They can be computed
without requiring any initial effort from the user, and provide a view on the top level of
the concept lattice. Starting from this, the user can then continue the exploration with
conventional means such as conceptual scaling (e. g., with ToSCANA [56]]) or by locally
analyzing the concept lattice (e. g., with the GALOIS system [[7])).

Here, we will discuss another approach: If two objects are almost but not completely
identical (according to the context), then they give rise to different object concepts, no
matter how small the difference is. This effect can be propagated all along the concept
lattice. Hence, if we allow to identify objects which are ‘almost identical’, then we may
significantly reduce the size of the concept lattice, without loosing too many details. The
resulting — relatively small — lattice can be used as a starting point for an exploration.
If one wants to analyze the data on a more detailed level, where also minor differences
between objects have to be considered, one may still come back to the original concept
lattice (and analyze it using conceptual scaling or local focusing [7]).

We tested this approach in a text mining scenario [30,28], where we studied the use
of background knowledge in form of an ontology for clustering sets of text documents.
We selected the Reuters-2157819 text collection for our experiments. The corpus con-
sists of 21578 documents, and is especially interesting for the evaluation of clustering
algorithms, as it comes along with a hand-crafted classification.

We performed the usual preprocessing steps for text mining within TextToOntoE], a
text mining system we developed at our institute within the KAON framework: extracting
a bag-of-words model (vector space model), stopword removal, stemming, and tfidf
weighting. After that, each document is represented as a vector in the vector space R”
where n is the number of remaining word stems. The ith component of the vector of a
document indicates the weighted frequency of the ith word stem within the document.

The vector space can also be seen as a many-valued context: each document is an
object, each word stem an attribute, and the attribute values are the weighted frequencies.
By conceptual scaling (e. g., by nominal scaling), one can transform this context into a

10 http://www.daviddlewis.com/resources/testcollections/ reuters21578/
' http://sourceforge.net/projects/texttoonto/
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one-valued one, and can compute the concept lattice. We performed this for the Reuters
dataset, but were not convinced from the results: it was very difficult to find the right
values for the nominal scales. Hence the lattice was either much too detailed to provide
any insight, or we obtained a flat hierarchy.

Our next step was to cluster the documents using the BiSec—k—Means algorithm
before applying FCA. Instead of the individual documents, we consider now the clusters
as objects of the formal context. The set of attributes remains unchanged, and the attribute
values where taken from the centroid vector of each cluster. This clustering step is
a generalization of the FCA task of purifying the object set of the context, in that it
does not only consider completely identical objects (in the sense of the context) to be
identified, but also ‘almost identical’ ones. Especially in text mining this makes sense,
as almost no two documents have exactly the same representation in the bag-of-words
model.

While this pre-clustering provided concept lattices that were smaller than the ones
obtained by conceptual scaling, and were thus easier to interpret, they still suffered from
the problem that they were rather flat. The problem is that documents may be closely
related even though they use different expressions, which cannot be identified by pure
syntactical methods. For instance, one document may talk about ‘beef” and another one
about ‘pork’, but beef and pork will be considered as unrelated dimensions in the vector
space. This is now where background knowledge in form of an ontology comes into
play: if we know that both ‘beef’ and ‘pork’ are subsumed under ‘meat’, then the cluster
algorithm can assign both documents to the same cluster.

Before clustering, we extended thus our vector space with concepts of a suitable
ontology. In the Reuters scenario, we made use of WordNe, as its coverage fits to the
generality of the Reuters news'3. Then we applied nominal scaling and computed the
concept lattice using the Cernato software of NaviCon Gmbhl.

Figure [0l shows an example, where we scaled nominally with two thresholds: 7 %
of the maximal value for (at least) medium importance, and 20 % of the maximal value
for high importance. The diagram shows all clusters where the value of the concept
(called synset in WordNet) ‘compound, chemical compound’ in the centroid is above
the threshold of 7 %. Due to technical reasons, we reverse the usual reading order: A
formal concept ¢; is a subconcept of a formal concept ¢, if and only if there is a path of
descending(!) edges from the node representing c; to the node representing cs.

As an example, consider the concept in the lower middle of the diagram labeled by
‘oil’. Tt has {CL 3 (m), CL 9 (m), CL 23 (m), CL 79 (m), CL 85 (m), CL 95 (m)} as extent,
and {organic compound, oil, ‘lipid, lipide, lipoid’, ‘compound, chemical compound’} as
intent. Its intent indicates that the majority of documents within these clusters are about
oil. This concept has three direct subconcepts: the first has {CL 3 (m)} as extent, and
the attributes from above plus some attributes like ‘oil tanker’ and ‘Iranian’ as intent.
The second has {CL 9 (m)} as extent, and the attributes from above plus some attributes
like ‘area’, ‘palm’, and ‘metric ton’ as intent. The third subconcept has {CL 23 (m),

12 http://www.cogsci.princeton.edu/~wn/

B In [29], we discuss how different options for resolving ambiguities and for assigning more
general concepts influence the quality of the clustering step.

'* http://www.navicon.de
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Fig. 6. The resulting conceptual clustering of the text clusters (visualized for the clusters related
to chemical compounds

CL 79 (m), CL 85 (m), CL95(m)} as extent, and the attributes from above plus ‘sub-
stance, matter’ as intent. These three subconcepts show what distinguishes the clusters
related to oil. The majority of documents in Cluster 3 are about transport of oil (from
Iran), those in Cluster 9 about (packaging of) palm oil, and those in the remaining clusters
about crude oil.

Clustering the objects before applying FCA is an abstraction that might be considered
aloss of information. However, it is beneficial for the following reasons. Firstly, it reduces
the number of objects such that FCA becomes more efficient. Secondly, the technique
is robust with regard to upcoming documents: A new document is first assigned to the
cluster with the closest centroid, and then finds its place within the concept lattice. If
on the contrary the document is considered directly for updating the concept lattice,
there is no guarantee that the structure of the lattice does not change. Finally and most
importantly, formal concept analysis applied directly on all documents suffers from the
low co-occurrence of terms. The application of FCA on the Reuters-21578 dataset has
shown that hardly any two texts generate the same formal concept. Thus, the lattice
became large, unwieldy and hard to understand for the human user. Therefore, in our
approach we first cluster a large number of texts (e.g. 10°) into a more manageable
number of clusters (e.g. 10?). Only then we compute the lattice, allowing for abstraction
from some randomness in the joint occurrences of terms. In this process, the use of an
ontology as background knowledge assures consistency of the results.

5.3 Related Work

Logic has first been applied to extend and structure the set of attributes of a formal
context in [55]. However, this approach considered all formulas of propositional logic
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as attributes, which leads to a combinatorial explosion of the concept lattice. Chau-
dron/Maille [10] and Ferré/Ridoux [I9] presented an approach based on first order
logic. These approaches, however, consider all formulas of the given logic as attributes,
which leads to an exponential explosion of the concept lattice. Using a T-Box allows
to focus on the relevant formulas and to fine-tune the size of the resulting lattice. The
way of computing the theory-driven logical scales is following the approach of Baader
in [2]. In [48] is described how this computation can be extended from computing all
conjunctions of attributes to computing both conjunctions and disjunctions.

In the future, FCA systems will be able to work on richer knowledge representations,
including relational databases, DL, and conceptual graphs. First steps in this direction
are already done with various extensions of the management system TOSCANA for
Conceptual Information Systems [56]; consider, e. g., [54153,36J50,2511]. Within text
mining, FCA techniques are also expected to be combined with successful techniques
of that domain, such as latent semantic indexing [17] or concept indexing [33]].

6 Conclusion

In this paper, we have shown by means of applications that Ontology Engineering and
Formal Concept Analysis complement well; and that first steps have been made to set
up links between the underlying theories. These links have to be strengthened and are
to be exploited for establishing a comprehensive Conceptual Knowledge Processing
environment. For future research within Formal Concept Analysis, this means that one
has to extend the scope from strongly structured to semi—structured and even unstructured
data, allowing to tackle more complex tasks as, e. g., in the Semantic Web. In this line
it has become clear that when turning into the analysis of unstructured data and in
particular textual data, a major challenge is to process the data in order to reduce their
inherent complexity — e. g., by clustering — before actually applying FCA. By this
we can reduce the processing time as well as yield more concise and human readable
concept lattices also from unstructured data.

Furthermore, it has also become clear that the relation between formal concepts
and ontology concepts is far from being trivial and intuitive. In some applications,
FCA attributes are interpreted as ontology concepts (cf. Section 1)), in others formal
concepts are transformed into ontology concepts labeled by the intent of the former (cf.
SectionB.2). As already mentioned, a major issue is thus to clarify this relation also from
a theoretical point of view.

Having a closer look at the ontologies which were involved in our applications, we
observe that most of them consist in fact only of a concept hierarchy. Relations have
been used only in the Courseware Watchdog (Section .2)) and in the logical scaling
approach (Section[5.1)); axioms have only been used in the latter. It is thus an interesting
research question, in how far these more expressive knowledge representation features
can be exploited further within Formal Concept Analysis.

Concluding, there is a high potential of interesting research questions about estab-
lishing and strengthening the link between the related research areas FCA and ontologies
— both in theory and applications.
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Abstract. Protoconcept exploration is developed as a knowledge acqui-
sition tool for exploring the structure of protoconcept algebras similar
to concept exploration for concept lattices. In this paper first results are
presented. In particular, an algorithm is introduced that interactively
determines the finitely generated subalgebra of a protoconcept algebra.
Although it creates a redundant set of questions it shows clearly which
information from the user is needed and it serves as a basis for a future,
optimized algorithm.

1 Introduction

The definition and investigation of protoconcept algebras arose from the devel-
opment of Boolean Concept Logic as one part of Contextual Logic. The aim of
Contextual Logic is the mathematization of the classical philosophical logic with
its doctrines of concepts, judgments, and conclusions. Boolean Concept Logic is
an approach to mathematize the logic of concepts based on Formal Concept
Analysis. We assume that the reader is familiar with the basic notions of For-
mal Concept Analysis. An extensive introduction to Formal Concept Analysis
s [GW99], an introduction to Contextual Logic can be found in [Wi00b]. Re-
cent, more specialized works on Boolean Concept Logic are [HLSWO00], [Wi00a],
[Vo03], [KV03] and [VWO03]. Protoconcepts were introduced in [Wi00a] as gen-
eralizations of formal concepts in order to permit negations on concepts:

Definition 1. A protoconcept of a formal context K := (G, M,I) is a pair
(A, B) with A C G and B C M such that A’ = B” or, equivalently, A” = B’.
We denote the set of all protoconcepts of a context K by PB(K) and define on
PB(K) operations M, U, =, =, T and L by:

(A1, B1) M (Ag, Bp) := (A1 N Az, (A1 N Ay)')
(A1, By) U (Ag, Bo) := ((B1 N B2)', B1 N By)
=(A,B) == (G\ 4, (G\ A))

) (

= (G,

=(4, (M\ B)',M\ B)
0)
:((Z)’M)

The set of all protoconcepts of a context K together with these operations is
called the protoconcept algebra of K and denoted by B(K).

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 208-221, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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The operations are called “meet” (M), “join” (U), “negation” (—), “oppo-
sition” (=), “all” (T) and “nothing” (L). A small example of a protoconcept
algebra is depicted in Fig. 1. Each protoconcept (A, B) determines a unique
concept of the context namely (A”, A")(= (B’, B"”)). Therefore, we can under-
stand the extent A as a set of prototypic objects and the intent B as a set of
characteristic attributes determining this concept (cf. [VWO03]). The introduc-
tion of a negation yields a richer structure and thus a greater expressiveness of
protoconcepts. An example of practical interest that illustrates this expressive-
ness and its advantages can be found in [KV03]. Since not only concepts, but also
“opposites” and negations of concepts form part of our thinking, it is natural to
ask how they can be used for the exploration of a knowledge landscape.

Protoconcept exploration is developed similarly to concept exploration as
described in [St97]. It deals with the following problem: While we can easily
compute the protoconcepts of a given context, there may be situations where
one has only implicit knowledge of a domain of interest and it is nearly impossi-
ble to write down explicitly all objects, all attributes and their incidence relation
in a context. As an example from mathematics consider the set R¥ of all func-
tions from R to R and a set of mathematically defined properties these functions
can have. It is impossible to list all the objects and attributes, however some of
its protoconcepts can be considered as ‘fairly clear’, like for example the proto-
concepts (m’, m) generated by attributes m such as ‘continuous’, ‘differentiable’,
‘polynomial function’, and protoconcepts (g, g’) generated by objects g such as
identity, the constant function x — 3 and the exponential function z — e”.
Protoconcept exploration is a knowledge acquisition tool that helps an investi-
gator to compute the protoconcepts of the underlying protoconcept algebra that
can be obtained from these “fairly clear” basic protoconcepts. Thus, the aim of
protoconcept exploration can be stated as follows (cp. [St97]): We assume that
there exists an underlying protoconcept algebra %u = PB(Gu, My, I,) which may
be only ‘vaguely known’ by the investigator. For a finite subset B = {p1,...p,}
of %u, the set of basic protoconcepts, protoconcept exploration shall support
him in determining the structure of the subalgebra %q of %u which is generated
by B. Therefore, the algorithm generates questions about implications between
the identified protoconcepts. The answers given by the user are then used to
find more protoconcepts. It is not necessary that the investigator has explicit
knowledge of the extent or the intent of the basic protoconcepts, but she has
to decide whether basic protoconcepts and protoconcepts computed during the
generation process have objects or attributes in common or not.

The main differences between concept exploration as in [St97] and protocon-
cept exploration are due to the much richer structure of protoconcept algebras.
The additional operations negation and opposition allow the generation of more
protoconcepts, including more concepts, than the operations meet and join. This
implies that even a single protoconcept can generate an infinite protoconcept al-
gebra while one needs at least three concepts to generate an infinite concept
lattice. In effect, the algorithm for protoconcept exploration will not necessarily
terminate if the underlying context is infinite.
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We consider this paper a first step towards an algorithm for protoconcept
exploration because we have focused on developing an algorithm that is mathe-
matically correct and shows clearly which information is needed from the user.
Yet it is far from being user-friendly since it produces a lot of redundant ques-
tions. Nevertheless we are confident that the presented algorithm is the basis for
an algorithm that can be implemented and used. Some ideas for improvement
are described in the section “Further Research”.

In section 2, we first present definitions and basic properties of protoconcept
algebras. In the third section implications between protoconcepts and sequents of
protoconcepts are introduced. This provides us with the notions to formulate the
algorithm for protoconcept exploration and to prove its correctness in section 4.

2 Protoconcept Algebras and Double Boolean Algebras

For the understanding of protoconcept algebras it is useful to define additional
operations on protoconcepts:

(A1, B1)H(Az, Ba) := =(=(A1, B1) M —(Asg, Bs)) and
(A1, B1)RA(Az, Ba) := =(=(A1, B1) U =(Az, Ba)),
T:=-1 and L :=-T.

Note that the result of any operation on protoconcepts is always of the form
(A, A”) or (B’, B). Protoconcepts of the form (A4, A’) are called M-semiconcepts,
those of type (B’, B) are called U-semiconcepts. The set of all M-semiconcepts
of K is denoted by Hr(K) and, likewise, the set of all Li-semiconcepts of K is
denoted by $,(K). Obviously, the set of all semiconcepts H(K) := Hr(K)UsH, (K)
together with the operations of P(K) forms a subalgebra of PB(K) called the
semiconcept algebra $H(K) of K. The set $r(K) is closed under the operations I,
H, =, L and T; therefore . (K) := (Hn(K),M,H,—, L, T) is a Boolean algebra
isomorphic to the powerset algebra of G. Dually, $,,(K) := ($u(K),U,A,=,L,T)
is a Boolean algebra antiisomorphic to the powerset algebra of M. Moreover,
(A, B) is a concept of K if and only if it is both a U- and a M-semiconcept. Figure
1 depicts a context and its protoconcept algebra. The elements represented by
filled circles are formal concepts. The circles with the upper half filled represent
LI-semiconcepts, those with the lower half filled represent M-semiconcepts.

Theorem 1 ([Wi00a]). A basis for all equations which are valid in all pro-
toconcept algebras is given by the following equations which are the equational
axioms of the so-called double Boolean algebras:

la) (xMNz)Ny=2xNy 1) (zUz)Uy=xzUy

20) xMy=yNx 2b) xUy=yUzx

3a) xM(yNz)=(zNy)MNz 3b) zU(yUz)=(zUy)Uz
4a) xM(xzUy)=aMNx 4b)zU (zNy)=zUx

Sa) x M (zby) =z Nx 5b) x U (xAy) =2 Ux

6a) x M (yHz) = (zNy)d(xzNz) 6b) xU (yAz) = (zUy)A(z U 2)
7a) -—(xNy) =xNy ) “=(zUy)=2xUy
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Fig. 1. A context and its protoconcept algebra

8a) =(zxMNzx) =—x 8b) “(xUzx)=-x
9a) xM—-x =1 9) zU-x=T
10a) -L=TNT 10b) ~T =101
11a) =T = L 11h) =1L =T

12) (zNz)U(zNz)=(zUz)N(zUx)

with the operations 4, A, T, L defined as xHy := —(—xM—y), Ay := ~(ZxU-y),
T:=-1land L :=-T.

An algebra D := (D,Mn,U,—,—, L, T) of type (2,2,1,1,0,0) satisfying the equa-
tions 1a) to 12) is called a double Boolean algebra. Obviously, every protoconcept
algebra is a double Boolean algebra. Semiconcept algebras satisfy also

13)z=zNzorz=zUx

and double Boolean algebras that satisfy 13) are called pure double Boolean
algebras.

We define a quasi-order C on double Boolean algebras by z C y i< My =
xMzand x Uy = y Uy. For protoconcepts C is an order and equivalent to
(A1,B1) C (A3,B3) & A; C Ay and Bs C By. For any protoconcept (A, B),
(A,B)M (A, B) = (A, A’) yields the greatest M-semiconcept below (A4, B) and,
dually, (A, B)U (A, B) = (B’, B) yields the smallest LI-semiconcept greater than
(A, B). To shorten notation, we set xn := z Mz and z, := z U for an el-
ement = of a double Boolean algebra D, and write Dn := {zn | z € D}
and, dually, D, := {x, | € D}. As in the case of protoconcept algebras,
D = (Dn,My4d,—, L, T)and D, := (Dy,U,A,~,L, T) form Boolean algebras.
A double Boolean algebra D is called complete if and only if the Boolean algebras
D, and D, are complete. In [VWO03], basic theorems on semiconcept algebras
and on protoconcept algebras are proven, characterizing those double Boolean
algebras which can be considered semiconcept resp. protoconcept algebras of an
appropriate context. For this paper we need the Basic Theorem on Semiconcept
Algebras:
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Theorem 2 (The Basic Theorem on Semiconcept Algebras, [VWO03]).
For a context K := (G, M, I), the semiconcept algebra $H(K) is a complete pure
double Boolean algebra whose Boolean algebras $(K) and 9 (K) are atomic.
The (arbitrary) meet and join of H(K) are given by

te At,Bt ﬂAt> mAt and |_| At,Bt th ﬂBt)

teT teT teT teT teT

In general, a complete pure double Boolean algebra D whose Boolean algebras Dp,
and D\, are atomic, is isomorphic to H(K) if and only if there exist a bijection
3 from G onto the set A(Dp) of all atoms of D and a bijection i from M
onto the set C(D,)) of all coatoms of D, such that gIm < 4(g) C fi(m) for all
g € G and m € M. In particular, for any complete pure double Boolean algebra
D whose Boolean algebras are atomic, we get D = H(A(Dn),C(D,,),C), i.e., the
semiconcept algebras are up to isomorphism the complete pure double Boolean
algebras D whose Boolean algebras D and D, are atomic.

Now the subalgebra of a protoconcept algebra that is generated by a set of
protoconcepts {p1,...,pn} is the union of the pure subalgebra of its semiconcept
algebra generated by {pin,Piu,.-.,Pnn, Paut and the set {p1,...,p,}. If this
subalgebra ‘}3” of the semiconcept algebra is finite, then the Basic Theorem
on Semlconcept Algebras yields that ‘Bp is the semiconcept algebra (A (@5 ),
(%Z ), ). Therefore, our strategy will be to compute .A(%S ) and C(%S ). We
investigate the implications between protoconcepts in order to find these sets.

3 Implications and Sequents

Definition 2. We say that a protoconcept (A1, B1) implies a protoconcept
(A2, B2) ((A1, B1) — (A2, B2)) iff (A1, B1) & (A2, B2) (& A1 C A and By C
By).

We are especially interested in implications Fa— LB for 2A,B C § (K)
and implications [ 12 — K% for 21,8 € §_(K).

Definition 3. For a protoconcept algebra B(K) and sets S C 9 (K) and T C
9-(K) we say that:

1. The pair (A,B) C S x S is a U-sequent over S if ANDB = 0.
2. Dually, the pair (A,8) CT x T is a M-sequent over T if ANV =0,
3. A U-sequent over S (M-sequent over T') is full ¢ff AUB =S5 (AUB =T).

On sequents of the same type we define an order by (241, B1) < (™U2,B2) &= Ay C
Ao and By C By. Obviously, if for L-sequents (resp. M-sequents) (A1,B1) <
(A2,B2) and m Ay — || By (resp. |_|Ql1 - Y B1) in a protoconcept algebra
then also |:|912 — | |B2 (resp. |_|912 — l:]‘Bg). We understand Ll-sequents
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(,B) as implications Ao — LB and MM-sequents (2A,B) as implications
[T — 8. Note that:

Aa—| |3e-Aau| =T (1)
My He el lan-He =1 (2)

In order to find C (ﬁg ), we explore the logic of %Z and learn from invalid

implications 120 — || B that = F AU| B # T. Hence, we find that there is as
a “counterexample” to the implication a Li-semiconcept z = - Fau LBCT.
Dually, we use the invalid implications Mo - H8 and equation 2 to find
small M-semiconcepts above L. In order to make the formulas better readable
we set for Li-sequents (2, B): j (A, B) := - m 2AU| |8 and for M-sequents (A, B):
m(,B) = lan-Hs.

For a full sequent (2,%B) we find a close relation between m(2,B) (resp.
J(A,B)) and partitions of the object (resp. attribute) set of the underlying
context. First we recall the definition of partitions as given in [Gr68].

Definition 4. A partition 7 of a set A is a subset of P(A) satisfying: Every
a € A is an element of exactly one B € w. The members of m are called blocks
of the partition

On the set Part(A) of all partitions of a set A we can define an order relation
< by: mg < m if for every block B of 7, there exists a block C of 71, with B C C.
In this case m is a refinement of 1. The order relation < on Part(A) makes it
a complete lattice.

Proposition 1. For a set S of M-semiconcepts of a context K := (G, M, I), the
extents of the semiconcepts m(2A,B) # L for full M-sequents (A, B) over S yield
a partition ws of G. Moreover, in the lattice Part(G), the partition wg is the
infimum of all partitions ma = {A,G \ A} for (A,A") € S.

Dually, for a set T of L-semiconcepts of K, the intents of the semiconcepts
JRB) £ T for full U-sequents (A, B) over T yield a partition 7 of M. In
the lattice Part(M), the partition wr is the infimum of all partitions wp :=
{B,M\ B} for (B',B)e€T.

Proof: Obviously, the w4 are partitions of G. The blocks of the infimum m; :=
Nma | (A, A7) € S} are the nonempty sets obtained as bs := [ 4 aryesr AN
Nia,a9es sy G\ A from all subsets 5" C S. Since

m(Ql, )—|_|Ql|7ﬁ|=|‘B
( N Hn@y U a0 N an@y U )

(A Aed (A,A)eB (AA) e (A,A)eB

(N 4n ﬂ G\A () HnC ) G\,

ugAqu (A (A, A" e (A,A)EB
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the block bgs corresponds to the extent of m(S’, S\ S’) and bg: # 0 < m(S’, S5\
S’) # L. Thus for every full M-sequent (2, B) over S satisfying m(A, B) #£ L,
the extent of m (2L, B) is a block of m; and conversely, for any block bg: of m,
(57, 5\ 5) is a full M-sequent over S such that bg is the extent of m(S’, S\ S’).
Analogously we obtain the correspondence between the full Li-sequents over T
and the blocks of the partition 7 of M. O

It is evident that, for sets .S, T of semiconcepts, S C T implies 7 < wg. For
a family (21;, B;)icr of full M-sequents over a set S, the extent of |=],€I m(2As, B;)
is the union of the blocks of 7g corresponding to the extents of the m(;,B;).
Since for a partition the intersection of two unions of blocks is the union of their
common blocks, we obtain immediately:

Corollary 1. 1)Let S be a set of M-semiconcept and let X, Y be two sets of full
M-sequents over S satisfying: (A, B) € XUY = m(A,B) # L. Then L m(X)mN
Hmy)=Hmxny).

2) Dually, for a set T of U-semiconcepts and sets X, Y of full U-sequents over
S satisfying (A, B) € X UY = j(A,B) # T we obtain F‘j(X) U F‘j(Y) =
FAixny)

For a Li-sequent (resp. M-sequent) (2, B) over S, we can express the intent
(extent) of j(A,B) (m(A,B)) as the union of blocks of the partition 7g:

Proposition 2. 1) Let (U,B) be a U-sequent over a set S of U-semiconcepts.
Then

J(2A,B) = (e, D) | (¢,) is a full U-sequent over S with j(€,D) # T
and (A, B) < (€,D)}.

2) Dually, let (A,B) be a M-sequent over a set T of M-semiconcepts. Then

B) = I:l{m(@i,@) | (€,D) is a full M -sequent over T with m(€, D) £ L
and (A, B) < (€,D)}.

Proof: First, we show that from (2,%B) < (€,9) follows j(2,B) C j(¢,D):
j(@,@):4|=I¢u|_]@:4|=|(¢\m)u4|=|mu|_|(@\%)u|_|%:J( ) U
~Fe\2) U@\ B) I (A, B). This yields

3(2,%8) T F{j(e, D) | (¢,9) is a full L-sequent over § with j(€,D) # T
and (%, B) < (€, D)} =: (Biys, Bing)-

Now let (B’, B) = j(2,B). For an attribute m € B and a U-semiconcept (D', D)
in S we have that (D’,D) € B = m € D and that (D',D) e A= m ¢ D. We
set €, == {(D’,D) € S| m & D} and ®,, := {(D',D) € S| m € D}. Then
(€, D) is a full L-sequent over S satisfying (€, D,,) > (A, B). Thus m is
an element of the intent of j(€,,,®,,) and therefore m € B,, which yields
J(A,B) = (Bj,;, Binyt). The second part follows likewise. O
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4 An Algorithm for Protoconcept Exploration

Now we have the means to formulate the algorithm. Instead of computing all the
generated semiconcepts, we use that all elements of g}, can be obtained from
the coatoms C (‘BZ |_|) and, dually, all elements of 7+ can be obtained from the
atoms .A(‘Bp ). In every iteration we compute greater elements of 9B}, (the sets
M;) and smaller elements of Py (the sets G;) using the smallest (resp. greatest)

elements of the previous step Gin (resp. M;_1). The algorithm stops after an
iteration if no new protoconcepts were found.

The algorithm has four steps:

1. For n generating protoconcepts p1, . .., p, we set ]\71 = {p1,---Pnu}s Gy =
{}31|—|7 Ce an} and My := Gg = 0.
2. (a) For i > 1 we determine the set

M; := {(A,B) | (A, B) is a full Li-sequent over M; and j(A,B) £ T}.

by asking the user which of the implications o — | | 9B are true.
(b) Dually we determine for ¢ > 1 the set

Gy = {(A,B) | (A,B) is a full M-sequent over G; and m(2A, B) £ L}.

3. We set K; := (m(G;), j(M;),C), where we determine the relation C with the
aid of the expert.

4. We stop if [Gi—1| = |Gs| and [M;_1[ = [M;|, otherwise we set Gip1 =G U
{((@,B)n | (A, B) € M;} and M1 = M; U{(m(2,B)) | (A,B) € Gi}
and continue with 2).

Proposition 1 makes clear that in every step of the algorithm the sequents in
M; describe the blocks of the partition T3, of M, and, dually, the sequents of
G; describe the blocks of the partition 75 of G. Therefore, we can take m(G;)
as objects and j(M;) as the attributes of the contexts K;. The next lemmas and
propositions prepare Theorem 3 and Theorem 4 where the correctness of the
algorithm is proven. Thereafter, Proposition 4 explains the relation between the

contexts K; and, finally, a brief example is given.

Lemma 1. 1) Let p € M;. Then p, = [ 1{j(%,B) | (A,B) € M, and p € B}
and =p., = F1{j(%,B) | (A, B) € M; and p € A}

2) Dually, let p € G;. Then pn = l:]{m(Ql B) | (A, B) € G; and p € A} and
—pr = H{m(A, B) | (A,B) € G; and p € B}

Proof: This is a consequence of Proposition 2. For 1) we have that p, = j(0, {p})
and thus py, = F{j(A,B) | (A, B) € M, and (0, {p}) < (A, B)} = {5, B) |
(2,8) € M; and p € B}. Analogously it follows frorn “pu = j({p},0) that
“py = F‘{j(ﬁ,%) | (A,B) € M; and p € A}. Dually we obtain 2). O

The next lemma ensures that the protoconcepts of j(M;) and m(G;) can

be obtained from the elements of j(Mjy) and m(G}) in the following iterations
(k >1).
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Lemma 2. 1) If (A,B) € M, then we can find a set S C M;y1 such that
B) = 1{j(¢.9) | (€.9) € 5}.

2) Dually, if (U,B) € G; then we can find a set S C Gi1 such that m(A,B) =

H{m(e,2)| (¢,D) € 5}.

Proof: Since J\Z - ]\ZH, a L-sequent (2A,%B) over ]\Z is also a Ll-sequent over
Mit1. For S = {(€,D) € M;41 | (A,8) < €,D)} we conclude from Proposition
2 that j(A, B) = [1{j(€,D) | (¢,D) € S}. The second part is obtained dually.

O

Proposition 3. 1) If for a M-semiconcept p there is a set S C G; such that
p = l:l{m(?l,%) | (A,B) € S} then we can find a set T C M;y1 such that
pu =M1, 2) | (21, %8) € T},

2) Dually, if for a U-semiconcept p there is a set S C M, such that p =
F‘{j(?l,%) | (A,B) € S} then we can find a set T C Giy1 such that pn =
Him@,3) | @,8) e T).

Proof: 1) Since for semiconcepts r, y (xdy)y = Uy (cf.[Vo03]), it follows from p =
H{m(1, %) | (21,%) € S} and from (phy), = p Uy that pu = [ J{(m(2A,B)). |
(A,B) € S}. Since (m(A,B))y € My for (A,B) € S, Lemma 1 yields
(m(2,%)), = F{j(e,D) | (¢,9) € Mi4; and (m(A,B)), € D}. We conclude
from Corollary 1 that

po= || (@) (€9) € My and (m(2,8)), € D}
(A,B)eS

= e, D) | (€,9) € M1 and (m(A,B)),, € D for every (A, B) € S}.

2) follows dually. O

In order to describe how much of P¥ the algorithm has found after ¢ iterations
we need to measure how difficult a protoconcept is to generate from the set of
basic protoconcepts B. Note that if 7" is the set of all terms over a set of variables
{z1,...,2,} with the operations U, M, 4, [, ~, -, T, L, and if B is a protoconcept
algebra, and B = {p1,...,pn} C P then there is a unique homomorphism ¢ :
T — P with (x;) = p;.

Definition 5. For a term ¢ over the set X = {x1,...,x,} we define the depth
d(t) of t by:

—d(xz;) =1, forie{l,...,n}
—d(L)=d(T) =1

d(tl M tg) = d(tl (] tg) = d(t1|=|t2) = d(tﬂ:ltg) = max {d(tl) (tQ)} + 1 for
terms ty,t2

d(—t) = d(=t) =d(t) + 1 for a term t.

We say that a protoconcept p of a protoconcept algebra B is generated in m steps
from the protoconcepts p1,...,pn in B iff there is a term t over X with d(t) < m

and ¢(t) =p in P.
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The following theorem is the main result of this paper. It shows which part
of PB¥ is computed by the algorithm after i iterations.

Theorem 3. Let p be a semiconcept generated by B := {p1,...pn} in P, in
1 steps. If p is a U-semiconcept then there exists a subset A C M,, such that
p=115(A). Dually, if p is a M-semiconcept then there exists a subset A C Gy,
such that p = L m(A).

Proof: We use induction over i. For ¢ = 1 and a Ll-semiconcept p we have that
p=TorpeB. Ifp=T thenp = Fg. If p =p; for some j € {1,...,n} then
the fact that p = p; = p;u € Ml and Lemma 1 imply that there exists a set
A C M such that p = m j(A). Dually, we see that for a M-semiconcept p that
can be generated in one step we find a set A C G such that p = L m(A).

For the conclusion from 7 to i+ 1 we assume that p is a U-semiconcept which can
be generated in 3, from B in i 4+ 1 steps. If p can also be generated in ¢ steps,
we obtain from Lemma 2 that we can find such a set S C M;;1. If p cannot be
generated faster, than there exist semiconcepts p, and p, such that a) p = —'p,,
b) p = p,Ap, or ¢) p = p, Up,, where p, and p, can be generated in ¢ steps.

a) As p, can be generated in i steps, there is either a set Sy, C M, with
pe = [1{H(A,B) | (A,B) € Sy} or a set Sg C Gy with p, = EH{m(A,B) |
(A,B) € Sig}. In the first case, Proposition 1 yields that the intent of p, is a
union of blocks of the partition 7; . Therefore the complement of the intent is
the union of all other blocks of ;. and thus p = =p, = |=|{] 2A,8) | (A,B) €
M; \ Spr}. Lemma 2 then yields that we can also find a set A C M1 such that
p =100 B) | (@8) € 4).

In the second case, p, = I:'{m(%l, B) | (A,B) € S¢}, Proposition 3 ensures
that we can find a set T C M, such that py, = F‘{j(ﬁ,%) | (A,B) € T}.
Again we obtain —'p, = —py = F‘{j(m, B) | (A,B) e Mip1 \T}.

b) Since the semiconcepts p, and p, can be generated in ¢ steps we find
again with Lemma 2 or Proposition 3 sets S, and Sy, in M, such that p, =
Fgiens) | @,8) € S} and pu = FIGER,B) | (%,%8) € S,}. Then
b= poufpyu = FIG(AB) | (A,B) € S3nF{@B) | (A.8) € 5,) =
|=|{j(9(, B) | (A,B) € S, US,} and A := S5, U S, is the set we need.

c) Similar to b) we find sets S, and S, as above and Corollary 1 yields
p =P ®) | (@,8) € 5.3 uFIG@B) | (18) € 5} = FID) |
(A, %B) € S; NS, }. Dually, we obtain a set A C G;41 for M-semiconcepts. O

Theorem 4. If the algorithm stops after i iterations, then H(K;) U B is the
subalgebra @g of B, generated by B.

Proof: We stop if |G,—1| = |G;| and |M;_1| = |M;|. From Gi1 C G, it fol-
lows that 7z < 7z . From |G;_1| = |G| we conclude that the number of
blocks of the partitions is equal, therefore the partitions must be equal, hence
m(Gi—1) = m(G;). Likewise j(M;_1) = j(M;) and we cannot generate any new
protoconcepts, i.e. m(G;) = m(Gy), j(M;) = j(M,) and K; = K, for n > 1.
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The previous theorem then yields that $(K;) is the set of all semiconcepts that
can be generated from B and thus ‘IJ =9H(K;)UB. ad

The following proposition descrlbes how the contexts K; develop during the
algorithm.

Proposition 4. Let i,j € N, ¢ < j and let I;,I; be the incidence relations
of the contexts K;, K;. We define surjective maps vj; : m(G;) — m(G;) and
pgi : 3 (M;) — 5(M;) by
Yji (m(?l, %)) = m(Ql N éi, BN él)
3i (2, %)) = (A0 My, B 0 My).
Then for g € m(G;) and m € j(M;)
glim < 75, (9) ing' (m).

Proof: Since for j > ¢ holds G; C éj, 2N éi,% N éi) is a full sequent over
G;. Moreover, from m(2,B) # L it follows that m(AN G;, BN G;) # L, hence
(Qlﬂéz, %ﬂé ) € G; and ;; is well defined. Since 7y, is a refinement of maz, , ;i
is surJectlve Dually ftj;. For (Qll,%l) € G5 and (ng,%g) € M; it follows from
m(21 NGy, By NGi) I j (A2 N M;, B mTi) that m(2y, B, ) C m(A ﬂGl,%l N
Gi ) E5(2As N M;, B, ﬂM) C j(2A2,B5), hence gIm = Vj; Y9) I Hji L(m). Con-
versely, if (1, B1) € Gy, (A2, B2) € My and ;" (m(Ar, B1)) I p;' (5(A2, B2)),
then m(2A1, B1) = H 7 (m(21,%81)) C 15! (A2, B2)) = j(A2, B2), hence
m(ﬁl,%l)lij(ﬁg,%g). O
In the following a small example is given. As the algorithm is redundant,
we shorten some steps and give ideas for improvement. Moreover, due to space
limitations, only the first two iterations are presented. These first steps are suf-
ficient to illustrate the algorithm, while in later steps the implications become
very complex.

Example. We want to explore a context of inland waters starting from an
intuitive understanding of “river” as an inland water and “artificial” as an at-
tribute describing inland waters. As basic protoconcepts we take thus the M-
semiconcept ({river}, {river}’) generated by “river” which we abbreviate by
~r and the U-semiconcept ({artificial}’, {artificial}) generated by “artificial”
which we abbreviate by pa. For the first iteration of the algorithm we set in step
1: M = {yryu, pa} and Gy := {yr, pan}. In step 2, the user is asked which of
the following implications between Ll-semiconcepts are true:

| Implication |true| Interpretation |
T — pa U ~ry|yes The intents of yry and pa are disjoint
yruFApa — L | no |Every attribute is an attribute of “river” or “artificial”
yru — pa | no “artificial” is an attribute of “river”
pa — vry | no | the attributes of “river” form a subset of “artificial”

Likewise, the user has to decide which of the following implications between
M-semiconcepts are true:
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| Implication |true| Interpretation |

yr M pan — L|yes The extents of yr and pan are disjoint
Yr — pan | no “river” is an artificial water
pan — yr | no [The artificial waters form a subset of “river”
T — pandyr | no | Every inland water is artificial or a river

We obtain

M, = {({/u‘av ’YTU}v (Z))’ ({FYTUL {.u“a})’ ({,U,CL}, {’YTU})}a

G1 = {({yr} {nan}), {pan}, {vr}), (0, {yr, par})}.

From the true implication T — pa U~r follows j({yr}, {ua}) = j(0,{pa})
and j({pal}, {yr}) = 7(0, {~r}). Likewise yrMpuan — L yields m({yr},{pan}) =
m({yr},0}) and m({pan}, {yr}) = m({panq}, ). In order to improve readability
we use the smaller sequents. Thus we obtain the context K; as:

—yry pa | yry
L~ ua

yr ><
pian ><

—pall
—\’y’f‘

Since the M-semiconcepts are defined by their extent, it is sufficient to explain
the extents of the objects of K;. The extent of yr is obviously “river”, the extent
of pan is the set of all artificial inland waters, and the extent of —pan M —yr is
the set of all natural inland waters except “river”. The intent of —~vyr_ U —ua is
the set of all attributes “river” does not have from which furthermore “artificial”
is excluded, the intent of pa is “artificial”, and the intent of yry is the set of
all attributes “river” has. Finally, we set My := {vyry, pa, pany, (—pan 0 —yr)u}
and Ga := {yr, pan,yrun, (Cyr U -pa)n}-

For the second iteration, we define a prime implicand as a minimal sequent
describing a true implication. In order to save space, instead of all full sequents
a list of the implications described by prime implicands is given. For LI-sequents
we have:

| Implication | Interpretation |
pa — pany “artificial” implies no other attributes
panu — pa always true
T — pany UAyry follows from the other true implications
T — (mpa M —yr)u Upa |There are natural waters that are not rivers
T — (—pa N —r)y U pany follows from the rest
yry — (—pa M =yr)y “river” has all attributes common to all
natural waters
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For M-sequents we obtain:

Bjorn Vormbrock

Implication

Interpretation

T ATun

always true

Yrun — AT

The attributes of “river” distinguish it from all

other waters

yrun Mpa — L

Follows from the other implications

(ZyrU-pa)n MNyr — L

There are more attributes than “artificial”

that “river” does not have

(=yr U =pa)n Nyrun — L

Follows from the other implications

Reducing the full sequents as in the first iteration then yields

M, = {({/VTI—h /J'a}7 (2))7 ([2)7 {:ua})> ([2)7 {/VTLh (mpal j’WA)I—’})7

{(pam=yr)u}, {yrH}

Gy = {({rr}0), {pa, (=yr b =pa)n}, 0), {ual, {(=yr U-na)n}),

({(=yru=pa)n}, {pan}), (0, {(=yr U =pa)n, pan,y7})}-

The extent of the semiconcept described by (=yr,)n is the set of all inland
waters that have all attributes “river” does not have. We understand this as
the “opposite” of “river” and decide that in our understanding of the context
of inland waters this opposite is the object “basin”. In the same way we decide
that the intent of the semiconcept (—pan)y is the attribute “natural”. Moreover,
we decide that as inland waters similar to “basin” but natural (i.e. it has all the
attributes “river” does not have except for “artificial”) we have only “pond”.
Therefore, in Ky we replace m({vyr}, 0) with “river”, m({pa}, {(=yr U -ua)n})
with “basin”, m({(=yr U ~ua)n}, {pan}) with “pond”, j(0, {ua}) with “artifi-
cial” and j(0, {vry, (-pa M —yr),}) with “natural”. We obtain the context Ko

as:
~(=pam—r)
“paBf-yry “artificial” “natural”
Ka Uyry
“river” >< ><
“basin” ><

pa M =(=yr U -pa)n

X
X

Lépond”

X

=(=yr U ~pa)n

M=pan M —yr

X
X

The extent of pa M —(=yr U —ua)n is the set of all artificial waters g for which
an attribute m € M \ river’ exists such that m & ¢’. The extent of —(=vyr U
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—pa)n M —pan M —yr is the set of all natural waters g for which an attribute
m € M \ river’ exists such that m ¢ ¢g’. The intent of —~paf—~r is the set of all
attributes that “river” does not from which furthermore “artificial” is excluded,
and the intent of —=(—pa M —yr) U~vry is the set of all attributes that “river” has
and that are not common to all natural waters.

We stop here due to space restrictions. In the third iteration the attribute
set would be increased by one, then the algorithm terminates.

5 Further Research

As mentioned before, the presented algorithm still needs to be optimized. Some
possibilities are shown in the example. Firstly, it is helpful to allow the user to
assign names to the elements of G; and M; in every step and to use the known
implications to reduce the full sequents of G; and M;. Secondly, the set of all valid
or invalid full sequents is highly redundant. This can be improved by determining
the prime implicands with the aid of the user. Then the sets M; and G; could
be computed from the prime implicands. Still, a strategy to determine these
sequents rapidly and avoiding redundancies is needed. Moreover, the incidence
relation of the K; could be used to find valid implications and Proposition 4
describes how it is related to the incidence relation of K; ;. Finally, a further
investigation of double Boolean algebras in order to determine the free double
Boolean algebras is crucial.
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Abstract. We introduce the notions of systems of equivalence relations,
affine ordered sets and projective ordered sets to draw connections be-
tween many-valued contexts, geometry, and order-theory. This gives rise
to applications in data analysis and data visualization.

1 Introduction

A data table, formalized as a (complete) many-valued context, can be captured
by a system of equivalence relations. Section 2 provides the formalizations and
definitions necessary to express this connection. The geometry of a data table
consists of the ordered set of all equivalence classes of all equivalence relations of
the corresponding system of equivalence relations. In our approach we label each
equivalence class with the relation it stems from (compare [Wi70] where congru-
ence classes are ordered only via set-inclusion, which can result in identifying
classes from different relations). This ordered set has special properties which
are reflected in the notion of an affine ordered set. The latter carries a parallelism
which allows the reconstruction of the data table. The notion of a projective or-
dered set goes further. Here the ordered set is equipped with a specified subset of
so-called infinity objects. For weaker versions of both concepts, ordered sets with
parallelism and weakly projective ordered sets, there exists a categorical equiva-
lence, which is explained in Section 3. The categorical equivalence between affine
ordered sets and systems of equivalence relations with identity relation is estab-
lished in Section 4. Section 5 summarizes existing categorical equivalences and
Section 6 shows a real data example to indicate possible applications.

2 Simple Many-Valued Contexts and Systems
of Equivalence Relations

Data tables are formalized as many-valued contexts as it is common for example
in Formal Concept Analysis [GW99]. Many-valued contexts are also known as
Chu Spaces [Pr95] or Knowledge Representation Systems [Pa91].

Definition 1 (many-valued context). A (complete) many-valued context is
a structure K := (G, M, W, I), where G is a set of objects, M is a set of attributes,

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 222-235, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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W is a set of values and I C G x M x W is a ternary relation, where for every
(g,m) € G x M there exists a unique w € W with (g,m,w) € I (i.e. m is a
function from G to W via m(g) := w).

We call an attribute m € M an id attribute if for any two objects g1,92 € G
the values of g; and go regarding to m are different (i.e. m(g1) # m(gz)). The
following definition provides a notion of dependency between attributes of a
many-valued context.

Definition 2 (functional dependence). If my,mq € M are attributes of a
many-valued context (G, M, W, I), we call mg functionally dependent upon my
(in symbols: m1 C mya) if

Vg, h € G : mi(g) = mi(h) = ma(g) = ma(h).

If m1 € mgy and mo C my, the attributes my and mo are called functionally
equivalent.

For a map f : A — B the kernel of f is defined as the equivalence relation
ker(f) := {(a,b) € A?| f(a) = f(b)}. It is easily seen that m; C may if and only
if ker(my) C ker(mz). Accordingly, m and ms are functionally equivalent if and
only if ker(my) = ker(mg).

Note that our definition of functional dependence is a restricted one, since it
allows only one-element premises.

We can reduce a given many-valued context by identifying functionally equiv-
alent attributes. This is reasonable because there exists always a bijection f :
m1(G) — ma(G) between the values of functionally equivalent attributes with
f(ma(g)) = ma(g) for all g € G.

Many-valued contexts where any two functionally equivalent attributes are
equal will be called simple. Every many-valued context can be simplified without
loss of information via identifying functionally equivalent attributes.

Definition 3 (homomorphism for many-valued contexts). For many-
valued contexts (G, M,W,I) and (Go, Mo, Wy, Ip) we call a pair of mappings
(o, B) with a«: G — Gy and 3 : M — My a homomorphism between the many-
valued contexts if

1. ¥g,h € G:m(g) =m(h) = B(m)(a(g)) = B(m)(a(h)) and
2. B preserves functional dependence, that is

le,mg e M: m1 € myg —> ﬂ(ml) - 5(m2)

We can rephrase the conditions in Definition 3 as

1. Vg,h € G : (g,h) € ker(m) = (a(g), a(h)) € ker(8(m)) and
2. ¥my,mg € M : ker(my) C ker(mz) = ker(8(m1)) C ker(G(ms)).

To link a simple many-valued context (G, M, W, I) to geometry we consider
the family of equivalence relations (ker(m)),ear on G. Then, every attribute
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m € M induces a partition on the object set via the equivalence classes of
ker(m). So we can regard a simple many-valued context as a set of partitions
induced by its attributes. Every block of a partition corresponds to the set of
objects with a certain value with respect to a certain attribute. We denote the
identity relation on the set X by Ax := {(z,z) |z € X}.

Definition 4 (system of equivalence relations). We call E := (D, E) a
system of equivalence relations (SER), if D is a set and E is a set of equivalence
relations on D. If d € D and 0 € E, we denote the equivalence class of d by
[d]0 :={d' € D|d'0d}. If Ap € E we will also call (D, E) an “SER with identity

relation”.

Definition 5 (homomorphism for SER). For SERs (D, E) and (Dy, Ey) we
call a pair of mappings (a, 8) with & : D — Dy and 3 : E — Ey a homomor-
phism between the SERs if

1. Vz,y € DVO € E: 20y = a(z)B(0)aly) and
2. V01,02 cFE:00C6Hy=> ﬂ(&l) - ﬂ(eg)

To every given SER E := (D, E) we can assign a simple many-valued context
K(E) := (D,E,W,I), where W := {[d]f|d € D,0 € E} and I := {(d,0,w) €
D x ExW |w=[d]6}.

On the other hand we can assign, as described above, a SER to every many-
valued context. We define E(K) := (G, {ker(m)|m € M}).

We observe that for every simple many-valued context K we have K(E(K)) ~
K and for every SER E we have E(K(E)) = E.

The equivalence classes of the partitions form naturally an ordered set with
special properties. This observation enables us to approach many-valued contexts
using geometric and order-theoretic concepts and methods. The next chapter
deals with the relationship between two order-theoretic concepts linked closely
to geometry: ordered sets with parallelism and weakly projective ordered sets.
These concepts are equivalent to SERs with identity relation and many-valued
contexts with id attribute if specialized appropriately. This is elaborated in Sec-
tions 4 and 5.

3 Ordered Sets with Parallelism
and Weakly Projective Ordered Sets

In this section we introduce the categories of ordered sets with parallelism and
weakly projective ordered sets and establish a categorical equivalence between
them.

Definition 6 (ordered set with parallelism). We call a triple A := (Q, <, ||)
an ordered set with parallelism , if (Q, <) is a partially ordered set, || is a
equivalence relation on Q, and the axioms (A1) - (A3) hold. Let A := Min(Q, <)
denote the set of all minimal elements in (Q, <) and A(z) :=={a € Ala < z}.
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(A1) Ve e Q: A(z) # 0
(A2) Ve e QVae ATt e Q:a<t]|
(A3) Vz,y, 2,y e Q2" |z<y ||y & A@)NAY)#0=2" <y

The elements of A are called points and, in general, elements of Q are called
subspaces. We say that a subspace z is contained in a subspace y if x < y.

For a point @ and a subspace « we denote by m(a|x) the subspace which contains
a and is parallel to z. Axiom (A2) guarantees that there is exactly one such
subspace. For every z € @ we observe that §(x) := {(a,b) € A? |7 (a|r) = 7(bz)}
is an equivalence relation on the set of points. We collect a few properties of
ordered sets with parallelism which will be useful later.

Proposition 1. Let b€ A and x € Q. Then
b < w(alzr) & w(alx) = w(b|x).

Proof. “=7: Let b < 7(a|z). By definition w(a|x) || w(b|z). Also by definition
b < m(blx). With (A2) it follows that w(a|x) = 7(b|x).

“=7: Let w(a|z) = w(b|x). Since b < w(blz), b < w(a|z) follows immediately.

O

Proposition 2. Leta € A and x € Q. Then [a]0(z) = A(n(a|zx)).

Proof. If b € [a]f(x), then w(blx) = w(a|z). The previous proposition yields
b < m(alx), i.e. b € A(w(alz)). The other direction is proved analogously. O

Proposition 3. Let a,b € A. Then a || b and 0(a) = A4 for all a € A.

Proof. Let a,b € A. It suffices to prove that w(a|b) = a as the claims will then
follow immediately from the fact that 7(a|z) || x and from the definition of 0(a).
From the definitions of m(alb) and w(bla) we get m(ald) | b < w(bla) || a. As
a < w(alb), Aziom (A3) yields w(alb) < a. Since a < w(alb), by definition, we
have w(alb) = a, as required. O

To relate ordered sets with parallelism to each other we introduce homomor-
phisms:

Definition 7 (homomorphism for ordered sets with parallelism). For
ordered sets with parallelism A = (Q,<,||) and Ay = (Qo, <o, |lo) we call a
mapping o : Q — Qo a homomorphism if

o o maps points to points,
o « is order preserving (i.e. x <y = ax) <g a(y)),
e « is preserves the parallelism (i.e. x ||y = a(z) |lo a(y)).

By Hom(A, Ag) we denote the set of all homomorphisms from A to Ag.

We will use ordered sets with parallelism to link data tables to affine geom-
etry. To establish a connection to a projective view we provide the concept of a
weakly projective ordered set:
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Definition 8 (weakly projective ordered set). A triple P := (L, <,K) is
called projective ordered set if (L, <) is an ordered set (its elements are called
objects), K C L is a set (its elements are called infinity objects) and the axioms
(P1) - (P5) hold. The elements of L\K are called affine objects. The set of affine
points is defined as A := Min(L \ K, <) and we say x is contained in y or y
contains x if z < y.

(P1) An element of L is an affine object if and only if it contains an affine
point.

(P2) Every affine object x contains a greatest infinity object T .

(P3) Every affine point p and every infinity object k are contained in a least
element, denoted by pV k.

(P4) For every affine point p and every infinity object k we have (pV k)oo = k.

(P5) For every affine point p contained in an affine object x we have pV o = .

We observe a few properties of a weakly projective ordered set P = (L, <, K):
Proposition 4. Let a and b be affine points. Then aoo = boo-

Proof. By (P2), as and b exist. If boo < a, that would imply that as and beo
are comparable, because of (P2). Thus aoo = boo. We assume that a and b are
not comparable. Using (P3), we can form x = aV bs. Aziom (P4) guarantees,
that beo = (A V boo)oo = Teo- Clearly, ax < x and by, < x. Because every affine
object contains a greatest infinity object and T = boo we have Goo < boo. This
implies again doo = boo- a

Proposition 5. Let x and y be affine objects. Then v < y implies Too < Yoo
and x £ Yoo (refer to Fig. 1).

Proof. By transitivity xo, < y. Let a be an affine point contained by both x and
y. By (P5) we get aV oo = = and a V Yoo = y. Therefore Too # Yoo. Axiom
(P2) requires Too < Yoo This yields Too < Yoo Now assume x < yoo. This would
imply that a V Yoo = Yoo, but this contradicts aziom (P3) which requires a V Yoo
to be an affine object. O

We give a slightly more general statement without proof.

Proposition 6. Let x and y be affine objects. Then x <y implies Too < Yoo-

Fig. 1. The only possible configuration for two affine objects and their infinity objects
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Proposition 7. Let a be an arbitrary affine point. Then 1 := as is the least
element of (L, <).

Proof. Proposition 4 yields that L is well defined. Aziom (P1) guarantees that
for every affine object x there is an affine point b with b < x. Using Proposition
6 we deduce 1. = by < Too. So L is contained by every infinity object and also
(by transitivity) contained by every affine object. O

Again we need a notion of a homomorphism between weakly projective or-
dered sets:

Definition 9 (homomorphism for weakly projective ordered sets). For
weakly projective ordered sets P = (L,<,K) and Py = (Lo, <o, Ko) we call a
mapping « : L — Lo a homomorphism if

e « preserves affine points,

e « preserves affine objects,

e « is order-preserving, and

e « preserves the co-operation, i.e. a(Zo) = a(x)

[eon

By Hom(P,Py) we denote the set of all homomorphisms from P to Py.

Note that a(zs) = a(x),, implies that infinity objects are mapped to infin-
ity objects by a homomorphism. In the following we will show the categorical
equivalence of ordered sets with parallelism and weakly projective ordered sets.

3.1 From Ordered Sets with Parallelism
to Weakly Projective Ordered Sets

First from a given ordered set with parallelism A = (Q, <, ||) we construct a
weakly projective ordered set P(A) := (L, <4, Ka). As affine objects of the
weakly projective ordered set we take (). To construct the necessary infinity
objects we make use of the natural equivalence relations {f#(x) |z € Q} on the
set of all points of A. Let K := {6(z) |z € @} and Ly := Q U K. We define
the order

<a=<U{(0(2),y) [T € Qx| y <ypu{(0(x),0(y)) |z <y}

We will show that (L, <a,Ka) is a weakly projective ordered set. Note that
the set of affine points in P(A) equals the set of points of A. First, we convince
ourselves that the relation <, is an order. The only problem is transitivity.
Assume 0(z) <p 0(y) <a z where x,y,z € Q. We want to show that 0(z) <4 z
which is equivalent to 32’ € Q : z || ' < z. Since 0(y) <a z there exists y’' with
y |l ¢ < z. Also we have x < y. Let a € A(y'). We get w(alz) || z <y || v’ with
A(m(alz))NA(y") # 0. With (A3) it follows that 7(a|z) < y'. But by transitivity
of < we get x || w(alz) < z. This implies 0(z) <a z. Now we show (P1)-(P5).
Take an arbitrary affine object k£ € Q. Axiom (Al) guarantees that there exists
a point below k; this shows (P1). For verifying (P2) consider an affine object z.
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The infinity object 8(z) is contained by x by defintion of <4. Let 6(y) be another
infinity object contained by z. By defintion of <, this implies z || y. But this
implies f(x) = 6(y). Thus (z) is the unique greatest infinity object contained
by x. To validate (P3) we consider an affine point p together with an infinity
object O(z). The affine object w(p|z) contains p and also — by definition of <4 —
contains 6(x). Any other affine object covering 6(x) has to be parallel to  and
hence can not contain p. Using our previous results, a simple computation shows
(P4): (pVk)oo = (pVO(2))o = (7(p|2))oc = O(x). For (P5) let p be an affine
point and x be an affine object with p < . Then pVzo = pVo(x) = w(p|z) = .
This concludes our argument that P(A) is a weakly projective ordered set.

Now we extend A to Hom(A, Ap). Let o € Hom(A, Ag). We will define the
mapping P(«a) : P(A) — P(Ag) and show in the following that it is indeed a
homomorphism between the corresponding weakly projective ordered sets. Set
P(a)(z) := a(z) for x € L\ K and P(a)(0(x)) := 0(a(y)) for (z) € K and
0(x) < y, with y an affine object (we call y an affine cover of 6(z)). Obviously,
the mapping P(«) is well-defined for x € L\ K. For §(z) € K all the affine
covers of f(x) are parallel in A. Thus all the images of these covers are parallel
in Ag, because « is a homomorphism. Hence, it does not matter which affine
cover y of 6(z) we use to determine f(a(y)), because all the images of covers are
parallel and yield the same infinity object in P(Ay).

Clearly, P(«) preserves affine points, affine objects and infinity objects. We
have to show that P(«) is order-preserving. Let & <4 y. If both, = and y, are
affine objects in P(A) it follows immediately that P(a)(z) <gq, P(a)(y). If
both, x and y, are infinity objects they are of the form 6(x’) and 6(y’) for affine
objects © < ' and y <4 vy’ with 2’ <4 9. That implies 2’ < y’ because =’ and
y’ are affine objects. Therefore a(z') < a(y’). This implies (by defintion of <)
O(a(z")) <a, 0(a(y’)). If z is an infinity object and y is an affine object, we can
denote = by 0(a’) for some affine object z’. By defintion of <,, it follows that
there exists an affine object ¢’ with 2’ || ¥ < y in A. That implies a(y’) <o a(y).
Again by definition of <, it follows that 6(a(y’)) <a, a(y). That completes our
argument that P(«) is order-preserving (the last case — x an affine object and y
an infinity object — can not occur) and therefore a homomorphism.

3.2 From Weakly Projective Ordered Sets
to Ordered Sets with Parallelism

For the reverse construction we start with a weakly projective ordered set P =
(L,<,K) and build an ordered set with parallelism A(P) := (Qp, <p, ||p). We
take the set of affine objects of the weakly projective ordered set as underlying
set of our ordered set with parallelism Qp := L\ K. The order on Qp is the
restriction of the order < to Qp (i.e. <p:=< N(L \ K)?). The parallelism is
derived via the infinity objects: ||p:= {(z,%) € Qp* | Zoo = Yoo }. Obviously, ||p is
an equivalence relation. We have to show that (A1) - (A3) hold in A(P). Axiom
(P1) translates directly into (A1). For (A2) consider a minimal element a € Qp
and an arbitrary element z € Qp. With (P2), z contains a greatest infinity
object o in L. Axiom (P3) allows to form y = a V 2. Clearly, a <p y. We
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need to show that y ||p 2 which is equivalent to Yoo = Zoo. Using (P4), we see
that Yoo = (@ V Zoo)oo = Too. To verify (A3), we assume z’ ||p x <p y ||p ¥’ and
A(x') N A(y") # 0 for affine objects z,z’,y,y’. Proposition 6 yields zoo <p Yoo-
The parallelity gives Too = yoo- The inequality A(z’') N A(y’) # 0 ensures that
there exists an affine point a contained by both 2’ and y’. Axiom (P3) allows
us to form a V z/ which is equal to 2’ by (P5). Clearly, a V y,, = 3/ is also an
upper bound of a and z.,. Because there has to be a least one, ' <p y’. This
finishes our argument that A(P) is an ordered set with parallelism.

Now we extend A to Hom(P,Py). Let @ € Hom(PP,Py). We will define the
mapping A(a) : A(P) — A(Py) and show in the following that it is indeed
a homomorphism between the corresponding ordered sets with parallelism. We
set A(a)(x) := a|\ k(). Clearly, A(c) preserves points and is order-preserving.
Let z ||p y. This translates into Zo, = Yoo in P. Because « is a homomorphism
it holds that a(x)ee = a(%oo). This implies a(2)oo = (Y)oo- We get = [|p, y.
Therefore A(«) is a homomorphism.

3.3 Categorical Equivalence

Having defined the functors P and A we will describe the categorical equivalence
between ordered sets with parallelism and weakly projective ordered sets. To
keep this part short we will sketch only the main ideas for the proofs (using
previously explicated notation implicitly).

For each ordered set with parallelism A, the map €, := idg is an isomorphism
from A to A(P(A)). For each weakly projective ordered set P, an isomorphism
ep : P — P(A(P)) is defined via ep|p)\ g := idp\x and ep(k) := 0(x) where k € K
and z is an affine cover of k.

Proposition 8. For ordered sets with parallelism A and Ay the mapping AP
is a bijection between Hom(A, Ag) and Hom(A(P(A)), A(P(Ag))) which makes

the following diagram commutative for every o € Hom(A, Ag):

A L AO

€p J{ l €A

AP(A) 2P AP(A)

Proof. Let x € Q. We will show that the diagram is commutative:
AP(a)(ea(r)) = AP(a)(z) = (P(a))|p\k(z) = afz) and ep(a(z)) = a(z).
Also, the first equation expresses that AP = idgom(a)- a

Proposition 9. For weakly projective ordered sets P and Py the mapping PA is
a bijection between Hom(P,Py) and Hom(P(A(P)), P(A(Py))) which makes the
following diagram commutative for every o € Hom (P, Py):
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P —— P
E]Pl lq’o
PA(P) 229, pA(Ry)

Proof. We will show that the diagram is commutative. For x € L\ K we have:
PA(a)(ep(z)) = PA(a)(z) = (P(alp\k)(2) = a(z) and ep,(a(z)) = a(z). Let
x € K and y be an affine cover of x.

PA(a)(er(z)) = PA()(0(y)) = 6(A()(y)) = 0(x(y))
and
ep, (a(x)) = 0(y') with ¢’ affine cover of a(z).
Since y is an affine cover of x, a(y) is an affine cover of a(x). This guarantees
0(y") = 0(aly)). It is easy to see that PA is bijective. a

The previous propositions lead to the following result:

Theorem 1. The categories of ordered sets with parallelism and weakly projec-
tive ordered sets are equivalent. a

4 Systems of Equivalence Relations
and Affine Ordered Sets

To be able to establish a close connection between SERs and ordered sets with
parallelism we have to look at a certain subclass of ordered sets with parallelism.

Definition 10 (affine ordered set). An affine ordered set is an ordered set
with parallelism where the following additional axiom holds (for notation compare
definition 6):

(A4) Vo,ye Q' v € Q:z £y & A(x) C Aly)
=z &y lly & AR)NAY)#0 & A@) € A®Y).

The next proposition explains this axiom.

Proposition 10. Let A = (Q, <, ||) be an affine ordered set and x,y € Q. Then
x <y is equivalent to O(x) C 0(y) & A(z) C A(y).

Proof. “=7: Suppose © < y. If (a,b) € 0(z) there exists 2’ || x with a,b < 2.
By (A2) there exists a unique y' || y with a < y'. By (A3) 2/ < y/, hence
(a,b) € O(y). Obuviously, A(x) C A(y).

“=": Suppose 0(z) C 0(y) with A(xz) C A(y). Suppose x % y. Aziom (A4)
yields the existence of ¥’ and y' with ' || z and y' || v where A(z) N A(y) # 0.
Let a € A(z') N A(y'). Also (A4) yields the existence of a point b € A(x') with
b ¢ A(y'). Therefore (a,b) € 6(x) but (a,b) ¢ 0(y), a contradiction.

We will show that the concept of an affine ordered set captures the essence of a
SER with identity relation and vice versa.
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4.1 Moving between Affine Ordered Sets
and SERs with Identity Relation

For constructing the SER with identity relation corresponding to a given ordered
set with parallelism A = (@, <,||) we take the set of all points A of the ordered
set and use it as carrier set for the SER. The equivalence relations are recovered
using the parallelism ||. We know from the last section that 6(x) := {(a,b) €
A% | 7(alx) = m(b|z)} is an equivalence relation for every z € Q. Therefore we
can define E(A) := (Min(Q, <), {8(z)|z € Q}). Proposition 3 yields that for any
point a the corresponding relation 6(a) equals As. Hence Ay € {0(x)|x € Q}
and E(A) is a SER with identity relation.

For describing the reverse construction let E = (D, F) be a SER with identity
relation. We consider the set of all labelled equivalence classes Q := {([z]0,0)|z €
D, 0 € E} as set of subspaces of an ordered set with parallelism. We define the
order on @ as

([1}91,01) S/ ([y]02,02) R [x]@l - [y]Gg /\91 - 02.
Note that, because Ap € E, we have
Min({([z]¢,0)|6 € E},<) = {({z},Ap) |z € D}.

That means the points of the constructed ordered set can be identified with the
carrier set of the SER.
To complete the construction we define a relation ||” on the set of equivalence
classes:
([2]61,601) |I" ([y)02,02) : <= 61 = 0o

We have to show that A(E) := ({([x]6,0) |8 € E},<',||') is indeed a ordered set
with parallelism.

Obviously (A1) holds. For verifying (A2), consider an arbitrary subspace
x = ([b]6,0) and a point a = ([alfy,bp). We set t := ([a]d,d). Then ¢ is the
unique subspace t with a <’ t ||’ «. For showing (A3), let (X,61), (X’,61), (Y, 62)
and (Y’,02) be subspaces of A(E) with (X,0;) <’ (Y,02) and A((X',01)) N
A((Y’,63)) # 0. That means X C Y, 61 C 03 and X' NY’ # (). This implies
X' C Y’ because 61 C 5. This concludes the argument that A(E) is an ordered
set with parallelism.

To prove that this ordered set with parallelism is an affine ordered set we
validate (A4). Let = ([a]61,01) and y = ([b]02, 2) be arbitrary subspaces with
z £y and A(z) C A(y). Since z £’ y, it follows that either [a]01 € [b]02 or
61 € 05. If [a]61 € [b]02, then there exists an atom ¢ in A(z) with ¢ ¢ A(y). Let
z' =z and y' := ([¢]02,02). Obviously z || 2’ and y || y'. Because ¢ € A(z')
and ¢ € A(y'), we have A(z") N A(y’) # 0. With A(z') = A(x) C A(y) we get
A(z") € A(y') using that A(y’) and A(y) are disjoint. If 1 € 65, there exists
an equivalence class [c]f; with [c]0; D [c]f2. We can choose z’ := [¢]f; and
y' = [¢]f2. Obviously the conclusion is fulfilled. Therefore A(E) is even an affine
ordered set.
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4.2 Categorical Equivalence between Affine Ordered Sets
and SERs with Identity Relation

First we start with an affine ordered set A := (Q,<,||). We propose that
AE(A) ~ A. Because E transfers the points of A into the carrier set of the
SER, the points of the resulting affine ordered set are exactly the singletons of
its former points labelled with the identity relation. More general, every = € @
is transformed into the set of points it contains, i.e. A(x), together with a label.
Let EA(A) := (Qo, <o, |lo). Then the idea is to define a bijection o : Q@ — Qg
where a(z) := (A(x),0(x)). We have to ensure that the order and the paral-
lelism are preserved. Let « < y. By Proposition 10, this implies A(x) C A(y)
and 0(z) C 0(y) which means exactly a(zx) <o a(y). Now suppose z || «’. We
get a(x) = (A(x),0(x)) |lo (A(x"),0(z")) = a(z’) because 0(x) = 0(x’). Hence o
is an isomorphism.

Let E = (D, E) be a SER with identity relation. We show that E ~ EA(E).
The points of the affine ordered set A(E) can be identified with the singletons
of D. Let EA(E) := (Do, Ey). Then we can define bijections « : D — Dy where
a(d) .= ({d},Ap) and 8 : E — Ey where 3(0') := {((a, Ap), (b, Ap))| (a,b) €
6'}. Obviously, (a, ) is an isomorphism between E and EA(E).

Because it is easy to see that results analogous to those in Sect.3.3 can be
formulated for SERs with identity relation and affine ordered sets, we omit the
detailed description and give only one additional definition specializing weakly
projective ordered sets before our main results are presented in the next section.

Definition 11 (projective ordered sets). A projective ordered set is a
weakly projective ordered set where the following additional axiom holds (for
notation compare definition 8):

(P6) If an infinity object k is not contained in an infinity object 1, then there
are affine points a and b with aVk=bVk andaVI#bVlI.

5 Main Results

We combine our main results in an equivalence theorem for four different cate-
gories.

Main Theorem 2. The following four categories are equivalent:

category of simple many-valued contexts with id-attribute
category of systems of equivalence relations with identity relation
category of affine ordered sets

category of projective ordered sets

Proof. Only the categorical equivalence between affine and projective ordered sets
remains to be proven. Using the categorical equivalence between ordered sets with
parallelism and weakly projective ordered sets (as shown in section 8) the proof
narrows down to showing that the properties (A4) and (P6) are equivalent.
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“A4) = (P6)7: Let A be an affine ordered set and P(A) the corresponding
weakly projective ordered set. We show that P(A) is a projective ordered set.
Let k = 0(z) and | = 0(y) be infinity objects with k £ | and a be an affine
point. If A(aV 0(z)) € A(aV 0(y)), let b € A(aV 0(z)) \ A(a Vv 0(y)). Then
aVO(x)=0bVl(x) and aV O(y) # bV O(y). If AlaV 0(x)) C A(aV 0(y)) we
can apply (A4) which yields affine objects ¥’ and y' with x' = 0(x), y., = 0(y),
A)NA(Y) # 0, and A(z") € A(y'). Therefore we can pick affine points b and c
withb € A(z")NA(Y") and c € A(x")\ A(y'). Again we get bVO(x) = 2’ = cVO(x)
and bV 0(y) =y’ # ¢V 0(y). This shows that (P6) holds in P(A).

“P6) = (A4)”: Let P be an projective ordered set and A(P) the corresponding
ordered set with parallelism. We show that A(P) is an affine ordered set. Let
and y be affine objects with v £ y and A(z) C A(y). This implies that Too £ Yoo-
Using (P6) we deduce the existence of affine points a and b with aV e = bV Zeo
and aV Yoo # bV Yoo. Let ' :=w(a|x) and y' := 7w(aly). Then &’ || x and y' || v,
a€ Al )NA®Y), and b e A(x') \ A(y’). Therefore (A4) holds in A(P). O

We conclude our investigation with an example which activates the main
theorem and shows a possible application in data analysis and data visualization.
6 An Example

Suppose we want to buy a car. We might investigate a few models and record
their properties. The result can look like a sample data table from [Pa91] as
shown in Fig.2.

|Car|| Prize |Mileage| Size |Max—Speed|Acceleration||

1 low |medium| full low good
2 [|medium|medium|compact high poor
3 high |medium| full low good
4 (lmedium|{medium| full high excellent
5 low high full low good

Fig. 2. Car context

Now, our interest could be to determine dependencies between the attributes
or on a finer level even between attribute values.

Applying our equivalence theorem we are able to translate the data table —
which can be seen as a many-valued context — into a SER with identity relation
where G = {1,2,3,4,5} and the set of equivalence relations is given by the
following partitions:

PPrize = {{1> 5}7 {274}7 {3}}7 PMileage = {{17 27 374}7 {5}}7
PSizc - {{17 3a 47 5}a {2}}7 PMaxfspccd == {{L 37 5}a {27 4}}a
PAccclcration = {{1, 37 5}, {2}7 {4}}7 and AG.

The Hasse-diagram in Fig.3 visualizes the set-theoretic inclusion order be-
tween the equivalence relations.
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Maxz—Speed

Accelaration

Objects

Fig. 3. Order of the equivalence relations

From this diagram we can read off the following functional dependencies
between attributes:

Prize = Max-Speed; Acceleration = Max-Speed; Acceleration = Size.

(Ma,h) (Ma,l)
@, Q

Fig.4. Affine ordered set for the car context (S=Size, Ma=Max-Speed,
A=Acceleration, P=Prize, M=Mileage; c=compact, f=full, h=high, m=medium,
l=low, p=poor, e=excellent)

We can construct an affine ordered set from this SER with identity relation
to get an order-theoretic representation of our data table as shown in Fig.4.
Each node represents an equivalence class with regard to one attribute. There-
fore it is labelled with a pair consisting of the attribute and the value which
describes the represented class. If we follow downward paths from an equiva-
lence class we can read off its elements at the bottom level. If we follow upward
paths from a node we can read off value dependencies like “(Acceleration,poor)
implies (Size,compact)”. There are many options for improving the readability
and expressiveness of the diagram, but this is not in the scope of our article. A
Hasse-diagram for the corresponding projective ordered set is shown in Fig.5.

It was demonstrated that the connection of order-theory and geometry can
yield useful instruments for data visualization and classification. Our diagram-
matic representations of data make it easier for humans to detect structural
patterns and interesting anomalies. Importantly, these representations can be
translated back to the original data table and vice versa without losing informa-
tion.
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(Ma,h) (Ma,l)
@ Q

Fig. 5. Projective ordered set for the car context
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Abstract. We consider contexts with a finite set of entities described in
a poset. When entity descriptions belong to a meet-semilattice, we show
that nonempty extensions of concepts assigned to such a context coincide
with weak clusters associated with pairwise or multiway dissimilarity
measures satisfying some compatibility condition. Moreover, by duality
principle, when entity descriptions belong to a join-semilattice, a similar
result holds for so-called dual concepts of the given context.

1 Introduction

When a dataset to be treated is not presented in the form of a formal context, a
current formal concept analysis (FCA) approach is to bring it into this form by a
process called “scaling”. Another approach consists in generalizing the construc-
tion of concepts to contexts where the entity set or the attribute set is considered
as a poset [[J2/3/45]. The present paper belongs to the framework of this ap-
proach. Indeed, we are concerned with concepts assigned to contexts where the
entity description space is a poset. When the entities are in finite number and
their description space a meet-semilattice, we show that a nonempty entity sub-
set is a concept extension if and only if it is a weak cluster associated with
some pairwise or multiway dissimilarity measure satisfying some compatibility
condition. Moreover, by duality principle, when the entity description space is a
join-semilattice, a similar result holds for so-called dual concepts. It should be
noticed that weak clusters associated with a (multiway) dissimilarity measure
are nonempty subsets with a positive weak isolation degree [6l{7]. Therefore, be-
sides the connection established between cluster analysis and FCA, this paper
shows on the one hand that to each nonempty concept extension is associated
some (multiway) dissimilarity-based isolation degree which, in turn, can be con-
sidered as a quantitative concept selection criterion. On the other hand, it reveals
a (multiway) dissimilarity type whose associated weak clusters are easily inter-
pretable, as being concept extensions. In addition, the presented result has good
potential to be of help for applications where both cluster and concept analysis
methods are likely to be useful. The paper is structured in five sections.

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 236-BZ3], 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Section 2 introduces concepts assigned to contexts where entity descriptions
belong to a meet or join-semilattice. Multiway dissimilarity measures and their
associated weak clusters are presented in Section Bl The relation between (dual)
concept extensions and weak clusters is given in Section [, and the paper is
closed with a brief conclusion.

2 Concepts in Contexts
Where Entity Descriptions Belong to a Poset

It is well known that given a formal context K = (E, A, R), the binary relation
R induces a Galois connection between the posets (P(E),C) and (P(A), C) by
means of the maps

f:XHwQX{CLGA: (z,a) € R}

and
g: I~ QI{xEE:(aj,a)ER},

for X C Eand I C A [89]. A formal concept of K is a pair ¢ = (X, I) such that
f(X)=Tand g(I) = X.

As the Galois connection (f, g) relates two posets, the construction of formal
concepts naturally extends to contexts where elements of E are viewed as de-
scribed in a poset. Following [4], we denote such a context as a triple (E, D, 0)
where E stands for the entity set, D := (D, <) the entity description space, and
0 the descriptor that maps F into D. When D is a complete meet-semilattice,
the descriptor ¢ induces a Galois connection between (P(E), C) and D by means
of the maps

f: X —inf{d(z) : z € X}

and
g:w—{reFE :w< i)},

for X C F and w € D. In these conditions, the map ¢5 := g o f is a closure
operator [10], and a concept assigned to (F,D,d) will be any pair ¢ = (X, w)
such that ¢5(X) = X and f(X) = w; the set X will be called the extension of
c. It may be noted that such concepts are considered in [1/45]. When D is a
complete join-semilattice, the descriptor § induces a Galois connection between
(P(E), Q) and the order-dual of D by means of the maps

fo: X = sup{d(z) : z € X}

and
@rwm{reE w>dx)},

for X C F and w € D. In these conditions, the map gbéa = g% 0 f9 is a closure
operator, and a so-called dual concept of (E,D,d) will be any pair ¢ = (X, w)
such that ¢2(X) = X and f?(X) = w; here again, the set X will be called the
extension of c. It may also be noted that these dual concepts are the elements
of what is called in [2] the union Galois lattice of (E, D, ¢).
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In what follows, E will denote a finite nonempty entity set, D is a meet-
semilattice and ¢ a descriptor that maps F into D. For all X C E, 6(X) will
denote the set of descriptions of entities belonging to X.

Consider Table [T presenting five visitors of a given Web site, described by
three attributes: LiLo, NoLi, ReSu, where LiLo(z) is the login-logout time inter-
val of visitor # within the interval 0-24, NoLi(z) is the number of times visitor
z logs in at LiLo(z) interval during a given fixed period, and ReSu(z) is the
subjects requested by = during a session; requested subjects are sets of subjects
from: Arts & Humanities (AH), Business & Economy (BE), Computers & In-
ternet (CI), News & Media (NM), Recreation & Sports (RS), Science & Health
(SH), Society & Culture (SC).

Table 1. Example context K; where entity descriptions belong to a poset

LiLo NoLi ReSu

0-2 30 CIRS

21-24 35 AH,NM,SC
0-3 40 AH,BE,CI,RS
22:24 35 AH,SC

12-14 30 BE,NM

O W N =

Then Table [[] can be seen as representing a context K; := (FEy,D;,01)
where E; is the set {1,2,3,4,5}, D, the direct product of three posets: the
set (CI([0,24]), C) of finite unions of closed intervals of [0,24] endowed with set
inclusion order, the set ([30;40], <) of integers from 30 to 40, endowed with inte-
ger usual order, and the powerset (P(S), C) of the set S = {AH, BE,CI, NM,
RS, SCY}, endowed with set inclusion order, and d;(z) = (LiLo(x),NoLi(z),
ReSu(z)). The pair ({1,3},(0—2,30,{CI, RS})) is a concept of Ky; but {1, 2,3}
is not a K; concept extension because inf §>({1,2,3}) = (0,30,0) < §2(4). On
the other hand, the pair ({4,5}, (12 — 14U 22 — 24,35,{AH, BE, NM,SC})) is
a dual concept of Ky, where 12 — 14 U 22 — 24 denotes the union of intervals
[12,14] and [22,24]; but {1,2,3} is not a K; dual concept extension because
52(4) < supda({1,2,3}) = (0— 3U21 — 24,40, {AH, BE,CI, NM, RS, SC}).

3 Weak Clusters Associated
with Multiway Dissimilarity Measures

Multiway dissimilarity measures are natural extensions of classical pairwise dis-
similarity measures, that allow global comparison of more than two entities. In
the last decade, they have been investigated or considered from different ap-
proaches in many works among which we just mention [7ITTIT2].

For all integer p > 1 and all nonempty subset X C E, XZ  will denote the
set of nonempty subsets of X with at most p elements. A multiway dissimilarity
measure on FE will be any nonnegative real valued map d defined on a set of
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nonempty subsets of E, such that d(X) < d(Y) when X C Y. Sometimes we
will be interested in so-called k-way dissimilarity measures, where k is an integer
such that k£ > 2, i.e., multiway dissimilarity measures defined on EZ,. On the
other hand, we will simply write d(z) or d(z,y) for x,y € E. Classical pairwise
dissimilarity measures correspond to the case k = 2. It should also be noticed
that the usual condition d(x) = 0 is not required in the present paper.

Example 1. Consider the context K; given in Table[Il Then the map dis defined
on P(Ey)\ {@} by

dis(X) = 47 — M(NgzexLiLo(x)) + Hél)l{l NoLi(z) + | Nzex ReSu(x)|,

where A([o, 8]) = S — « and where |Y| is the number of elements in Y, is a
multiway dissimilarity measure on FEj.

Dissimilarity measures play an important role in cluster analysis where they
are often used for constructing clusters having a weak within-cluster dissimilar-
ity degree and/or a strong between-cluster dissimilarity degree. Weak clusters
introduced in [6] in the framework of pairwise similarity measures are among
these clusters. They are said to be weak in contrast to so-called strong clusters
defined as follows. A nonempty subset X of E is said to be a strong cluster
associated with a pairwise dissimilarity measure ds (or ds-strong cluster), if its
dy-strong isolation degree

min {dz(z, 2) — da(z,y)}

z,yeX

z¢X
is positive. Figure [ illustrates the configuration satisfied by a strong cluster
associated with a pairwise dissimilarity measure, say d: for all z,y within the
cluster and all z outside it, each of the dissimilarities d(z, z) and d(y, z) is greater
than the dissimilarity d(z,y).

Fig. 1. Strong cluster associated with a pairwise dissimilarity measure

A nonempty subset X of E is said to be a weak cluster associated with a
pairwise dissimilarity measure ds (or dg-weak cluster), if its ds-weak isolation
degree

IH;ieI}({maX{dQ(fE, z),da(y, 2)} — da(z,y) }
2e¢X
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is positive. Figure [2 presents the configuration satisfied by a weak cluster asso-
ciated with a pairwise dissimilarity measure, say d: for all z, y within the cluster
and all z outside it, at least one of the dissimilarities d(x, z) and d(y, z) is greater
than the dissimilarity d(z,y).

Fig. 2. Weak cluster associated with a pairwise dissimilarity measure

It should be noticed that any ds-strong cluster is a dy-weak one. Moreover,
the notion of weak cluster has been naturally extended to multiway dissimilarity
measures [7/I3]. A nonempty subset X of F is said to be a weak cluster associated
with a k-way dissimilarity measure dy, (or dy-weak cluster) if its dy-weak isolation
degree

A
z¢X

is positive.

4 Relation between Concept Extensions
and Weak Clusters

Let a valuation on a poset (P, <) be any map h : P — R, such that h(z) <
h(y) when = < y [8]. A strict index will be a valuation h such that =z < y
implies h(x) < h(y). A multiway dissimilarity measure d on E will be said to
be meet-compatible if there exists a valuation h on D with which it is meet-
compatible, i.e., such that d(X) < d(Y) <= h(inf6(X)) > h(inf6(Y")), for
X,Y C E. If h is a strict valuation, d will be said to be strictly meet-compatible.
Meet-compatibility is a kind of natural agreement expressing the following fact,
relatively to (E, D, d): the lower the meet of descriptions of entities in X, the
larger the dissimilarity degree of X is. To fix the ideas, assume that a part of
entity description space is that depicted in Figure[3. Then any meet-compatible
2-way dissimilarity measure d must satisfy the following inequalities: d(z,u) <
d(y,u) = d(z,y) < d(u,v) = d(x,v) and d(y,v) < d(u,v).

Remark 1. The reader may observe that when D is a join-semilattice, a dual
compatibility condition, say join-compatibility, can be defined by reversing the
right-hand side inequality in the above equivalence and replacing meets by joins.

Ezxample 2. The multiway dissimilarity measure given in Example [ is strictly
meet-compatible. Indeed, A, x — z and Y — |Y| are strict valuations on
(CI([0, 24]), ©), ([30;40], <) and (P(S), C), respectively. Then hy defined by

ha(u, v, w) = Mu) + v + ]
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5(x) 6(u) 5(y) 5(v)

5(z) A 8(y)
6(u) A 8(v)

Fig. 3. A part of entity description space

is a strict valuation on D;, and the fact that dis is meet-compatible with hq
follows from the fact that dis(X) is decreasing w.r.t. hq(inf 61 (X)).

Recall that the breadth of a meet-semilattice (P, <) is the least positive
integer k such that the meet of any (k + 1) elements of P is always the meet of
k elements among these k 4+ 1 [10]. Having noticed this, we agree to say that a
subset @@ of a meet-semilattice is of breadth k& if & is the least positive integer such
that for any (k 4 1)-element subset X of @ there is € X with inf(X —z) < z.
Then we have the following result.

Theorem 1. Let X be a nonempty subset of E and, for integers p > 2, let d,
be a strictly meet-compatible p-way dissimilarity measure on F.

(a) If 6(E) is of breadth 1, then the following conditions are equivalent.
(al) X is a (E, D, ) concept extension, i.e. ps(X) = X.
(a2) X is a da-strong cluster.

(b) If 6(E) is of breadth k > 2, then the following conditions are equivalent.
(b1) X is a (E,D,d) concept extension.
(b2) X is a di-weak cluster.

Proof. (a) Let ¢5(X) = X and let z,y € X, z ¢ X. Then, as §(F) is of breadth
1, 6(z) < infd(z) A d(y), so that da(z,z) > da(x,y) since dy is strictly meet-
compatible. This proves that X is a ds-strong cluster. Conversely, let x € X
such that inf 6(X) = 6(z) and let z ¢ X. Then dx(z, z) > da(x) so that we don’t
have 6(x) < d(z), proving that ¢s5(X) = X. Assertion (b) proves with similar
arguments. O

It may be observed that when 6(E) is of breadth 1, weak clusters asso-
ciated with a strictly meet-compatible pairwise dissimilarity measure coincide
with strong clusters associated with this dissimilarity measure. Then, as E is
assumed to be finite, the following result can be derived from Theorem [11

Corollary 1. There is an integer k > 2 such that a nonempty subset of E is a
(E, D, &) concept extension if and only if it is a weak cluster associated with a
strictly meet-compatible k-way dissimilarity measure.

It should be noticed that, by duality principle, when D is a join-semilat-
tice, similar results hold between nonempty (F,D,d) dual concept extensions
and weak clusters associated with strictly join-compatible multiway dissimilarity
measures.
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5 Conclusion

We have outlined an exact relation between (dual) concepts assigned to some
contexts and clusters associated with some pairwise or multiway dissimilarity
measures. This result, which particularly holds for concepts of standard formal
contexts, appears to us as a real bridge between cluster analysis and FCA. In-
deed, on the one hand, contexts and their assigned concepts are the basic notions
of FCA and, on the other hand, the notion of a cluster is central in cluster anal-
ysis. Besides this connection, the result suggests a quantitative concept selection
criterion as well as a new way for constructing clusters having a conceptual de-
scription. Moreover, the (multiway) dissimilarities measures in question can be
easily derived from a context (F, D, ¢), and their properties lead to the following
formula which can be of help for efficient computation of concepts of the given
context: the least concept extension containing a subset X of E is

¢5(X) = {x € B : h(inf 6(X U {z})) = h(inf 6(X))},

where h is any strict valuation on D. A similar formula can be found in [14]
where the authors use a so-called weight compatible with a closure operator.

To get an idea of the potential usefulness of our result, let us just con-
sider the following application where (semi-automatic) identification of objects
in legacy code is addressed, using both cluster analysis and FCA methods [15].
For this application, constructing weak clusters associated with some strictly
meet-compatible multiway dissimilarity measure will obviously preserve benefits
of separate use of both cluster analysis and FCA methods, while avoiding such
problems as those related by the authors: (1) non overlapping of clusters pro-
duced by an agglomerative hierarchical method, (2) dependence of the output
on the choice of clusters to be merged when there are more than one closest
cluster, (3) dendrograms difficult to interpret. Moreover, one can restrict himself
in computing only clusters generated by selected subsets (for instance, with at
most a given number of elements) and/or with isolation degree within some fixed
interval. This can result in a proper subset of the concept lattice, which may be
of some interest from an informative viewpoint.
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Abstract. Roget’s Thesaurus is a semantic dictionary that is organized by con-
cepts rather than words. It has an elaborate implicit structure that has not, in the 150
years since its inception, been made explicit. Formal Concept Analysis (FCA) is a
tool that can be used by researchers for the organization, analysis and visualization
of complex hidden structures. In this paper we illustrate two ways in which FCA is
being used to explicate the implicit structures in Roget’s Thesaurus: implications
and Type-10 chain components.

1 Introduction

Like The Bible and Shakespeare, Roget’s Thesaurus, for English speakers, is a cultural
artefact. School children are taught how to use it at school and it is found on educated
English speaker’s bookshelves. In real life it is mainly used for crossword puzzles, for
finding synonyms to avoid repetition in written work, or to find out what a word means
by viewing the company it keeps in the Thesaurus. Whatever its use, it is acknowledged
to be a rich source of “meaning."

Roget’s Thesaurus has been studied or used for the automatic classification of text,
automatic indexing, natural language processing, word sense disambiguation, semantic
classification, computer-based reasoning, content analysis, discourse analysis, automatic
translation, and a range of other applications. This research has involved mainly the
American edition, or Roget’s International Thesaurus (RIT), and usually the 3rd Edition
(Berrey, 1962). Roget’s Thesaurus was also used as the basis for WordNet (Miller, G.,
Beckwith, Fellbaum, Gross, Miller, K., & Tengi, 1993), the electronic model of the
mental lexicon.

For researchers the dream of actually capturing and utilizing the semantics, or mean-
ing, of the word associations in Roget’s has been elusive. In part this has been because
of alack of a visualization method that would allow the analysis and insights that would
unlock the “inner structure" (Sedelow, W. A. Jr., 1990). Formal Concept Analysis (Wille,
1982) has the ability to automatically classify and arrange information while retaining
the complete data, to produce graphics of lattices (Hasse diagrams), and to make rela-
tional structures explicit. This gives researchers, we believe, the tool to unlock the inner
structure of words and senses in Roget’s Thesaurus.

2 The Structure of Roget’s Thesaurus

Roget’s Thesaurus’s organizational structure is a classification tree, or conceptual hi-
erarchy. At the lowest level are what is commonly known as synonyms. The explicit

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 244-D31] 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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structure of the book consists of three main parts. Following the front matter is the top
level of the hierarchy represented by the tabular Synopsis of Categories. This is followed
by the body, or Sense Index of the book, which continues the hierarchy down to the low-
est level. The Sense Index lists the 1,000 or so Categories (also called headwords, or
lemmas, by some researchers) representing the notions found at the most detailed level
of the “Synopsis." Categories generally occur in pairs as opposed notions, or antonyms.
Each Category contains the entried]] - instances of words ordered by part-of-speech and
grouped by sense, or synsel@ (Miller et al., 1993). Synsets exist in groups of senses
within a Category, so an index such as 227:1:1 is used, where 227 is the Category; the
second number indexes the sense group or Paragraph within the Category; and the third
number represents the sequence number of the synset, or sense, within that group. At
the back of the book is the Word Index, listing the words in alphabetic order, along
with their senses ordered by part- of-speech. The senses are represented in the Word
Index as references to locations in the Sense Index. On any particular page of the Sense
Index the relations of synonymy and antonymy can be seen. By tracing a word out from
its synonyms, cross-references, or antonyms to its distant neighbours, all facets of the
meaning or semantics of a word can be derived.

The explicit structure of Roget’s thesaurus is evident to any reader. The implicit,
hidden, or inner structure is not. The relations between instances of a word located in
separate parts of the Sense Index, or senses located at separate places in the Word Index,
can be made explicit only by automated means. Formal Concept Analysis (FCA) is a
natural fit for both analysis and visualization of Roget’s Thesaurus. Section 3 describes
a formalization of Roget’s Thesaurus. Sections 4 and 5 illustrate examples of the appli-
cation of FCA to words and senses from Roget’s International Thesaurus, 3rd Edition
(1963).

3 Formalizing Roget’s Thesaurus with FCA

Several researchers have used so-called neighbourhood lattices to visualize parts of
Roget’s thesaurus. The original formalization was suggested by Wille in an unpublished
manuscript. Priss (1996) defines neighbourhood lattices as follows:

Instead of using the prime operator ('), the plus operator (+) retrieves for a set of
objects all attributes that belong to at least one of the objects. Formally, for a set G
of objects in a context (G, M, I), " (G1) := {m € M | Jyeq, : gIm}. Similarly
et (M) :={g € G| Imen, : gIm} for a set M; of attributes. If two plus mappings
are applied to a set G it results in a set Tt (Gy) (with eT0T(G1) 2 Gy) which
is called the neighbourhood of GG1 under I. A neighbourhood of attributes is defined
analogously. A neighbourhood context is a context whose sets of objects and attributes
are neighbourhoods, such as (e 70 (G1), T eTvT(Gy), I). The resulting lattice is called
a neighbourhood lattice.

! Anentry is a particular sense of a particular word. In this way Synset 227:1:1-Covering contains
one of the twenty-two senses of the word over. Synset 36:13:1-Superiority contains another
instance of over. The two occurrences of over are two separate entries in Roget’s Thesaurus;
but only one word.

2 When referring to the sets of synonyms, the term synser will be used. When the meaning
represented by the words in the Synset is referred to, the term sense will be used.
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4 Semantic Containment between Words

A word is called semantically contained in another word if the set of Synsets of the first
word is a subset of the set of Synsets of the second word. In this case, the semantically
contained word is more specific and implies the second. This Section shows an example of
semantic containments among words from RIT. A sample of words from RIT, between
which semantic containment exists, is given in Table 1. The words on the right are
semantically contained in the words on the left. A containment relation is always a true
subset, not equal, in order to exclude perfect synonyms (words that share every sense,
and only those senses).

Table 1. Semantic containment among some pairs of words

SuperSet |SubSet SuperSet [SubSet SuperSet|SubSet

3-D stereoscopic allowance [stipend brief short and sweet
abandoned|deserted bloody |gory calm tranquil

about circa blunt take the edge off| |caustic |escharotic
allow deem blush turn red cave grotto

The examples in Table 1 are pairs (just twelve of about 10,000). A graph of all
semantic containment relations shows an elaborate semantic topology. The semantic
containments between words are, likewise, much more elaborate. For example twaddle,
which has four senses occurring in two Categories, 545: Meaninglessness and 594:
Talkativeness, shares these senses with babble and jabber. Babble and jabber have other
senses in Categories 472: Insanity, Mania, and 578 Language, respectively (amongst
others). Furthermore, there are words, such as gibble-gabble and twattle that are perfect
synonyms of twaddle because they have exactly the same senses as twaddle. There are
a number of words that share an intermediate number of senses between twaddle, and
babble and jabber, such as prate and gibber. And there are words that share senses with
various combinations of the given words, although this example will omit those from
the discussion in order to reduce the complexity of the relationships, and the discussion.
All of this is visible in the lattice in Figure 1, which was automatically derived from RIT.

The lattice in Figure 1 is not a complete neighbourhood lattice of any of the words.
There are a further 51 words involved in the full lattice of Figure 1 if the semantic
neighbourhood of twaddle, alone, is taken into consideration. Those words, such as
blether, chatter, palaver, gush, spout, and gab form more-complex relationships where,
for example, pairs of words can form semantic containments. If all of the words from
the eighteen senses in Figure 1 were included, 93 words in all would be pulled in as
neighbours. Only an automated method, as is facilitated by FCA, can deal with this type
of semantic complexity.

S Semantic Components in Roget’s Thesaurus

This Section examines the automatically derived and implicit Type-10 chains and Com-
ponents of the mathematical model of abstract thesauri, of which Roget’s Thesaurus
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|545: S 1meaninglessness |594:6:1 talkativeness |

|545:4:1 ‘meaninglessness | 594: 31 talkativeness |

gibble-gabble
waddle —
T 2938 Fimperfect SpBBCh|

593:4:Jimperfect speech

856121 news

47213 6insanity, manis prate

|554:5:3:disclosure| |595:9:5:conversation
|394:?:3:31ream 451:11:1:faintness| 59551 :conversstion
|394:19:3:51ream 5552?23ZHEWS| 5921111ZSpEECh|_ |459:5:14:anima| Tounds 57 5.6. 5 language

habhle [orattle gabble jslaber

Fig. 1. A lattice showing semantic containment in RIT

is one instantiation, developed by Bryan (1991). The elements in this model are word-
strings — which may be single words, compound words, or phrases — and senses (sense
definitions, or Synsets), and a relation between them. Bryan defined a series of chains
linking the entries by word associations, sense associations, or both. The most restric-
tive, the Type-10 chain, is a double chain, which requires at least two words to share a
sense or two senses to share a word (dubbed a Quartet), in order to participate in the
chain. This ensures that links are not arbitrary, as happens when two senses are linked
by homographs (identical spellings but with disjoint meanings) such as lead (the metal)
and lead (to command).

Talburt and Mooney (1990) derived all possible Type-10 chain Components from the
200,000 entries in RIT and found that the majority of semantically strong connectivity
formed one large component network of sense-sense and word-word Quartets. This was
partitioned from 5,960 lesser component networks; and was dubbed TMC-69 (Talburt-
Mooney Component number 69). TMC-69 included 22,242 inter-linked entries. Jacuzzi
(1991) reduced this network by applying a further constraint — that a Quartet could not
participate in a component if it shared only one entry with that component. TMC-69 was
consequently reduced to 2,507 smaller Jacuzzi components, the largest, of 1,490 entries
composed from 324 senses and 312 words, was dubbed VIC-184 (V.Jacuzzi Component
number 184). The second largest Component was VJC-1501, with 705 entries. While
TMC-69 was a massive inter-connected network of word and sense associations, the
resulting derived VJC-184 is a small, but extremely densely bound network — a core
of the core connectivities of the semantics of Roget’s Thesaurus, and of the English
language.
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5.1 The Semantics of VJC-184

The most prominent semantic features of VJC-184 emerge not from the numbers but
from the Synsets (Synset Category labels) and words. The top most frequent Categories
are 855: Excitement, 394: Stream, and 323: Agitation. On first sight, “stream" appears
to be semantically incongruent with excitement and agitation because it lies between
Categories 393: Rain and 395: Channel in the RIT Synopsis of Categories and is certainly
a classifier of “water" words. But the semantic relationship becomes clearer on closer
inspection. Some of the 29 words occurring in VIC-184 that are derived from senses
in Category 394: Stream, in descending order of frequency, are flood, gush, run, surge,
flow, deluge, rush, race, and course. These words, used in their metaphoric, non-liquid
senses are in fact congruent with excitement and agitation.

Table 2. Top 20 words in RIT by polysemy

Word (Polysemy|in VJC-184|in VJC-1501 Word Polysemy|in VJC-184|in VJC-1501
cut |64 X sound |37

run |54 X break 36 X
set 51 X check 36

turn |45 X discharge|36 X
head |43 X drop 35

pass |41 cast 34

charge |41 go 34 X

close |39 lead 34

line |38 X light 34

beat (37 X X form 34 X

The top two senses — those contributing the most words to entries (and therefore
the Quartets, and connectivity) in VIC-184 — are: 323:1:1 {fume, bluster, bustle, churn,
commotion... } (of 30 synonyms), and 62:4:1 {row[argue], bluster, bother, brawl... } (of
28). The overall most frequent words (out of the total of 312 words) begin, in order of
frequency: turn (30 entries), course (20), run (18), clash (15), bother (15)... These words
correspond closely to the top twenty words, by polysemy (number of senses the word
has), in RIT.

The top (most polysemous, and therefore most frequent) twenty words in RIT (of
113,000 total) are listed in Table 2. The table indicates whether the words are found in
VIC-184 or in VIC-1501 (the second largest sub-component of TMC-69). Some of the
words are found in other Components. The word “beat" occurs in both VJC-184 and
vic-15013.

An intuition about the semantics may be gained from listing these most frequent
elements of VIC-184, but a different method is necessary to gain insights into the rela-
tionships among the elements. Figure 2 is a lattice of VJIC-184. To reduce the complexity
only words and senses that occur in at least ten entries of Component VIC-184 are in-
cluded.

3 VIC-1501 is characterized by words such as cut, crack, hit, bust, gash, split, break.
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Fig. 2. Lattice of VIC-184 restricted to senses and words with ten or more instances (contributing
to at least ten entries in RIT). Also visible are the “motion" cluster (left) and the “commotion”
cluster (right)

There is a clear left-right division within VJ-184, connected in the middle by Synset
707:1:1 Haste (the label above the top black-filled Formal Concept), through the sharing
of rush (left black Formal Concept) and flurry (right black Formal Concept). The left
collection has semantics characterized by furn, run, course/Stream, Motion, Direction.
The right hand collection has semantics characterized by fuss, bother, trouble/ Agitation,
Excitement, Disorder. For brevity they will be referred to respectively as the “motion" and
“commotion” groups, or clusters. The motion and commotion groups of VIC-184 would
have been extremely difficult to detect without the aid of a lattice diagram arrangement
of the words and senses. Lindig and Snelting’s (1997) work on horizontal decomposition
of lattices offers an algorithm solution to identifying such divisions. Table 3 shows how
Synset 707:1:1 ties together the motion and commotion groups.

5.2 Unlabeled Concepts

The commotion group (right side of the lattice) displays a feature hidden by any other
form of representation. When at least two objects share two attributes in a Formal Concept
lattice, but in addition each of the four elements is differentiated by further objects and
attributes that are not shared among the other three elements, an “unlabeled Concept"
emerges. These are the Concepts coloured in grey, in Figure 2. While unlabeled Concepts
are always rare in lattice representations of semantic data, an entire cluster of unlabeled
Concepts is has not been observed elsewhere. The cluster of unlabeled concepts in the
commotion group suggests a large number of words with overlapping hues and tones of
meaning, discriminated at the edges but not in the center.

Four of the words in the commotion group that contribute to the emergent unlabeled
Concepts are flurry, ferment, fuss, and stir. These all classify under 705:4:1 Activity,
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Table 3. Subcontext showing the connections (via Synset 707:1:1 Haste) between the motion (left)
and commotion (right) groups of VJC-184

Motion | Velocity | Stream | Haste [Agitation|Agitation|Activity
266:2:1(268:10:1{394:17:1|707:1:1| 323:1:1 {323:10:1|705:4:1
bustle X X X
flutter X X
flurry X X X X
rush X X X X
scamper X X
scramble X X
scurry X X
scuttle X X
dash X X

and 3:1:1 Agitation Those words are also classified under other senses, but in different
combinations (subsets); or independently of each other, alongside other words. Flurry
is also found in 707:1:1 Haste alongside rush; and ferment is found in 161:2:1 Violence,
alongside disturbance, for example.

Synset 323:1:1 Agitation holds sway over the majority of unlabeled Concepts. Synset
3:1:1 contributes the most entries to VJIC-184 (all nouns). 323:1:1 is, however, not the
key to the nest of unlabeled Concepts which is further linked to many, many other words
and senses omitted from Figure 2, and which also hold this mesh together. If Synset
323:1:1 (or any individual Synset) is removed, other senses such as 161:2:1 Violence,
705:4:1 Activity, 62:4:1 Disorder, and 323:10:1 Agitation (the verb contribution from
Category 323) would continue to hold the structure in place. Like a single strand plucked
from a spider’s web, the web distorts but mostly holds in place — similarly if words are
removed. Further discussion on unlabeled concepts, related to multiple inheritance in
class hierarchies, may be found in Godin & Mili (1993).

Some of the dense connections seen in the VJIC-184 (and other Components) are
comprised of apparently etymologically unrelated words that in fact share common
Indo-European roots. Examples from VIC-184 are: flood, fluster, flutter, flight, and flow,
which all derive from the root, PLEU-, meaning “flow." Warp, pervert, wring, and wrench
all derive from the root, WER-3, meaning “turn, bend"-and there are others. Such ancient
etymological threads may explain why some Synsets are so large, and why they inter-
connect so readily. Etymology alone can’t explain the cluster of unlabeled Concepts,
however, as no single Indo-European root pervades that group. The underlying concept
perhaps can be explained by proposing that it is an ancient concept at the root of human
conceptual organization-not the central source, although it can be traced out to connect
to more than 70,000 entries, but one of several primitive concepts possibly more felt than
intellectualised, and a facet of consciousness connected to many other areas of thought.

6 Conclusion

We have shown that Formal Concept Analysis is a tool that can make explicit the implicit
relationships in complex data. Roget’s Thesaurus as an instantiation of what: “might be
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accurately regarded as the skeleton for English-speaking society’s collective associative
memory" (S.Y. Sedelow, 1991, p.108). Insights into this semantic store can have impli-
cations for psychology and cognitive science, linguistics, and even anthropology. This
will not be possible without the ability to automatically derive and visualize the impli-
cations, semantic neighbourhoods and implicit structures among the semantic elements
in Roget’s Thesaurus. Formal Concept Analysis is a flexible tool capable of facilitating
this process.
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Abstract. Managing knowledge is a difficult and slippery enterprise. A wide
variety of technologies have to be invoked in providing support for knowledge
requirements, ranging from the acquisition, modelling, maintenance, retrieval,
reuse and publishing of knowledge. Any toolset capable of providing support for
these would be valuable as its effects would percolate down to all the application
domains structured around the domain representation. Given the generic structure
of the lattice building algorithms in Formal Concept Analysis, we undertook a set
of experiments to examine its potential utility in knowledge technologies. We
elaborate on our experiences and speculate on the opportunities lying ahead for a
larger uptake of Formal Concept Analysis approaches.

1 Introduction

A distinguishing feature of much of the knowledge technologies today is the attention
paid to representations of appropriate domain knowledge as scaffolding around which
automated and mixed-initiative processing systems are constructed to provide the re-
quired functionality. In particular, with the promise of a Semantic Web a great deal of
effort is being directed at providing knowledge-level characterisations of both domains
and functionality of processes to achieve inter-operability in an environment as open
and distributed as the Web.

These characterisations are significant for representing and modelling domain
knowledge in sound and machine-processable manners. Advanced Knowledge Tech-
nologies (AKT)' is a large interdisciplinary research collaboration between five UK
universities working on developing technologies to address these issues. There are a
number of technologies used for knowledge-level domain characterisations, namely on-
tologies, and tools to support their engineering. However, there is little support for the
modeller to help in identifying appropriate conceptual structures to capture domain se-
mantics. Formal Concept Analysis (FCA)[8] provides a fertile ground for exploitation
with its generic structure of lattice building algorithms to visualize the consequences of
partial order that the underlying mathematical theory builds on.

In this paper, we elaborate on our experiences with using FCA in conjunction with
knowledge technologies in the context of the AKT project. We also identify joint points

! Accessible online from www.aktors.org
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where prominent knowledge technologies, like Description Logics for the Semantic
Web, could benefit from FCA. We do this in a speculative fashion in the next sec-
tion, coupled with our example cases to show where possible collaboration could be
achieved. We briefly report on similar work in section 3 and conclude the paper in sec-
tion 4.

2 Experiences and Opportunitiesfor FCA

FCA has been applied at various stages of a system’s life cycle: for example, in the early
stages when analysing a domain for the purpose of building and using a knowledge-rich
representation of that domain - like the work of Bain in [3] where FCA was used to
assist building an ontology from scratch - or applied at later stages in order to enhance
an existing system for the purpose of providing a specific service - like the CEM email
management system described in [6].

It appears though that is being used selectively and opportunistically. The reason for
this scattered area of FCA applications could be the fundamental ingredients of FCA
and its underlying philosophy: FCA emerged in the 80s as a practical application of
lattice theory. The core modelling ingredients underpinning FCA are objects and at-
tributes* which stem from predicative interpretations of set theory. Thus, for a given
object, one performs a “closure” operation to form a set of objects which is the inter-
section of the extension of the attributes that the object is characterised by. These are
defined as the concepts in any particular formal context, with the order ideal (or down
set) | m of any attribute m.

In the AKT project, we experimented with identifying these concepts in a number
of scenarios from the scientific knowledge management realm where we confronted
with loosely defined objects and attributes. Our aim was to use FCA to help us iden-
tify the prominent concepts in the domain at question, and most importantly, provide
us with a structured representation which we could use to perform certain knowledge
management tasks, such as:

Analysing Programme Committee M ember ships: One could assume that programme
committee membership for a conference or similar event requires that those on the pro-
gramme committee (PC) are the current and prominent figures in the field at question.
Using this as a working hypothesis, and the year in which they served at a specific PC
as temporal marker of recognized prominence, we then applied FCA techniques like
concept lattice exploration to visualize the distribution of PC members over a number
of years. This could, arguably, give us an idea of how the specific event evolved over a
period of time by virtue of the changes (or otherwise) in their PCs.

In our experiments (briefly described online in [11]), the objects were PC members
and attributes were EKAW conferences in which these members served. A visual in-
spection of sort of lattice can reveal trends in how the event has evolved over the years.
For example, we can identify people who where in PCs of early EKAWSs but are not
appearing in more recent EKAWSs, whereas others have a sustainable presence in the

2 Priss points out in [13] these can be elements, individuals, tokens, instances, specimens and
features, characteristics, characters, defining elements, respectively.
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PCs throughout the whole period of 1994 to 2002. If we correlate this information with
information regarding the research interests of the PCs, we could end up with a strong
indication of the evolution of research themes for the EKAW conferences. In what we
present, we regard the extraction of research interests of these researchers as peripheral
to our discussion but we point the interested reader to the work done on identifying
communities of practice in [2].

Analysing the Evolution of Research Themes: This analysis can be supported by
another lattice which depicts the evolution of research themes in EKAW conferences,
based on the designated conference session topics. We depict this lattice in figure 1.
From the lattice drawing point of view, we should note that we used a publicly available
FCA tool, ConExp® but we deliberately changed the position of the nodes in the line
diagrams produced. We did that to enhance its readability and ease its illustration when
depicted on paper as we wanted to include all labels from objects and attributes. That
compromised the grid projection property of the diagram without, however, affecting
the representation of partial order between nodes.

[exaner | [ekawnz] [ekawsz |

Knowledge Madelling Frameworks | |

Generic companghts|. !
Architertures and applications

Seriantic web|
Knowledge acguisition

Sisyphus-1v b
Design and planning 1
Sisyphus-IIL|| (K2 initiative

Ripple-down rules and verification

- o Proglem-Salving Methods
| knowledge modelling languages and tools [’ = = o
|Knnw\edge rmanagement and e-cammerce Knawledye acquisfion frorm text Aty A
\Machine learning Fnuwladg’e representation ;‘ A
Validation, evaluation, certification i N
Knowledge managerment )

Methodolooy _
| Technology transter

Practice and kxpefience of knowledge acquisition |
[ Elicitation ang diagiiesis of human knowledge [
‘ Knowledge formalization and automated methods ‘

General modelling approaches

Theoretical and General Issues Ontologies

Data mining | Group sticitation F‘\anmng\
Eliciting Knowledge from Textual and Other Sources r

Fig. 1. Concept lattice depicting session topics of the EKAW conferences from 1994 to 2002.

Again, a close inspection shows some trends which are evident in today’s research
agendas in many organisations: knowledge modelling frameworks and generic compo-
nents were popular in the early 90s whereas nowadays the research focus is on semantic
web and knowledge management. The inherited taxonomic reasoning of concept lattices
can also reveal interesting relationships between research topics, as for instance the sub-
sumption of ontologies from knowledge management, knowledge acquisition and the
semantic web topics.

3 Presented in [17] and can be downloaded from http://sourceforge.net/projects/conexp
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Analysing Research Areas Attributed to Published Papers: We also applied FCA
techniques, in particular context reduction algorithms like those described in the FCA
textbook (p.27 in [8]) to analyse the formal context of online academic journals. Our
aim was to expose relationships between research areas used to classify published pa-
pers. The premise of our analysis is the very algorithm that Ganter and Wille describe
in [8] for clarifying and reducing formal contexts: “[...] we merge objects with the
same intents and attributes with the same extents. Then we delete all objects, the intent
of which can be represented as the intersection of other object intents, and correspond-
ingly all attributes, the extent of which is the intersection of other attributes extents.”.
This process, if captured in a step-wise fashion, will expose the objects and attributes
that are about to be merged with others, hence allowing us to infer that they are related.

For our data sets, we used a small number of articles from the ACM Digital Library
portal* focusing on the ACM Intelligence journal®. The formal context consists of 20
objects (articles) and 58 attributes (research areas). The research areas originate from
a standard classification system, the ACM Computing Classification System®. We also
used a second data set, the Data and Knowledge Engineering (DKE) journal from Else-
vier’. In this context we had the same articles (objects) as in the ACM context, but this
time we classified them against the DKE’s own classification system, Elsevier’s clas-
sification of DKE fields®, which used 27 research areas (attributes) for classifying the
aforementioned articles.

For both data sets we chose as objects for their context papers that appeared in the
journals. For instance, for the ACM Intelligence journal we chose papers that appeared
over a period of three years, from 1999 to 2001 and were accessible from the ACM
Digital Library portal. As there were already classified according to the ACM Comput-
ing Classification System, we used their classification categories as attributes. We then
applied typical context reduction techniques in a step-wise fashion. While we were get-
ting a reduced context, we captured the concepts that are deemed to be interrelated by
virtue of having their extents (objects that represent articles in the journal) intersected.
For instance, the ACM classification category H.3.5 on Web-based services is the in-
tersection of H.5 on Information Interfaces and Presentation and H.3 on Information
Storage and Retrieval by virtue of classifying the same articles. This sort of analysis
supports identification of related research areas using as supporting evidence the clas-
sification of articles against standardized categories as those originating from the ACM
Computing Classification System, and the inherited taxonomic reasoning which FCA
concept lattices provides to infer their relationship.

Although these experiments were based on loosely defined objects and attributes, it
is evident that knowledge representation formalisms also deal with concepts in as much
as they underpin systems that require expressive domain characterisation. Much of this
effort involves a restricted predicative apparatus in order that the expressivity allowed
by appropriate formalisms does not lead to well-known problems of decidability.

* Accessible online from http://portal.acm.org

> Accessible online from http://www.acm.org/sigart/int/

% Accessible online from http://www.acm.org/class/1998/

7 Accessible online from http://www.elsevier.com/locate/issn/0169023X/

8 Accessible online from
http://www.elsevier.com/homepage/sac/datak/dke-classification-2002.pdf
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To illustrate the point, recall that the experiments we reported above were conducted
within the umbrella of the AKT project which has been developing and applying knowl-
edge technologies for the Semantic Web. In the Semantic Web enterprise ontologies
have been identified as a key enabling construct, and Web Ontology Language (OWL)
is currently going through the final stages of adoption as the W3C standard for the lan-
guage of choice in which to express ontologies on the Web. OWL inherits characteristics
of Description Logics (DLs) which are languages of restricted expressivity designed to
facilitate tractable taxonomic reasoning. Some of the simpler and computationally less
expensive logics are fragments of first-order predicate logic with two variables, small
enough to express binary predicates[4]. A binary predicate can also be described graph-
ically as an edge connecting two nodes each representing a variable, and the knowledge
modelling experiments reported below use such a diagrammatic representation.

AKT Research Map: We obtained these kind of diagrams for the same domain as
the the one described in the experiments reported above during a knowledge modelling
exercise, the construction of the AKT Research Map[5], which would capture the ex-
pertise and areas of research conducted by AKT members. The specific case was to
plan, build, check and publish the AKT Research Map and its ontology which is an
extension of the AKT Reference ontology[1]. The motivation of producing such a map
is to fill the knowledge gap that will not normally be filled by methods such as auto-
matic information extraction techniques from Web pages. While the Web is very good
in advertising the results of research work, such as publications and white papers, it is
also poor in publishing the in-depth knowledge about how such research results were
produced, what sort of resources were utilized, what contacts, best practices, etc. This
information, however, is valuable for other researchers who have similar interests. To
address this problem, an AKT Research Map has been built to capture such in-depth
know-how as well as collaborators, software systems and literature that are contributors
to forming the final result.

The AKT Research Map is written using a modelling method that is a specializa-
tion of Entity Relational Data Modelling method[15]. As a part of building the AKT
Research Map, members of the AKT project participated in structured interviews to
develop their own individual maps during knowledge acquisition (KA) sessions by ex-
tending concepts and relations expressed in the OWL-based AKT Reference ontology.
As an example, figure 2 depicts such an individual map of the AKT member Nigel
Shadbolt.

Between the KA sessions and when a draft of the AKT Research Map was finished,
iterative verification and validation was carried out to make sure that the map is consis-
tent within itself and consistent with the underpinning ontology. This includes checking
of inconsistency of the same information that has been described in different parts of
the map, and that a same object has not been represented under different names. It also
carries out a pair-wise model checking between the map and the ontology to make sure
that the map ontology is complete and the research map is consistent with the ontology.
This process could have been performed using FCA lattice drawing facilities had our
tools been so integrated.

In making the comparison with FCA, every attribute column in the cross table of
the formal context can be viewed predicatively in the sense of DLs or equivalently in
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Nigel Shadholt

Equator
Project

Integration Experiments on
Ontology Mediated Natural
Language Based Extraction and
Genevarion from/to Web Pages
(Higel Shadbolt)

Has-collaborator

Harith
Alani

Resolve Co-referemce on the Semantic
Web (Wick Gibbins, Steve Harris)

Managing =nd Ensuring Referential
Integrity of Ontology for the
Semantic Web (Nigel Shadbolt, Hugh »-
Glaser, Harith Alani, Steve Harris,
Srinandan Dasmahapatra) -

Fig. 2. The AKT Research Map of Nigel Shadbolt.

terms of the diagrams in the AKT Research Map — a directed edge or a binary relation
shows up at the corresponding cell marked by the row and column positions. To make
the correspondence work, the formulae in the ontology need to be instantiated by in-
dividuals. Concept lattices built with FCA makes concept dependencies manifest, thus
making it an appealing tool for any modeller. For instance, the fragment of the AKT
Research Map in figure 2 depicts a link with the label “Has-collaborator” a relation that
is not present in the underlying AKT Reference Ontology. By choosing the set of people
as objects and a limited set of attributes — that of authorship of some individual papers,
or being investigators of some individual projects — a concept can emerge (after suitably
taking intersections of the appropriate sets) which includes Nigel Shadbolt and all of
his collaborators. A modeller can choose to extract a relationship based on this derived
concept, which can then be defined into the conceptual structure using the syntax of the
logical formalism. This requires lifting the propositions represented into a first-order
formalism, i.e., introducing a variable in place of the list of instances upon which the
modeller makes her decision.

In DLs, concept labels are assigned a formal semantics by their extension, as sets of
objects. These can be primitive or defined by conjunction with other concepts. Binary
relationships are used with existential or universal quantifiers to define properties these
concepts might possess. So, for example, in a domain A, concept C' would have as
the domain of its interpretation function Z : - — A the set CZ C A. Furthermore,
predicative properties are defined by role restriction; hence for binary relation R and
concept C, we can create VR.C' or 3R.C whose extensions are, respectively,

(VR.C)t = {z € AlVy(x,y) € RT =y CT} and
(3R.0)t = {z € ABy(x,y) € RT Ay € CT}.



258 Yannis Kalfoglou, Srinandan Dasmahapatra, and Yun-Heh Chen-Burger

Classes are also defined by conjunction and disjunction which facilitates subsumption
reasoning of the form AZ N BZ C A7 etc. These enable the modeller to check for con-
sistency of the ontology under development in the cases when concepts are constructed
in terms of others.

However, since every attribute is defined solely by its extension, concepts generated
by join and meet operations on the lattice may not have obvious labels that a domain
expert would be comfortable with, a problem associated with any bottom-up approach.
Bain[3], notes that “a drawback in FCA is that it does not allow for the introduction
of concept names as new intermediate-level terms [...] this is necessary for re-use of
conceptual structures, so that they may be referred to by name, e.g. to be used in incre-
mental learning or theory revision.” while Priss records these as being characterised as
“informationless” states[13].

In the DL world, the approach to modelling is much more top-down, and ontologies
are often created (as terminologies or T-boxes) with no instance information, despite
the semantics being defined extensionally (for example, in A-Boxes). This makes direct
comparison of FCA lattices with taxonomic trees rendered in DLs approaches difficult.
However, inheritance of properties in a taxonomic hierarchy is possible because the is-a
relationship (set inclusion) is transitive, and one can identify the down set of an attribute
in FCA with the range of the corresponding interpretation function in DLs. This points
out the restricted nature of different types of relationships that are represented in FCA.
It has been noted in the literature that FCA focusses on hypernym hierarchy of concepts
but not arbitrary relations among them[14]. The trees drawn to express taxonomic re-
lationships are, of course, the only ones that DLs formalisms typically generate, even
though they were designed to formalise semantic nets and ER diagrams that were de-
scribed in the AKT Research Map above. The work of Hahn et al [9] who introduced
formal structures to express part-whole relationships as taxonomic ones is an inter-
esting avenue to extend the expressivity of relationships captured in FCA. A detailed
study relating these formalisms would be valuable to provide methodological support
for knowledge representation.

3 Redated Work

FCA has been applied in a variety of applications along the whole spectrum of knowl-
edge management with emphasis on the early stages of acquisition, analysis and mod-
elling. For instance, in [12] the authors describe the KANavigator, a web-based brows-
ing mechanism for domain-specific document retrieval. Their work is closely related
to our experiments on analysing research interests using FCA. However, KANavigator
is a more generic system aiming not only at navigational aid when browsing a domain
but also providing support for incremental development and evolution of the concepts
involved. This could be achieved by the open environment in which the KANavigator
was deployed where users can update the concept lattice with new objects of interest
as these emerge. On the other hand, our aim was to simply capture the dependencies
between seemingly related research interests as our approach was to perform further
analysis and modelling using richer knowledge modelling structures, like ontologies.
Identifying related concepts then, was our priority as it was in [10] work where the au-
thors applied FCA as a conceptual clustering tool by using the intentional descriptions
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of objects in a domain as indicators of cluster membership. As our KA experience script
highlighted in section 2 the results of this sort of analysis need to combined with other
technologies.

There are few examples of combining FCA with other popular knowledge tech-
nologies, one of them is the Troika approach described in [7]. The authors combined
repertory grids, conceptual graphs and FCA in order to overcome the acknowledged
KA bottleneck where there exist a plethora of methods, techniques and tools but none
of them is adequate enough to carry out its task elegantly without needing the input
of another. The authors argued that these three technologies could be combined in a
streamlined fashion, where repertory grids are used for acquisition, FCA for analysis
and conceptual graphs for representation. The Troika approach is a set of algorithmic
steps which dictate the order and the way in which these three technologies can be
combined.

There have been attempts in the literature to integrate different approaches in order
to support knowledge modelling, as indicated above. Further work has been done by
Tilley and colleagues [16] who proposed a solution to provide some more interaction
with the modeller in order to question and verify the elements of the formal context by
editing, removing or adding new ones. In the domain of software engineering they used
FCA to model the class hierarchy in a given domain and compared it with a typical
software engineering use-cases based modelling approach. Although identifying initial
nouns from the textual specification as candidates for objects in the formal context was
a laborious and time consuming exercise, the authors praised the value of approach as
it makes clearer and more collaborative the design process.

4 Conclusions

FCA provides a set of tools that allows for formalising a set of informal descriptions
of a domain thus providing the basis for ontology building. The model theory of DL
formalisms allow for a direct comparison with the sets that form the extents of concepts
in FCA. However, the relationship between subsumption hierarchies that are common-
place in ontologies to the partial orders in FCA lattices needs to be explored in detail if
FCA techniques are to be extended to assist the knowledge engineer.
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Abstract. Given a finite set C := {C1,...,Cy} of description logic con-
cepts, we are interested in computing the subsumption hierarchy of all
least common subsumers of subsets of C as well as the hierarchy of all
conjunctions of subsets of C. These hierarchies can be used to support
the bottom-up construction of description logic knowledge bases. The
point is to compute the first hierarchy without having to compute the
least common subsumer for all subsets of C, and the second hierarchy
without having to check all possible pairs of such conjunctions explic-
itly for subsumption. We will show that methods from formal concept
analysis developed for computing concept lattices can be employed for
this purpose.

1 Introduction

The notion of a concept as a collection of objects sharing certain properties is
fundamental to both formal concept analysis (FCA) [19] and description logics
(DL) [6]. However, the ways concepts are obtained and described differ sig-
nificantly between these two research areas. In DL, the relevant concepts of the
application domain (its terminology) are formalized by concept descriptions, i.e.,
expressions that are built from atomic concepts (unary predicates) and atomic
roles (binary predicates) using the concept constructors provided by the DL lan-
guage. In a second step, these concept descriptions together with the roles are
used to specify properties of objects occurring in the domain. In FCA, one starts
with a formal context, which (in its simplest form) specifies which (atomic) prop-
erties are satisfied by the objects. A formal concept of such a context is a pair
consisting of a set of objects (the extent) and a set of properties (the intent)
such that the intent consists of exactly those properties that the objects in the
extent have in common, and the extent consists of exactly those objects that
share all the properties in the intent.

There are several differences between these approaches. First, in FCA one
starts with a complete (but simple) extensional description of a domain, and
then derives the formal concepts of this specific domain, which provide a useful
structuring of the domain. In DL, the (intensional) definition of a concept is

* Partially supported by National ICT Australia Limited, Canberra Research Lab.
** Supported by the German Research Foundation (DFG, GRK 433/3).

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 261-B&6, 2004.
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given independently of a specific domain (interpretation), and the description of
the objects is only partial. Second, in FCA the properties are atomic, and the
intensional description of a formal concept (by its intent) is just a conjunction of
such properties. DLs usually provide a rich language for the intensional definition
of concepts, which can be seen as an expressive, yet decidable sublanguage of
first-order predicate logic.

There have been several attempts toward bridging this gap between FCA and
DL. For example, researchers from the FCA community have extended FCA to
incorporate more complex properties [393TJ30/33]. The present paper is con-
cerned with bridging the gap from the other direction. We will describe how
tools from FCA can be used to support the bottom-up construction of DL knowl-
edge bases, as introduced in [819]: instead of directly defining a new concept, the
knowledge engineer introduces several typical examples as objects, which are
then automatically generalized into a concept description by the system. This
description is offered to the knowledge engineer as a possible candidate for a
definition of the concept. The task of computing such a concept description can
be split into two subtasks: computing the most specific concepts of the given
objects, and then computing the least common subsumer of these concepts. The
most specific concept (msc) of an object o (the least common subsumer (lcs)
of concept descriptions C1,...,C}) is the most specific concept description C
expressible in the given DL language that has o as an instance (that subsumes
C1,...,Cy). The problem of computing the lcs and (to a more limited extent)
the msc has already been investigated in the literature [T2THIRIQI2524231AY32].
Here, we will address two problems that occur in the context of the bottom-up
approach.

First, the methods for computing the least common subsumer are restricted
to rather inexpressive descriptions logics not allowing for disjunction (and thus
not allowing for full negation). In fact, for languages with disjunction, the lcs of
a collection of concepts is just their disjunction, and nothing new can be learned
from building it. In contrast, for languages without disjunction, the lcs extracts
the “commonalities” of the given collection of concepts. Modern DL systems like
FaCT [22] and RACER [2I] are based on very expressive DLs, and there exist
large knowledge bases that use this expressive power and can be processed by
these systems [32[3620]. In order to allow the user to re-use concepts defined
in such existing knowledge bases and still support the user during the definition
of new concepts with the bottom-up approach sketched above, we propose the
following extended bottom-up approach. There is a (background) terminology 7
defined in an expressive DL L5. When defining new concepts, the user employs
only a sublanguage £, of Lo, for which computing the lcs makes sense. However,
in addition to primitive concepts and roles, the concept descriptions written in
the DL £; may also contain names of concepts defined in 7. When computing
subsumption between such newly defined concepts, this is done w.r.t. 7, using
a subsumption algorithm for the expressive DL £L5. When computing the lcs of
such concepts, we basically employ the algorithm for £;, but extend it such that
it can take into account the subsumption relationships between conjunctions of
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concept defined in 7. This is where FCA comes into play: it provides us with an
efficient method for computing these relationships. To be more precise, given a
TBox T, we define a formal context whose properties are the defined concepts of
T, and whose concept lattice is isomorphic to the subsumption hierarchy we are
interested in. Then, we employ the so-called “attribute exploration” algorithm
[I6/19] to compute this concept lattice. We show that the “expert” for the context
required by this algorithm can be realized by the subsumption algorithm for L.

The second problem that we will address is that the choice of the examples
is crucial for the quality of the result obtained by the bottom-up construction of
concepts. If the examples are too similar, the resulting concept might be too spe-
cific. Conversely, if the examples are too different, the resulting concept is likely
to be too general. Thus, it would be good to have a tool that supports the process
of choosing an appropriate set of objects as examples. Assume that C1,...,C,
are the most specific concepts of a given collection of objects 01, ..., 0n, and that
we intend to use subsets of this collection for constructing new concepts. In order
to avoid obtaining concepts that are too general or too specific, it would be good
to know the position of the corresponding lcs in the subsumption hierarchy of
all least common subsumers of subsets of {C1,...,C,}. Since there are exponen-
tially many subsets to be considered, and (depending on the DL language) both,
computing the lcs and testing for subsumption, can be expensive operations,
we want to obtain complete information on how this hierarchy looks like with-
out computing the least common subsumers of all subsets of {C4,...,C,}, and
without explicitly making all the subsumption tests between these least common
subsumers. Again, this is where methods of FCA can be utilized. We will define
a formal context that has the property that its concept lattice is isomorphic to
the inverse subsumption hierarchy of all least common subsumers of subsets of
{C4,...,C,}. The attribute exploration algorithm can again be used to compute
this lattice. In fact, the “expert” required by the algorithm can be realized by
the subsumption algorithm and the algorithm for computing the lcs.

In the next section, we introduce the relevant notions from description logics,
and in Section B] we introduce as many of the basic notions of formal concept
analysis as are necessary for our purposes. In particular, we sketch the attribute
exploration algorithm. In Section [ we show how this algorithm can be used to
compute the hierarchy of all conjunctions of concepts defined in a terminology,
and in Section [J we do the same for the hierarchy of all least common sub-
sumers of subsets of a given finite set of concepts. In Section [6, we describe
some experimental results. In Section [f] we show that the approaches described
in Subsection [£-2 and Section [ are both instances of a more general approach.
Section [§] concludes with some comments on possible future work.

This paper was intended to be an amalgamation of the results originally
presented in [I] (see Subsection FI)) and [I0] (see Section [B]). However, when
reconsidering [I], we saw that in addition to the approach chosen there, one can
also use another approach (see Subsection E2) to solve the problem addressed
in [I]. When comparing this new approach with the approach employed in [10],
we saw that both are instances of a more general approach, which is described in
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Table 1. Syntax and semantics of concept descriptions and definitions.

lname of constructor [Syntax[ Semantics [.AEC[SE‘
top-concept T AT x | x
bottom-concept L 0 x
negation -C AT\ CT X
conjunction cnbD cTnp? x | x
disjunction cubD cTuD? X
value restriction vr.C {z € AT | Vy: (z,y) €T -y € CT}| x
existential restriction| 3r.C' [{z € AT [Jy: (z,y) erTAyc CT}] x [x
’concept definition ‘A = C‘ AT =7 ‘ X ‘ X ‘

Section [{] The experimental results described in Subsection[G.2 have already been
published in [10], whereas the experimental results described in Subsection
have not been published before.

2 Description Logics

For the purpose of this paper, it is sufficient to restrict the attention to the for-
malism for defining concepts (i.e., we need not introduce ABoxes, which describe
objects and their properties). In order to define concepts in a DL knowledge base,
one starts with a set N¢ of concept names (unary predicates) and a set Ng of role
names (binary predicates), and defines more complex concept descriptions using
the operations provided by the concept description language of the particular
system. In this paper, we consider the DL ALC and its sublanguage £ , which
allow for concept descriptions built from the indicated subsets of the constructors
shown in Table [l In this table, r stands for a role name, A for a concept name,
and C, D for arbitrary concept descriptions. A concept definition (as shown in
the last row of Table [[) assigns a concept name A to a complex description C.
A finite set of such definitions is called a TBox iff it is acyclic (i.e., no definition
refers, directly or indirectly, to the name it defines) and unambiguous (i.e., each
name has at most one definition).

The semantics of concept descriptions is defined in terms of an interpretation
T = (AT, ). The domain A% of T is a non-empty set and the interpretation
function -Z maps each concept name P € N¢ to a set P2 C A? and each role
name r € Ng to a binary relation 17 C AZxAZ. The extension of -Z to arbitrary
concept descriptions is inductively defined, as shown in the third column of
Table [II The interpretation Z is a model of the TBox 7 iff it satisfies all its
concept definitions, i.e., AZ = CZ holds for all A= C in T.

One of the most important traditional inference services provided by DL sys-
tems is computing subconcept/superconcept relationships (so-called subsump-

1 Tt should be noted, however, that the methods developed in this paper in principle
apply to arbitrary concept descriptions languages, as long as the more expressive
one is equipped with a subsumption algorithm and the less expressive one with an
algorithm for computing least common subsumers.
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tion relationships) between concept descriptions. The concept description Cy
subsumes the concept description C; (Cy C Cy) iff CZ C CF for all interpre-
tations Z; Cy is equivalent to Cqp (C1 = Cs) iff C; C Cy and Cy T C;. The
subsumption relation C is a quasi order (i.e., reflexive and transitive), but in
general not a partial order since it need not be antisymmetric (i.e., there may
exist equivalent descriptions that are not syntactically equal). As usual, the
quasi order C induces a partial order C= on the equivalence classes of concept
descriptions:

[Cl]z EE [CQ]E iff Cl E 027

where [C;]= := {D | C; = D} is the equivalence class of C; (i = 1,2). When
talking about the subsumption hierarchy of a set of descriptions, we mean this
induced partial order. In the presence of a TBox, subsumption must be computed
w.r.t. this TBox. The concept description Cy subsumes the concept description
Cy w.r.t. the TBox T (Cy T Cs) iff C¥ C CF for all models Z of 7. All the
other notions introduced above can be adapted in the obvious way to the case
of subsumption w.r.t. a TBox.

Deciding subsumption between £L-concept descriptions (without or with
TBox) is polynomial [9]5], whereas the subsumption problem for ALC (with-
out or with TBox) is PSPACE-complete [3520].

In addition to subsumption, we are here interested in the non-standard infer-
ence problem of computing the least common subsumer of concept descriptions.

Definition 1 Given two concept descriptions C1,Co in a DL L, the concept
description C of L is an lcs of C1,Cq in L (C = lcsz(Ch, Ca)) iff (i) C; T C for
i=1,2, and (ii) C is the least concept description with this property, i.e., if C"
satisfies C; E C' for = 1,2, then C CE (.

The lcs of n concept descriptions is obtained by iterating the application of the
binary les: lesp(Ch, ..., Cy) = lese(Ch, ..., lesp(Cr—1,Cr) - - +). Depending on
the DL under consideration, the lcs of two or more descriptions need not always
exist, but if it exists, then it is unique up to equivalence. In [9], it is shown that
the lcs of two £L-concept descriptions always exists and that it can be computed
in polynomial time; however, the size of the n-ary lcs can be exponential in the
size of the input descriptions, and thus computing it may require exponential
time.

As an example for the (binary) lcs in £L, consider the € L-concept descrip-
tions

C' := Jhas-child.(Male 1 Doctor) and
D := Fhas-child.(Male M Mechanic) M 3has-child.(Female I Doctor)

respectively describing parents having a child that is a male doctor, and parents
having a son that is a mechanic and a daughter that is a doctor. The lcs of C
and D is given by the £/L-concept description

lcsg 2 (C, D) = Jhas-child.Male M Jhas-child.Doctor.
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It describes all parents having at least one son and at least one child that is a
doctor. Note that lcsazc(C, D) = C U D.

In order to describe the lcs algorithm for £L£ in the general case, we need to
introduce some notation. Let C' be an £L-concept description. Then names(C')
denotes the set of concept names occurring in the top-level conjunction of C,
roles(C') the set of role names occurring in an existential restriction on the top-
level of C', and restrict,.(C') denotes the set of all concept descriptions occurring in
an existential restriction on the role r on the top-level of C'. In the above example,
we have names(C') = names(D) = 0), restrict, 5¢_cpild(C) = {Male M Doctor}, and
restrictp,,o_child (D) = {Male M Mechanic, Female M Doctor}.

Now, let C', D be £L-concept descriptions. Then we have

|CSg£(C,D) = |_| AN
Aé€names(C)Nnames(D)

E|T’.|CSg£ (E, F)
reroles(C)Nroles(D)  E€restrict, (C),F Erestrict, (D)

Here, the empty conjunction stands for the top concept T. The recursive call of
Icsg . is well-founded since the role depth (i.e., the maximal nesting of existential
restrictions) of the concept descriptions in restrict,(C') (restrict, (D)) is strictly
smaller than the role depth of C' (D).

If the £L-concept descriptions C, D contain concept names that are defined
in an ALC-TBox T, then it is currently not known how to compute their least
common subsumer, i.e., the least £L-concept description containing defined con-
cepts of T that subsumes C and D w.r.t. 7. If we ignore the TBox by treating
all concept names as primitive, and just compute the lcs of C, D, then we obtain
a common subsumer of C, D also w.r.t. 7, but it need not be the least one. As
a simple example, consider the TBox T:

NoSon = Vhas-child.Female,
NoDaughter = Vhas-child.—~Female,
SonRichDoctor = Vhas-child.(Female U (Doctor M Rich))
DaughterHappyDoctor = Vhas-child.(—Female LI (Doctor M Happy))
ChildrenDoctor = Vhas-child.Doctor

and the £L-concept descriptions
C' := Jhas-child.(NoSon M DaughterHappyDoctor),
D := Jhas-child.(NoDaughter M SonRichDoctor).

If we ignore the TBox, then we obtain the £L-concept description

Jhas-child. T

as common subsumer of C,D. However, if we take into account that both
NoSon M DaughterHappyDoctor and NoDaughter M SonRichDoctor are subsumed
by ChildrenDoctor, then we obtain the more specific common subsumer

Jhas-child.ChildrenDoctor.
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This motivates our interest in computing the subsumption hierarchy of all con-
junctions of concepts defined in a given TBox. Before we can show how this
hierarchy can be computed using tools from FCA, we must introduce the rele-
vant notions from FCA.

3 Formal Concept Analysis

We will introduce only those notions and results from FCA that are necessary for
our purposes. Since it is the main FCA tool that we will employ, we will describe
how the attribute exploration algorithm works. Note, however, that explaining
why it works is beyond the scope of this paper (see [19] for more information on
this and FCA in general).

Definition 2 A formal context is a triple K = (O, P,S), where O is a set of
objects, P is a set of attributes (or properties), and S C O X P is a relation that
connects each object o with the attributes satisfied by o.

Let K = (O, P,S) be a formal context. For a set of objects A C O, the intent
A’ of A is the set of attributes that are satisfied by all objects in A, i.e.,

A':={peP|Vace A: (a,p) €S}

Similarly, for a set of attributes B C P, the extent B’ of B is the set of objects
that satisfy all attributes in B, i.e.,

B :={0o€ O |Vbe B: (0,b) € S}.
It is easy to see that, for A3 C Ay C O (resp. By C By C P), we have

~ AL C AL (resp. By C BY),
— A; C AY and A} = A}’ (resp. By C B and B{ = BY").

A formal concept is a pair (A, B) consisting of an extent A C O and an intent
B C P such that A’ = B and B’ = A. Such formal concepts can be hierarchi-
cally ordered by inclusion of their extents, and this order (denoted by < in the
following) induces a complete lattice, the concept lattice of the context. Given
a formal context, the first step for analyzing this context is usually to compute
the concept lattice.

The following are easy consequences of the definition of formal concepts and
the properties of the -’ operation mentioned above:

Lemma 3 All formal concepts are of the form (A", A") for a subset A of O, and
any such pair is a formal concept. In addition, (A}, A}) < (A%, A,) iff Ay C Af.

Thus, if the context is finite, the concept lattices can in principle be computed
by enumerating the subsets A of O, and applying the operations -’ and -”.
However, this naive algorithm is usually very inefficient. In many applications
[B7], one has a large (or even infinite) set of objects, but only a relatively small
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set of attributes. In such a situation, Ganter’s attribute exploration algorithm
[I619] has turned out to be an efficient approach for computing the concept
lattice.

In one of the applications considered in this paper, we are faced with the
dual situation: the set of attributes is the infinite set of all possible concept
descriptions of the DL under consideration, and the set of objects is the finite
collection of concept descriptions for which we want to compute the subsumption
hierarchy of least common subsumers. To overcome this problem, one can either
dualize the attribute exploration algorithm and the notions on which it depends,
as done in [I0]. In this paper, we follow an alternative approach: we considered
the dual context (which is obtained by transposing the matrix corresponding to
S) and employed the usual attribute exploration for this context. The concept
lattice of the dual context is obviously the dual of the concept lattice of the
original context, i.e., the corresponding orderings on the formal concepts are
inverses of each other.

Attribute Exploration

Before we can describe the attribute exploration algorithm, we must introduce
some notation. The most important notion for the algorithm is the one of an
implication between sets of attributes. Intuitively, such an implication B; — Bs
holds if any object satisfying all elements of B; also satisfies all elements of Bs.

Definition 4 Let K = (O, P,S) be a formal context and By, Bs be subsets of
P. The implication By — By holds in K (K |= By — Bs) iff B} C B). An object
o violates the implication By — By iff o € By \ Bj.

It is easy to see that an implication By — By holds in K iff By C BY. In
particular, given a set of attributes B, the implications B — B” and B —
(B"” \ B) always hold in K. We denote the set of all implications that hold in
K by Imp(K). This set can be very large, and thus one is interested in (small)
generating sets.

Definition 5 Let J be a set of implications, i.e., the elements of J are of the
form By — Bs for sets of attributes By, By C P. For a subset B of P, the
implication hull of B with respect to J is denoted by J(B). It is the smallest
subset H of P such that

— BCH, and

— By > Bye J and By C H imply B, C H.

The set of implications generated by J consists of all implications By — B
such that Bs C J(By). It will be denoted by Cons(J). We say that a set of
implications J is a base of Imp(K) iff Cons(J) = Imp(K) and no proper subset
of J satisfies this property.

If J is a base for Imp(K), then it can be shown that B” = 7 (B) for all B C P.
The implication hull 7 (B) of a set of attributes B can be computed in time linear
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in the size of J and B using, for example, methods for deciding satisfiability of
sets of propositional Horn clauses [I3]. Consequently, given a base J for Imp(KC),
any question of the form “B; — By € Imp(K)?” can be answered in time linear
in the size of J U {By — Bs}.

There may exist different implication bases of Imp(K), and not all of them
need to be of minimal cardinality. A base J of Imp(K) is called minimal base iff
no base of Imp(K) has a cardinality smaller than the cardinality of J. Duquenne
and Guigues have given a description of such a minimal base [I4]. Ganter’s
attribute exploration algorithm computes this minimal base as a by-product. In
the following, we define the Duquenne-Guigues base and show how it can be
computed using the attribute exploration algorithm.

The definition of the Duquenne-Guigues base given below is based on a modi-
fication of the closure operator B — J(B) defined by a set J of implications. For
a subset B of P, the implication pseudo-hull of B with respect to J is denoted
by J*(B). It is the smallest subset H of P such that

— BCH, and
— By — By € J and B; C H (strict subset) imply By C H.

Given J, the pseudo-hull of a set B C P can again be computed in time linear
in the size of J and B (e.g., by adapting the algorithm in [I3] appropriately). A
subset B of P is called pseudo-closed in a formal context K iff Imp(K)*(B) = B
and B” # B.

Definition 6 The Duquenne-Guigues base of a formal context IKC consists of all
implications By — By where By C P is pseudo-closed in K and By = By \ By.

When trying to use this definition for actually computing the dual Duquenne-
Guigues base of a formal context, one encounters two problems:

1. The definition of pseudo-closed refers to the set of all valid implications
Imp(K), and our goal is to avoid explicitly computing all of them.

2. The closure operator B — B” is used, and computing it via B — B’ — B”
may not be feasible for a context with a larger or infinite set of objects.

Ganter solves the first problem by enumerating the pseudo-closed sets of K in a
particular order, called lectic order. This order makes sure that it is sufficient to
use the already computed part J of the base when computing the pseudo-hull.
To define the lectic order, fix an arbitrary linear order on the set of attributes
P=A{p1,-.-,pn},say p1 < -+ < pp. For all j,1 < j <n, and By,By C P we
define

By <; By iff pj € Bo\ By and B1N{p1,...,pj—1} = BaN{p1,...,pj-1}.

The lectic order < is the union of all relations <; for j =1,...,n. It is a linear

order on the powerset of P. The lectic smallest subset of P is the empty set.
The second problem is solved by constructing an increasing chain of finite

subcontexts of K. The context K; = (O;, P;, S;) is a subcontext of K iff O; C O,
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Pi = P, and §; = SN (O; x P). The closure operator B +— B’ is always
computed with respect to the current finite subcontext ;. To avoid adding a
wrong implication, an “expert” is asked whether the implication B — B” \ B
really holds in the whole context K. If it does not hold, the expert must provide
a counterexample, i.e., an object o from O\ O; that violates the implication.
This object is then added to the current context. Technically, this means that
the expert must provide an object o, and must say which of the attributes in P
are satisfied for this object.

The following algorithm computes the set of all intents of formal concepts of
KC as well as the Duquenne-Guigues base of K. The concept lattice is then given
by the inverse inclusion ordering between the intents.

Algorithm 7 (Attribute exploration)

Initialization: One starts with the empty set of implications, i.e., Jo := 0, the
empty set of concept intents Co := 0, and the empty subcontext Ko of K, i.e.,
Op := 0. The lectic smallest subset of P is By := ().

Iteration: Assume that IC;, J;, Ci, and B; (i > 0) are already computed.
Compute B} with respect to the current subcontext IC;. Now the expert is asked
whether the implication B; — B} \ B; holds in K El

If the answer is “no”, then let o; € O be the counterexample provided by the
expert. Let Biyv1 = By, Jiv1 = J;, and let K;11 be the subcontext of K with
O;41:= 0; U{o;}. The iteration continues with Kiy1, Jit1, Civ1, and Biyq.

If the answer is “yes”, then K;11 == K; and

Covr Toor) o= L (s TiUABi = BY\Bi})  if B # By,
( i+15 ’L-‘rl) = (Cq, U {Bz}’,x) ZfB;l _ Bi~

To find the new set B;11, we start with j = n, and test whether

(*) Bi <; T ((Bin{py,...,pj—1}) U{p;})

holds. The index j is decreased until one of the following cases occurs:

(1) j = 0: In this case, Cix1 is the set of all concept intents and Jiy1 the
Duquenne-Guigues base of IC, and the algorithm stops.

(2) () holds for j > 0: In this case, Biy1 := T (B:s N {p1,...,pj—1}) U{p;}),
and the iteration is continued.

4 Subsumption between Conjunctions of Concepts

Most of the results that we will show are independent of the DL under consid-
eration. The only restriction that we need is that it allows for conjunction.

In the following, let 7 be a fixed TBox, and let p1,...,p, be the concepts
defined in 7. We are interested in representing all subsumption relationships
(w.r.t. T) between finite conjunctions of these defined concepts. In order to

2 If B!\ B; = 0, then it is not really necessary to ask the expert because implications
with empty right-hand side hold in any context.
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employ tools from FCA for this purpose, we want to define a formal context
such that the concept lattice of this context is isomorphic to the subsumption
hierarchy we are interested in. In this section, we will describe two possible
ways for defining such a context. The first one (which was first described in
[1]) uses interpretations as objects, whereas the second one uses concepts as
objects. The advantage of the second approach is that one can use an arbitrary
subsumption algorithm for the DL under consideration as expert. Thus, one
can, for example, use highly optimized DL systems like FaCT and RACER for
this purpose. In contrast, the first approach requires an extended subsumption
algorithm. Though this extended algorithm exists for most of the standard DLs
(in particular, for ALC), one cannot use standard implementations.

4.1 The Semantic Context

The idea underlying the following definition is that a counterexample to a sub-
sumption relationship C' &4 D is a model Z of T together with an element
d € AT such that d € CT \ DZ. The objects of the context are all possible such
counterexamples.

Definition 8 The context K7 = (O, P,S) is defined as follows:

O :={(Z,d) | T is a model of T and d € A},
P = {pla"'vpn}?
S:={((Z,d),p) | d € p’}.

For a nonempty subset B = {p;,,...,pi.} of P, we denote the conjunction
piy T ... Mp;. by MB. For the empty set, we define M := T.

Lemma 9 Let By, By be subsets of P. The implication By — By holds in K1
iff NB1 E MBs.

Proof. Assume that B; — By does not hold in Cy. This is the case iff there
exists an object (Z,d) € B} \ Bj. By definition of S and of the operator B — B,
this means that (1) d € p” for all p € By, and (2) there exists p’ € By such
that d ¢ p'Z. By the semantics of the conjunction operator, (1) is equivalent to
d € (MB1)%, and (2) is equivalent to d ¢ (MB2)%. Since Z is a model of T, this
shows that the subsumption relationship MB; T MBs does not hold. Obviously,
all of the conclusions we have made are reversible. O

Thus, the Duquenne-Guigues base £ of K also yields a representation of all
subsumption relationships of the form MB; T MBsy for subsets By, Bo of P. As
mentioned in Section B any question “rB; C7 MBy?” can then be answered in
time linear in the size of LU {B; — Bs}.

Theorem 10 The concept lattice of the context IC is isomorphic to the sub-
sumption hierarchy of all conjunctions of subsets of P w.r.t. T .
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Proof. In order to obtain an appropriate isomorphism, we define a mapping =
from the formal concepts of the context ICr to the set of all (equivalence classes
of) conjunctions of subsets of P as follows:

7(A, B) = [NB]=.

For formal concepts (A1, B1), (Asg, Bs) of K7+ we have (A1, By) < (Asg, Bo) iff
By C Bj. Since Bj is the intent of the formal concept (Ay, By), we have By =
A} = A" = BY, and thus By C By iff By C By iff the implication B; — By
holds in K iff MBy T MBs. Overall, we have thus shown that 7 is an order
embedding (and thus injective): (A1, By) < (A2, B2) iff [MB;]= C= [MBs)=.

It remains to be shown that 7 is surjective as well. Let B be an arbitrary
subset of P. We must show that [MB]= can be obtained as an image under
the mapping 7. We know that (B’, B”) is a formal concept of K, and thus it
is sufficient to show that m(B’, B”) = [MB]z, i.e., M(B"”) =7 MNB. Obviously,
B C B” implies M(B"”) C+ MNB. Conversely, the implication B — B” holds in
K7, and thus Lemma [g yields NB C+ nB". O

If we want to apply Algorithm [ to compute the concept lattice and the
Duquenne-Guigues base, we need an “expert” for the context K. This expert
must be able to answer the questions asked by the attribute exploration algo-
rithm, i.e., given an implication By — Bs, it must be able to decide whether
this implication holds in K. If the implication does not hold, it must be able
to compute a counterexample, i.e., an object o € Bf \ Bj.

By Lemma 0l B; — Bs holds in K7 iff MB; T MBy. Thus, validity of
implications in /Cy can be decided using a standard subsumption algorithm.
A counterexample to the implication By — Bs is a pair (d,Z) € O such that
d € (MB1)T\ (MBy)Z. Since the usual tableau-based subsumption algorithms [11]
in principle try to generate finite countermodels to subsumption relationships,
they can usually be extended such that they yield such an object in case the
subsumption relationship does not hold. In [1], this is explicitly shown for the
DL ALC.

Proposition 11 Let T be an ALC TBox. The tableau-based subsumption al-
gorithm for ALC can be extended such that it functions as an “expert” for the
context KO without increasing its worst-case complexity of PSPACE.

However, the highly optimized algorithms in systems like FaCT and RACER
do not produce such countermodels as output. For this reason, we are interested
in a context that has the same attributes and the same concept lattice (up to
isomorphism), but for which a standard subsumption algorithm can function as
an expert.

4.2 The Syntactic Context

The intuition underlying this context is that the subsumption relationship C' T+
D does not hold iff there is a concept E such that £ C C and E Z D.
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Definition 12 The contest K% = (O',P,S’) is defined as follows:

O’ :={F | E is a concept description of the DL under consideration};
P = {pla s apn}v
S :={(E,p) | EC7 p}.

The context K/- satisfies the analogs of Lemma ] and Theorem [I0.

Lemma 13 Let By, By be subsets of P. The implication By — By holds in Ky
iff MB1 E MBs.

Proof. First, we prove the only if direction. If the implication By — By holds in

-, then this means that the following holds for all objects £ € O": if E Ty p
holds for all p € By, then E T4 p also holds for all p € Bs. Thus, if we take MB;
as object F, we obviously have MBy C4 p for all p € By, and thus MB; T+ p for
all p € By, which shows MB; T MBs.

Second, we prove the if direction. If MB; E4 MB,, then any object E satis-
fying £ C4 MB; also satisfies E T4 MBy by the transitivity of the subsumption
relation. Consequently, if £ is a subconcept of all concepts in By, then it is also
a subconcept of all concepts in Bs, i.e., if F satisfies all attributes in By, it also
satisfies all attributes in By. This shows that the implication By — By holds in
K- O

The proof of the following theorem is identical to the proof of Theorem [I0.

Theorem 14 The concept lattice of the context K'r is isomorphic to the sub-
sumption hierarchy of all conjunctions of subsets of P w.r.t. T .

Again, attribute exploration can be used to compute the concept lattice since
any standard subsumption algorithm for the DL under consideration can be used
as an expert for K/-.

Proposition 15 Any decision procedure for subsumption functions as an expert
for the context K'-.

Proof. The attribute exploration algorithm asks questions of the form “B; —
B5?7” By LemmalT3, we can translate these questions into subsumption questions
of the form “rB; T4 MBs?” Obviously, any decision procedure for subsumption
can answer these questions correctly.

Now, assume that B; — By does not hold in ICir, ie.,, MBy L7 MBs. We
claim that MBj is a counterexample, i.e., MB; € B{, but MB;y ¢ Bj. This is an
immediate consequence of the facts that B = {E | E Cy NB;} (i = 1,2) and
that HBl ET |_|Bl and HBl «ZT |_|Bg. 1

5 Computing the Hierarchy of Least Common Subsumers

In the following, we assume that in the DL £ under consideration the lcs always
exists and can effectively be computed.
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Given a finite set C := {C1, ..., C,} of concept descriptions, we are interested
in the subsumption hierarchy between all least common subsumers of subsets of
C. For sets B C C of cardinality > 2, we have already defined the notion lcs(B).
We extend this notion to the empty set and singletons in the obvious way:
les(@) := L and les({C;}) == C;.

Our goal is to compute the subsumption hierarchy between all concept de-
scriptions lcs(B) for subsets B of C without explicitly computing all these least
common subsumers. This is again achieved by defining a formal context (with
attribute set C) such that the concept lattice of this context is isomorphic to the
subsumption hierarchy we are interested in. The following context is similar to
the syntactic context defined in the previous section. The main difference is the
definition of the incidence relation, where subsumption is used in the opposite
direction.

Definition 16 Given a DL language L and a finite set C := {C1,...,Cn} of
L-concept descriptions, the corresponding formal context K. (C) = (O, P",8")
is defined as follows:

O" :={D | D is an L-concept description},
P’ =C
S" = {(D,C)| C C D},

As an easy consequence of the definition of Iz (C) and of the lcs, we obtain that
the extent of a set B C P” is closely related to the lcs of this set:

Lemma 17 Let B, By, By be subsets of P”.

1. BB ={D € 0" |les(B) C D}.
2. By C BY iff les(Bs) C les(By).

Proof. First, let B be a subset of P”. We have D € B’ if CE D for all C € B
iff les(B) C D.

Second, by 1. we have Bf C B} iff lcs(By) C D implies lcs(Bg) C D for
all D € O”. Thus, if B} C B}, then lcs(By) C les(By) yields les(Bs) T les(By).
Conversely, if les(Bsz) C les(By), then les(B1) T D obviously implies les(Bg) C D
for arbitrary concepts D. O

C
s(

Now, we can again show that implications correspond to subsumption rela-
tionships between the corresponding least common subsumers.

Lemma 18 Let By, By be subsets of P”. The implication By — By holds in
Kz (C) iff les(Bg) T les(By).

Proof. B; — Bj holds in Kz (C)
ifft Bj C B) (by definition)
iff les(Bz) C les(By) (by 2. of the above lemma).
|

As an immediate consequence of this lemma, the Duquenne-Guigues base J
of K-(C) yields a representation of all subsumption relationships of the form
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lcs(B1) E les(Bs) for subsets By, By of O. Given this base J, any question of
the form “les(By) C les(B2)?” can then be answered in time linear in the size
of JU{B; — Bs}. Another easy consequence of the lemma is that the concept
lattice of Kz(C) coincides with the inverse subsumption hierarchy of all least
common subsumers of subsets of C. The proof of this fact (which we include for
the sake of completeness) is very similar to the proof of Theorem [0

Theorem 19 The concept lattice of Kz (C) is isomorphic to the inverse sub-
sumption hierarchy of all least common subsumers of subsets of C.

Proof. We define the mapping 7 from the formal concepts of K. (C) to the set
of (equivalence classes of) least common subsumers of subsets of C as follows:

7(A, B) = [les(B))=.

For formal COHCGptS (Al,Bl), (AQ,BQ) we have (Al,Bl) S (AQ,BQ) iff A1 =
Bj C Ay = B} iff Ics(Bs) C les(Bq). As an easy consequence we obtain that 7 is
an order embedding (and thus also injective):

(AlvBl) S (AQ,BQ) iff [lCS(Bl)}E QE [ICS(BQ)}E.

It remains to be shown that 7 is surjective as well. Let B be an arbitrary subset
of C = P”. We must show that [lcs(B)]= can be obtained as an image under
the mapping 7. By the dual of Lemma [3, (B’, B”) is a formal concept, and
thus it is sufficient to show that lcs(B) = les(B”). Obviously, B C B” implies
les(B) C les(B”) (by definition of the lcs). Conversely, the implication B — B”
holds in K, (C), and thus les(B”) C les(B) (by Lemma [I8). O

If we want to apply Algorithm [[ to compute the concept lattice and the
Duquenne-Guigues base, we need an “expert” for the context K, (C). This ex-
pert must be able to answer the questions asked by the attribute exploration
algorithm, i.e., given an implication B; — Bs, it must be able to decide whether
this implication holds in Kz (C). If the implication does not hold, it must be able
to compute a counterexample, i.e., an object o € Bf \ Bj.

If the language £ is such that the lcs is computable and subsumption is
decidable (which is, e.g., the case for £L = £L), then we can implement such an
expert.

Proposition 20 Given a subsumption algorithm for L as well as an algorithm
for computing the lcs of a finite set of L-concept descriptions, these algorithms
can be used to obtain an expert for the context K. (C).

Proof. First, we show how to decide whether a given implication By — Bs holds
in £z(C) or not. By Lemma [I8, we know that By — By holds in K. (C) iff
lcs(B2) C les(By). Obviously, les(Bz) C les(By) iff C; C les(By) for all C; € Bs.
Thus, to answer the question “By — By?”, we first compute lcs(B) and then use
the subsumption algorithm to test whether C; C lcs(By) holds for all C; € Bs.
Second, assume that By — By does not hold in K (C), i.e., les(Bz) £ les(By).
We claim that lcs(Bj) is a counterexample, i.e., lcs(By) € Bj and lcs(B;) € Bj.



276 Franz Baader and Baris Sertkaya

This is an immediate consequence of the facts that B = {D € 0" | Ics(B;) C D}
(i=1,2) and that lcs(B;) C lcs(B1) and les(Bg) £ les(By).

Of this counterexample, Algorithm [7lreally needs the row corresponding to
this object in the matrix corresponding to S”. This row can easily be computed
using the subsumption algorithm: for each C; € C = P”, we use the subsumption
algorithm to test whether C; C lcs(By) holds or not. O

Using this expert, an application of Algorithm [7 yields

— all intents of formal concepts of . (C), and thus the concept lattice of K (C),
which coincides with the inverse subsumption hierarchy of all least common
subsumers of subsets of C (by Theorem [19);

— the Duquenne-Guigues base of K (C), which yields a compact representation
of this hierarchy (by Lemma [I§); and

— a finite subcontext of K, (C) that has the same concept intents as K (C) and
the same - operation on sets of attributes.

Using the output of Algorithm [f] one can then employ the usual tools for
drawing concept lattices [38] in order to present the subsumption hierarchy of
all least common subsumers of subsets of C to the knowledge engineer.

6 Some Experimental Results

In the previous two sections, we have shown that the attribute exploration al-
gorithm can be used to compute the hierarchy of least common subsumers of a
given set of concept descriptions and the hierarchy of all conjunctions of concepts
defined in a terminology. What remains is to analyze whether attribute explo-
ration really is a good approach for solving this task. Our reason for trying it in
the first place was that computing this hierarchy is the same as computing a cer-
tain concept lattice (as shown above), and that attribute exploration is known to
be a very good method for doing this. The problem with this generic argument
in favor of attribute exploration is, of course, that we consider a very specific
context, and that it might well be that, for this context, attribute exploration is
not the best thing to do.

6.1 Results for Computing the Hierarchy
of Conjunctions of Defined Concepts

In [29], the approach for computing this hierarchy based on the semantic context
(see Subsection L) was implemented and then evaluated on randomly generated
ALC TBoxes. For each TBox size (where size is the number of defined concepts),
at least 50 different TBoxes were generated and attribute exploration was applied
to the semantic context induced by these TBoxes. The main observations made
during these experiments are the following:

1. For TBoxes of size > 30, the computation of the full hierarchy in all cases
took longer than the time out of 5 minutes imposed on each experiment.
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2. The size of the Duquenne-Guigues base was very small compared with the
number of computed counterexamples and the number of formal concepts of
the context. For example, for TBoxes of size 20, there was an average of 13
implications in the base, 850 counterexamples, and 13500 formal concepts.

3. The overhead of the “concept analysis part” of the algorithm was consider-
able. Although calls to the expert are quite expensive (since the expert is
realized by a PSPACE algorithm, the extended subsumption algorithm) less
than 60% of the time was spent by the expert.

4. The time required by the extended subsumption algorithm (computing a
counterexample) was compared with the time required by a normal sub-
sumption algorithm (answering only “yes” or “no” to subsumption queries).
It turned out that for all TBox sizes the runtime of the extended subsumption
algorithm was 2.5 times the runtime of the normal subsumption algorithm.

5. The subsumption hierarchy of all conjunctions of concepts defined in a TBox
can, of course, also be computed by extending the TBox by a new definition
for each such conjunction. However, even if one employs the sophisticated
optimization techniques described in [7] to compute the subsumption hierar-
chy of this extended TBox, the number of calls to the subsumption algorithm
is much larger than the number of expert calls during attribute exploration
of the semantic context of the unextended TBox. For example, for TBoxes
of size 10, attribute exploration required an average of 75 calls of the expert,
whereas computing the subsumption hierarchy of the extended TBoxes re-
quired 19700 calls of the normal subsumption algorithm.

A few comments regarding these results are in order. First, there are two rea-
sons why TBoxes with more than 30 defined concepts could not be handled in
reasonable time. One the one hand, the extended subsumption algorithm was
implemented in a naive and almost unoptimized way, and thus could not handle
the large concept descriptions (obtained by unfolding the TBox definitions) in an
efficient way. On the other hand, for large TBoxes, the size of the concept lattice
was huge (and thus a lot of time was spent in the “concept analysis part” of the
algorithm). The reason for the huge number of formal concepts compared to the
number of implications is probably that the dependencies between the different
attributes was quite low in the semantic contexts induced by the randomly gen-
erated TBoxes. By varying the probability of using an already defined concept
in the definition of a new concept, we were able to generate TBoxes with more or
less dependencies between the attributes. However, even with high dependency
between attributes, the concept lattice was quite large. As long as this is the
case, the “concept analysis part” of the algorithm will require a considerable
amount of time.

The constant factor of 2.5 between the runtime of the expert and the run-
time of the normal subsumption algorithm is consistent with the theoretical
result that both algorithms belong to the same complexity class (PSPACE). For
practical purposes, the situation is, however, worse than indicated by this rather
small factor. The algorithms we tested were both naive, almost unoptimized
implementations. For the normal subsumption algorithm there are now highly
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optimized implementations that are several orders of magnitude better than the
naive implementation, whereas there is no such optimized implementation avail-
able for the extended algorithm. For this reason, using the syntactic context
(which just requires a normal subsumption algorithm as expert) appears to be
the better option (though this must still be verified in experiments).

In spite of the overhead caused by the expert and the “concept analysis part”
of the algorithm, attribute exploration is much better than the naive approach of
extending the TBox by a new definition for each conjunction of defined concepts.
Thus, the generic argument in favor of attribute exploration is indeed supported
by our experiments. As we will see in the next subsection, the same is true for
the problem of computing the hierarchy of least common subsumers.

6.2 Results for Computing the Hierarchy
of Least Common Subsumers

We have used the bottom-up construction of knowledge bases in a chemical
process engineering application [27)34I28], where the knowledge base describes
standard building blocks of process models (such as certain types of reactors).
When we performed the experiments, this knowledge base consisted of about
600 definitions of building blocks.

In order to test the attribute exploration algorithm, we have taken 7 descrip-
tions of reactors of a similar type, which the process engineers considered to be
good examples for generating a new concept. These descriptions were translated
into concept descriptions Ry,..., R7, and we applied the attribute exploration
algorithm to this set of attributes. The resulting hierarchy of all least com-
mon subsumers of subsets of C := {R;,...,R7} is depicted in Figure [Il The
concept on the top corresponds to the lcs obtained from the whole set of ex-
amples, and the concept at the bottom is the lcs obtained from the empty set,
i.e., the description L. The node labeled Ics(éy . .. iy, ) corresponds to the formal
concept with intent R;,,...,R;, , and thus to les(R;,,...,R;, ). Note that in
many cases lcs(R;,, ..., R;,, ) can also be obtained as the Ics of a strict subset of
{Ri,,..., R, }. This can be easily seen by using the least upper-bound opera-
tion of the (inverse) concept lattice. For example, les(R;, R7) = les(Ry, . .., Ryr)
for all 4,1 <i <6.

Statistical Information: The Duquennes-Guigues base of the context consists of
15 implications, and the concept lattice of 30 formal concepts. If we subtract the
trivial least common subsumers L, Ry,..., Ry as well as Ics(Ry, ..., Ry), which
turned out to be equivalent to an already existing description, we end up with 21
candidates for new concepts. Of these 21 interesting least common subsumers,
only 10 have explicitly been computed during the exploration.

During the calls of the “expert”, 255 subsumption tests and 25 n-ary lcs oper-
ations have been executed. Because we re-used already computed least common
subsumers, the 25 n-ary lcs operations only required 25 binary lcs operations.
The number of counterexamples computed by the expert was also 25.
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Fig. 1. The hierarchy of least common subsumers of seven reactor descriptions.

Finally, we measured the time needed for executing the interesting subtasks,
namely computing the Ics, testing subsumption, and realizing the overhead intro-
duced by the attribute exploration algorithm (e.g., computing the - operation,
the pseudo-hull, etc). It turned out that more than 84% of the time was used for
computing least common subsumers, 15% for subsumption tests, and less than
1% for the rest. This shows that, at least for this small example, the exploration
algorithm does not introduce any measurable overheadd. The fact that comput-
ing the lcs needed a lot more time than testing subsumption is probably due to
the fact that we used a highly optimized subsumption algorithm [22], but only
a first prototypical implementation of the lcs algorithm.

What Can Be Learned from the Concept Lattice? Two important facts about the
reactor descriptions can be read off immediately. First, there is no subsumption
relationship between any of the 7 concepts since all singleton sets occur as intents.
Second, Reactor 7 is quite different from the other reactors since its lcs with any

3 This is in strong contrast to the experimental results described in Subsection[6-1] The
main difference appears to be that, for the present context, the concept lattice and
the number of counterexamples is not much larger than the number of implications
in the base.
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of the others yields a very general concept description. Thus, it should not be
used for generating new concepts together with the other ones. In fact, a closer
look at R7 revealed that, though it describes a reactor of a type similar to that
of the other ones, this description was given on a completely different level of
abstraction.

Next, let us consider the question of which of the least common subsumers
occurring in the lattice appear to be good candidates for providing an interesting
new concept. First, the lcs of the whole set is ruled out since it involves Reactor 7,
which does not fit well with the other examples (see above). Second, in order
to avoid concepts that are too specific, least common subsumers that do not
cover more than half of the reactors should also be avoided. If we use these two
criteria, then we are left with 9 candidates (the formal concepts with intents of
cardinality 4, 5, and 6), which is a number of concepts that can well be inspected
by the process engineer. In our example, the 5 least common subsumers on the
first layer of these interesting candidates (the formal concepts with intents of
cardinality 4) were consider by the process engineers to be the most interesting
new concepts among the 9 candidates.

7 A More Abstract Point of View

The results and proofs presented in Subsection and in Section [ are very
similar, and the proofs are based on rather generic arguments (i.e., they use
almost no specific properties of the lcs or the conjunctions of defined concepts).
Thus, one may ask whether the constructions and arguments used there can be
generalized. The purpose of this section is to show that this is indeed the case.

Consider a partially ordered set (M, <) for which all finite infima exist, i.e.,
if B is a finite subset of M, then there exists an element inf(B) € M that is
the greatest element of M smaller than all elements of B. From the algorithmic
point of view we assume that there are algorithms for deciding the relation < and
for computing inf(B) for all finite subsets B of M. In Subsection 2 M is the
set of all concept descriptions of the DL under consideration, < is subsumption
w.r.t. the TBox (E7), and the infimum of a finite set of such descriptions is their
conjunctior@. In Section [, M is again the set of all concept descriptions of the
DL under consideration, < is inverse subsumption (3J) and the infimum is given
by the les.

Definition 21 Given a finite subset N of M, its infimum closure is the set
InfC(N) := {inf(B) | BC N}.

* To be more precise, M is the set of all equivalence classes [C]= of concept descriptions
C and the partial order is the partial order C= induced by subsumption w.r.t. 7 on
these equivalence classes.

5 Since we take inverse subsumption, the lcs, which is the supremum w.r.t. subsump-
tion, is indeed the infimum.
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In Subsection [£2] N is the set of all concept names defined in the TBox, and
InfC(N) is the set of all conjunctions of such names. In SectionHl N is a finite set
C of concept descriptions, and InfC(N) is the set of all least common subsumers
of subsets of C.

Since N is finite, (InfC(N), <) is a complete semilattice, and thus a com-
plete lattice. We are interested in computing this lattice. In Subsection E2]
(InfC(N), <) is the hierarchy of all conjunctions of defined concepts, and in Sec-
tion Bl (InfC(N), =) is the hierarchy of all least common subsumers of subsets of
C. In order to compute (InfC(N), <), we define a formal context with attribute
set N such that the concept lattice of this context is isomorphic to (InfC(N), <).

Definition 22 Let (M, =) be a partially ordered set for which all finite infima
exist, and let N be a finite subset of M. The formal context K<(N) = (O, P,S)
is defined as follows:

M,
N’
{(m,n) | m < n}.

» 9 O

Valid implications in K< (V) correspond to <-relationships between infima of

subsets of N. The proof of this result is an easy generalization of the proof of
Lemma [T3

Lemma 23 Let By, By be subsets of P = N. The implication By — By holds
in K<(N) iff inf(B;) < inf(Bs).

Proof. First, we prove the only if direction. If the implication B; — Bs holds
in K<(N), then this means that the following holds for all objects m € O: if
m =< n holds for all n € By, then m < n also holds for all n € By. Thus, if we
take inf(By) as object m, we obviously have inf(By) < n for all n € By, and thus
inf(By) <X n for all n € By, which shows inf(B;) < inf( By).

Second, we prove the if direction. If inf(By) =< inf(Bs), then any object
m satisfying m =< inf(B;) also satisfies m =< inf(Bs) by the transitivity of <.
Consequently, if m < n for all n € By, then m < inf(B;) < inf(By) < n for all
n € Bo, i.e., if m satisfies all attributes in Bj, it also satisfies all attributes in
Bs. This shows that the implication B; — Bg holds in K<(N). O

The proof of the following theorem is an easy generalization of the proof of
Theorem [[0] and Theorem [[4]

Theorem 24 The concept lattice of the context K<(N) is isomorphic to the
lattice (InfC(N), =<).

Proof. In order to obtain an appropriate isomorphism, we define a mapping m
from the formal concepts of the context K< (N) to InfC(N) as follows:

(A, B) = inf(B).
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Since B is a finite subset of P = N, the definition of InfC(N) implies that
inf(B) € InfC(N).

For formal concepts (A;, B1), (Az, Ba) of K<(N) we have (A1, By) < (A, Bs)
ifft By C Bj. Since Bj is the intent of the formal concept (A, B;), we have
B, = A} = A" = BY, and thus By C By iff By C BY iff the implication By — Bs
holds in K< (N) iff inf(By) < inf(Bs). Overall, we have thus shown that 7 is an
order embedding (and thus injective): (A1, By) < (Ag, Bo) iff inf(B;) < inf(Bs).

It remains to be shown that 7 is surjective as well. Let B be an arbitrary
subset of P = N. We must show that inf(B) can be obtained as an image under
the mapping 7. We know that (B’, B”) is a formal concept of < (N), and thus
it is sufficient to show that w(B’, B”) = inf(B), i.e., inf( B") = inf(B). Obviously,
B C B” implies inf(B”) < inf(B). Conversely, the implication B — B’ holds in
K<(N), and thus Lemma 23] yields inf(B) < inf(B”). Since < is antisymmetric,
this shows inf(B) = inf(B"). d

If we want to apply Algorithm [7] to compute the concept lattice and the
Duquenne-Guigues base of K<(N), we need an “expert” for this context. The
proof of the next proposition is a generalization of the proofs of Proposition 20l
and of Proposition

Proposition 25 Given a decision procedure for < as well as an algorithm for
computing the infima of all finite subsets of M, these algorithms can be used to
obtain an expert for the context K<(N).

Proof. First, we show how to decide whether a given implication By — Bs holds
in £<(N) or not. By Lemma 23] we know that B; — By holds in K<(N) iff
inf(B;) = inf(By). Obviously, inf(B;) = inf(Bs) iff inf(B;) < n for all n € Bs.
Thus, to answer the question “B; — Bs?”, we first compute inf(B;) and then
use the decision procedure for < to test whether inf(B;) < n holds for all n € Bs.

Second, assume that B; — Bz does not hold in K< (NV), ie., inf(By) #A
inf(Bs). We claim that inf(B;) is a counterexample, i.e., inf(By) € Bj and
inf(By) ¢ B). This is an immediate consequence of the facts that B, = {m €
O|m<Xnforalln € B;} = {m € O | m =< inf(B;)} (i = 1,2) and that
inf(By) = inf(B1) and inf(By) A inf(Bs).

Of this counterexample, Algorithm [7] really needs the row corresponding to
this object in the matrix corresponding to S. This row can easily be computed
using the decision procedure for <: for each n € P = N, we use this decision
procedure to test whether inf(B;) < n holds or not. O

To sum up, we have shown that attribute exploration can be used to compute
(a representation of) the lattice (InfC(NN), <) provided that < is decidable and
all finite infima are computable. The results presented in Subsection [£.2 and
in Section [ are instances of this general result. The fact that the approach
described in Section [§ (and first presented in [10]) can be generalized in this
direction has already been mentioned in [1§] (Section 3), but not worked out in
detail.
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8 Conclusion

We have described two cases where a tool from FCA (attribute exploration) can
be used to compute an extended subsumption hierarchy in DL (the hierarchy of
conjunctions of concepts defined in a terminology, and the hierarchy of all least
common subsumers of a finite set of concept descriptions). The experimental
results show that this approach is much better than the naive approach for
computing these hierarchies. Nevertheless, there is still room for improvements.
For example, in the first case the overhead of the FCA part of the algorithm was
quite high due to the large number of formal concepts in the concept lattice.
For most applications, one does not really need to compute all formal concepts
since the implication base already contains all relevant information. Attribute
exploration (as described in Section B) generates all intents of formal concepts,
since it enumerates all pseudo-closed sets, which are either concept intents, left-
hand sides of implications in the base, or left-hand sides of implications that are
not valid (i.e., implications that yield a counterexamples during the exploration
process). In contexts whose concept lattice is quite large compared to the size
of the Duquenne-Guigues base and the number of counterexamples, it would be
better to have a modified attribute exploration algorithm that enumerates only
those pseudo-closed sets that are not concept intents (only for those, the expert
is called).

We have also seen that the approaches described in Subsection [4£:2] and Sec-
tion [B] are both instances of a more general approach. Thus, one can try to find
other interesting instances of this general approach. One example could be to
compute the hierarchy of all conjunctions of defined concepts and their nega-
tions. In fact, when considering the lcs in DLs that are more expressive than ££
(e.g., in ALE), one must deal with such conjunctions. Since in this case one has
background knowledge about the relationship between different attributes (the
concept A is disjoint from its negation —A), one can probably employ methods
developed for attribute exploration with background knowledge [17].
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Abstract. A model of learning from positive and negative examples is
naturally described in terms of Formal Concept Analysis (FCA). In these
terms, result of learning consists of two sets of intents (closed subsets of
attributes): the first one contains intents that have only positive exam-
ples in the corresponding extents. The second one contains intents such
that the corresponding extents contain only negative examples. On the
one hand, we show how the means of FCA allows one to realize learning
in this model with various data representation, from standard object-
attribute one to that with labeled graphs. On the other hand, we use
the language of FCA to give natural descriptions of some standard mod-
els of Machine Learning such as version spaces and decision trees. This
allows one to compare several machine learning approaches, as well as
to employ some standard techniques of FCA in the domain of machine
learning. Algorithmic issues of learning with concept lattices are dis-
cussed. We consider applications of the concept-based learning, including
Structure-Activity Relationship problem (in predictive toxicology) and
spam filtering.

1 Introduction

Machine Learning is usually defined as a discipline “concerned with the question
of how to construct computer programs that automatically improve with experi-
ence” [46]. Methods of FCA [62, 23] were from the very beginning (viz., attribute
exploration and more later predicate, object and relational explorations) more
oriented to human-machine interaction, thus being more along the lines of knowl-
edge discovery: “The KDD process is interactive and iterative, involving numer-
ous steps with many decision being made by the user” [13] and similar principles
were e.g., declared in [29, 61]. However, in this paper we would like to relate FCA
rather to mathematical models of machine learning, which underlie methods of
knowledge discovery. The latter essentially consists in application-driven com-
bination of various learning models under supervision of human experts, which
also perform data selection at various stages of the discovery process.

From the very beginning, techniques related to extraction of knowledge from
data were among the mainstream of FCA research. Implications between sets
of attributes in formal contexts, as opposed to mathematically equivalent func-
tional dependencies in databases, are drawn from datasets, whereas in the DBMS
paradigm [41] the database dependencies are usually known in advance to a DB
designer. Generating bases of implications from contexts can certainly be called

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 287-312, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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a machine-learning procedure, the same holds for generation of bases of partial
implications [42], which became known later as association rules in data mining.

One of the first models of machine learning that used lattices (closure sys-
tems) was the JSM-method! of automated hypothesis generation [16,17]. In this
model positive hypotheses are sought among intersections of positive example
descriptions (object intents), same for negative hypotheses. Various additional
conditions can be imposed on these intersections. For example, in Section 2 we
consider so-called counterexample forbidding hypotheses, which are equivalent
to implications with the value of the target attribute (positive or negative) in
the consequence and closed set of attributes in the premise.

In terms of FCA, the system CHARADE described in [18] basically con-
structs rules of the form A — A”. With the use of properties of Galois connec-
tions a sort of nonminimal base of implications is obtained. In system GRAND
[50] learning with lattices proceeded as follows: At input the system has training
positive and negative examples described by many-valued attributes. The system
creates partial description and orders them by generality, completes the partial
order to a lattice (which is known in the lattice theory as Dedekind-McNeille
completion) and then finds implications (in the FCA sense) with consequences
being values of the target attributes. In fact a base of implications with minimal
premises is obtained, which however is not minimal in the number of implica-
tions. Some machine learning systems, e.g., those described in [55, 43] use various
heuristics (based on allowances, accuracy, confidence, support, entropy, etc.) for
feature selection and reduction of the number of possible concept-based depen-
dencies learned from positive and negative examples. For example, Rulearner
system [55] generates hypotheses (closed sets of attributes that are subsets of
only some positive examples) with largest extents, which obviously belong to the
set of minimal hypotheses. Among these the system looks for hypotheses with
smallest cardinality. Additionally to this, the system deletes useless hypothe-
ses, i.e., those that produce no classification of previously unclassified examples.
Then the system deletes those instances that result only in useless hypotheses
and repeat hypothesis generation for the new dataset. GALOIS system described
in [8] realized clustering (i.e., unsupervised learning) based on concept lattices.
For classifying a new object similarity between it and existing clusters (concepts)
is computed as the number of common attributes. In 1990s the idea of a ver-
sion space was elaborated by means of logical programming within the Inductive
Logical Programming (ILP), where the notion of a subsumption lattice plays an
important role [48]. In late 1990s the notion of a lattice of “closed itemsets”
became important in the data mining community, see [13,52].

The paper is organized as follows. In Section 2 we recall basic definitions of
FCA and those related to concept-based hypotheses. In Section 3 we consider
a learning model for pattern structures, i.e., for data that cannot be directly
described by object-attribute matrices, but allow for a computable “meet” op-
eration. In Section 4 we consider version spaces, a basic construction in machine

! Called so in honor of the English philosopher John Stuart Mill, who introduced
methods of inductive reasoning in 19th century.
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learning, related to all possible classifiers compatible with a training sample,
from the viewpoint of FCA. In Section 5 we show how decision trees can be
naturally captured in terms of FCA. In Section 6 we discuss algorithmic issues
of concept-based learning. Finally, in Section 7 we consider some applications of
concept-based learning.

2 Basic Definitions: Concepts, Implications,
and Hypotheses

First, to make the paper self-contained, we introduce standard definitions of For-
mal Concept Analysis (FCA) [23]. We consider a set M of “structural attributes”,
aset G of objects (or observations) and a relation I C G x M such that (g,m) € T
if and only if object g has the attribute m. Such a triple K := (G, M, I) is called
a formal context. Using the derivation operators, defined for A C G, B C M by

A':={me M| gIm for all g € A},
B :={g € G| gIm for all m € B},

we can define a formal concept (of the context K) to be a pair (A, B) satisfying
ACG, BCM,A =B,and B’ = A. A is called the extent and B is called the
intent of the concept (A, B). These concepts, ordered by

(A1,B1) > (A2,B3) <= A1 D Ay

form a complete lattice, called the concept lattice of K := (G, M, I).

Next, we use the FCA setting to describe JSM-hypotheses from [16,17]. In
addition to the structural attributes of M, we consider (as in [36,19]) a target
attribute w ¢ M. This partitions the set G of all objects into three subsets: The
set G4 of those objects that are known to have the property w (these are the
positive examples), the set G_ of those objects of which it is known that they do
not have w (the negative examples) and the set G, of undetermined examples,
i.e., of those objects, of which it is unknown if they have property w or not. This
gives three subcontexts of K = (G, M, I), the first two staying for the training
sample:

K-‘r = (G+>M>I+)> K_ = (G—7M7 I—)> and KT = (GT?M’IT)’

where for € € {+,—,7} we have I, := I N (G: x M) and the corresponding
derivation operators are denoted by (-)*, ()7, ()7, respectively.

Intents, as defined above, are attribute sets shared by some of the observed
objects. In order to form hypotheses about structural causes of the target at-
tribute w, we are interested in sets of structural attributes that are common to
some positive, but to no negative examples. Thus, a positive hypothesis h for w
(called “counter-example forbidding hypotheses” in the JSM-method [16,17]) is
an intent of Ky such that AT £ @ and h € g~ := {m € M | (9,m) € I_} for any
negative example g € G_. An intent of K, that is contained in the intent of a
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negative example is called a falsified (+)-generalization. Negative hypotheses are
defined similarly. Hypotheses can be used to classify the undetermined examples:
If the intent

g ={meM]|(g,m)el}

of an object g € G, contains a positive, but no negative hypothesis, then ¢g” is
classified positively. Negative classifications are defined similarly. If ¢g” contains
hypotheses of both kinds, or if g” contains no hypothesis at all, then the classifi-
cation is contradictory or undetermined, respectively. In this case one can apply
standard probabilistic techniques known in machine learning and data mining
(majority vote, Bayesian approach, etc.)

In [35,36] we argued that one can restrict to minimal (w.r.t. inclusion C)
hypotheses, positive as well as negative, since an object intent obviously contains
a positive hypothesis if and only if it contains a minimal positive hypothesis.

Example 1. Consider the following data table

G\ M |color form rigid smooth|target

1 apple |yellowround no  yes +
2 grapefruit |yellow round no no +
3 kiwi green oval no no +
4 plum blue oval no  yes +

5 toy cube |green cubic yes  yes —
6 egg white oval yes  yes —
7 tennis ball| white round no no -

This dataset or multivalued context can be reduced to a context of the form
presented above by scaling [23], e.g., as follows (scaling 1):

G\M |wy gbl|f f|ls §[r o o|target
1 apple X XX |x x +
2 grapefruit| X X X X +
3 kiwi X X X +
4  plum x| X X +
5 toy cube X X |X x| -
6 egg X X X X —
7 tennis ball|x x| x|x —

[TPsii

Here we use the following abbreviations: “w” for white, “y” for yellow, “g
for green, “b” for blue, “s” for smooth, “f” for firm, “r” for round, “o” for
oval, and “m” for m € {w, y, g, b, s, f, r, 0,}. This context gives rise to the
positive concept lattice in Fig. 1, where we marked minimal (+)-hypotheses and
falsified (4)-generalizations. If we have an undetermined example mango with
mango” = {y, f, s, o} then it is classified positively, since mango” contains the
minimal hypothesis {f, o} and does not contain any negative hypothesis.
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({1.2,3.4}, {T})

{7}" = {w,[5r}

stikEAl () hys arha B = falsified (+)-g'eneralizatinns

({1.2}, {v.f.th) ) ({3.4}.{F.0})

({1}, {1}*) (& o) ({4}, {4}*)

(@,M)

Fig. 1. Positive concept lattice for scaling 1

For this scaling we have two minimal negative hypotheses: {w} (supported
by examples egg and tennis ball and {f, s} (supported by examples toy cube
and egg. The context can be scaled differently, e.g. in this way (scaling 2):

G\M |[wygbwyghb|ff|ls§|r oT o|target
1 apple X X X X| X|X X +
2 grapefruit| x X X X| X| X|X X +
3 kiwi X X X X| X| X| XX +
4  plum X X X X X X X +
5 toy cube X X X X x| =
6 egg X X X XX X X X —
7 tennis ball|x X X X|  X| X|x X —

This scaling gives rise to another positive concept lattice, all intents of which
are (4)-hypotheses. The unique minimal hypothesis (corresponding to the top
element of the concept lattice) is {W,f, o}. Two minimal negative hypotheses
are {7,b,T, f, s} (supported by examples 5 and 6) and {¥,g,b, w, o} (supported
by examples 6 and 7).

3 Learning in Pattern Structures

3.1 Pattern Structures and Hypotheses therein

Learning with descriptions given by logical formulas is systematically studied
in ILP [48], with applications to learning with molecular graphs described by
logical formulas [60,6]. In FCA community several authors have considered the
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case where instead of having attributes the objects satisfy certain logical formulas
[2,9,14] or they are described by labeled graphs [35,37,40]. In case of logical
formulas shared attributes are replaced by common subsumers of the respective
formulas. In [20] we showed how such an approach is linked to the general FCA
framework.

Let G be some set, let (D,M) be a meet-semilattice and let 6 : G — D be a
mapping. Then (G, D, d) with D = (D, M) is called a pattern structure, provided
that the set

6(G) :={d(g) | g € G}

generates a complete subsemilattice (Ds,M) of (D,M), i.e., every subset X of
0(G) has an infimum MNX in (D,MN) and Dy is the set of these infima. Each
such complete semilattice has lower and upper bounds, which we denote by 0
and 1, respectively. There are two natural situations where the condition on the
complete subsemilattice is automatically satisfied: when (D, M) is complete, and
when G is finite.

If (G, D, 0) is a pattern structure, we define the derivation operators as

A® :=Tgead(g) for ACG
and
d®:={g€G|dC ()} for d € D.

The elements of D are called patterns. The natural order on them is given, as
usual, by
cCd:<— clNd=c,

and is called the subsumption order?. The operators ¢ obviously make a Galois
connection between the power set of G and (D, C). The pairs (A, d) satisfying

ACG, deD, A°=d, and A=d°

are called the pattern concepts of (G, D,J), with extent A and pattern intent
d. For a,b € D the pattern implication a — b holds if a® T b°. Similarly, for
C, D C G the object implication C' — D holds if C° C D°.

Since (Ds, M) is complete, there is a (unique) operation L such that (Ds, M, L)
is a complete lattice. It is given by

UX :=T{c € Ds | Voex x C c}.

A subset M of D is U-dense for (Ds, M) if every element of Ds is of the form
LX for some X C M. If this is the case, then with

ld:={eeD|eCd}
we get

2 Note that subsumption order on patterns defined in this way (a larger pattern sub-
sumes a smaller pattern), being “intentional,” is inverse to definitions of subsumption
in logics, where it is “extensional” (a more general formula, covering more ground
facts, subsumes a less general formula).
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c=U(lenM) for every ¢ € Ds.

Of course, M := Dy is always an example of a LI-dense set.

If M is L-dense in (Dgs, M), then the formal context (G, M, I) with I given as
gIm:< m C §(g) is called a representation context for (G, D, d). The following
result from [20] can be proved by a standard application of the basic theorem of
FCA [23].

Theorem 1 Let (G,D, ) be a pattern structure and let (G, M,I) be a repre-
sentation context of (G,D,d). Then for any A C G, B C M and d € D the
following two conditions are equivalent

1. (A,d) is a pattern concept of (G,D,6) and B=] dN M.

2. (A, B) is a formal concept of (G, M,I) and d =||B.

Thus, the pattern concepts of (G, D,d) are in 1-1-correspondence with the
formal concepts of (G, M, ). Corresponding concepts have the same first com-
ponents (called eztents). These extents form a closure system on G and thus a
complete lattice, which is isomorphic to the concept lattice of (G, M, I).

An approach to generating pattern concepts and implications between objects
can be made in lines of a procedure proposed in [2]. This procedure, called the
object exploration, is the dual of the attribute exploration algorithm, which is
standard in Formal Concept Analysis [23]. In the beginning of the exploration
process one has the empty set of object implications and the set of extents F,
consisting at the initialization step of the empty extent. One considers the set
of implications of the form A — A” for A € E in the lexicographical order and
asks an expert whether each particular implication holds. If the expert says yes,
then either the set of implications or the set of extents are updated (dependent
on the fact whether a set of objects is pseudoclosed or closed), if not, the expert
should provide a counterexample that updates the current set of objects.

As the result of object exploration one obtains the context with the same
concept lattice as the lattice of the subsumption hierarchy (in case of description
languages this is given by the lattice of least common subsumers) and the stem
base of object implications. The procedure proposed in [2] also applies to the
general setting with an arbitrary semilattice D.

In [36,37,19] we considered a learning model from [17] in terms of Formal
Concept Analysis. This model assumes that the cause of a target property resides
in common attributes of objects that have this property.

For pattern structures this can be formalized as follows. Let (G, D,d) be a
pattern structure together with an external target property w. As in the case of
standard contexts, the set G of all objects is partitioned into three disjoint sets
w.r.t. w: the sets G4, G_, G, of positive, negative, and undetermined exam-
ples. This gives three pattern substructures of (G, D,d): (G+,D,9), (G-, D,?),
(G,.D,5).

A positive hypothesis h is defined as a pattern intent of (G4, D, d) that is not
subsumed by any pattern from §(G_) (for short: not subsumed by any negative
example). Formally: h € D is a positive hypothesis iff

NG =0 and JAC G, : A° = h.
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A negative hypothesis is defined accordingly.

A hypothesis in the sense of Section 2 [19] is obtained as a special case of
this definition when (D, ) = (2 ,N) for some set M. Hypotheses can be used
for classification of undetermined examples as introduced in [17] in the following
way. If g € G, is an undetermined example, then a hypothesis A with h C 6(g) is
for the positive classification of g if h is positive and for the negative classification
of g if it is a negative hypothesis. Classification of an example g € G is defined
in the same way as in Section 2 (with C replaced by C).

Example 2. Consider a pattern structure based on the following ordered set P
of graphs with labels from the set £ with partial order <. Each labeled graph
I' from P is a triple of the form ((V,1), E), where V is a set of vertices, F is a
set of edges and [: V' — L is a label assignment function, taking a vertex to its
label.

For two graphs Iy := ((V31,11), E1) and Iy := ((Va,l2), Es) from P I'; dominates
I or Iy < I if there exists a one-to-one mapping ¢: Vo — Vj such that it

— respects edges: (v, w) € E2 = (¢(v), p(w)) € Ex,
— fits under labels: lo(v) < 11 (p(v)).

For example, if £ = {C, NHy, CH3, OH, 2} we can have

C—CH;y CHy —(C—O0OH & —— ] — NH; —C—O0H
C S C 2 g '
N 1-/ (-/ \,u\-ng N fg/ \ru C-/ \n-_;
vertex labels are unordered x < A for any vertex label A € £

A meet operation I on graph sets can then be defined as follows: For two graphs
X and Y from P

(XY {Y}:={Z|Z<X)Y, VZ,<X)Y Z.%* Z},

ie, {X} M {Y} is the set of all maximal common subgraphs of X and Y up to
substitution of a vertex label by a vertex label smaller w.r.t. <. The meet of
nonsingleton sets of graphs is defined as

{)(17 . 7Xk} [l {Yl, .. ,Ym} = MAXS(UZJ({XZ} I {Y}}))

for details see [35,37,20]. Here is an example of applying M defined above:

e I e e B e e
VT L P hah
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Let positive examples be described by graphs I, I's, I's, I'y and negative exam-
ples be described by graphs I, I4, I7:

CHy—(C=—0OH CHy=—C—0OH (-'H:i'—fi — O H (--‘H:i‘—il'—(_-'f
[ ( ;"} c

NE / \Hz NI / \:H / \m o/ \r:

c H.—c — NH, NH»—( —oH \’H‘—f: —oH

RN NICIV N

then the lattice of the pattern structure (G, D, §), where D is the semilattice on
graph sets and ¢ is a function taking an object to its graph description, is given
in Fig. 2, where (+)-hypotheses and falsified (+)-generalizations are marked:

{1,2,3,4} negative example 6
N Hg-g-OH

{"’”"”@“’”}- JIRS T

CHs-ﬁ-OH ;

CH;;—E—OH
Nf{ _-'_.-_{4}‘ . C-'Hs-ﬁ-cf ﬁﬂffs

OF{ | .\Ct

CHz-C—OH ' X CHg~-Cl
s‘ji CHg-ﬁ-OH 0 cm-i—orr Ne 3‘@

x\rH/ }‘H’:z NH/ BH C/ }'Ha OH/ \t'l

positive examples 1, 2, 3, 4

Fig. 2. The lattice of the positive pattern structure

3.2 Projections and Projected Hypotheses

Since for some pattern structures (e.g., for the pattern structure given by sets of
graphs with labeled vertices) even computing subsumption relation may be NP-
hard, in practical situations we need to look for some approximation tools, which
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would replace the patterns with simpler ones, even if that results in some loss of
information. To this end we use a mapping ¢»: D — D that replaces each pattern
d € D by 1(d) such that the pattern structure (G, D, §) is replaced by (G, D, 1o
0). To distinguish two pattern structures, which we consider simultaneously, we
use the symbol ¢ only for (G, D, d), not for (G, D, 0d). We additionally require
that ¢ is a kernel operator (or projection), i.e., that ¢ is

monotone: if x C y, then ¢(z) C ¥(y),
contractive: ¢(z) C z, and
idempotent: ¥ (¢(x)) = ¥(z).

This requirement seems to hold for any natural approximation mapping and
projection thus defined has a nice property well-known in order theory: Any
projection of a complete semilattice (D, M) is M-preserving, i.e., for any X, Y € D

PXNY) =(X)ny(Y).

This helps us to describe how the lattice of pattern concepts changes when we
replace (G, D, d) by its approximation (G, D, o §). First, we note that (d) C
0(9) < ¥(d) T 1 od(g). Then, using the basic theorem of FCA (which, in
particular allows one to represent every lattice as a concept lattice), we showed
how the projected pattern lattice is represented by a context [20]:

Theorem 2 For pattern structures (G, D, 61) and (G, D, d2) the following state-
ments are equivalent:

1. 92 =1 0 9y for some projection ¥ of D.
2. There is a representation context (G, M,I) of (G,D,é1) and some N C M
such that (G, N,I N (G x N)) is a representation context of (G, D, d2).

Again, the basic theorem helped us to “binarize” the initial data representa-
tion. However, to do this, we need first to compute the pattern lattice. Pattern
structures are naturally ordered by projections: (G, D, 1) > (G, D, d2) if there
is a projection ¢ such that d; = 1 o d;. In this case, representation (G, D, d2)
can be said to be rougher than (G, D,d;) and the latter to be finer than the
former. In comparable pattern structures implications are related as follows: If
P(a) — 1(b) and ¢ (b) = b then a — b for arbitrary a,b € D.

The properties of projection allow one to relate hypotheses in the original
representation with those approximated by a projection. As in [20] we use the
term “hypothesis” to those obtained for (G, D, §) and we refer to those obtained
for (G, D, o d) as ©-hypotheses. There is no guarantee that the i-image of a
hypothesis must be a ¥-hypothesis. In fact, our definition allows that 1 is the
“null projection” with ¢ (d) = 0 for all d € D. (total abandoning of the data
with no interesting hypotheses). However, if 1)(d) is a (positive) hypothesis, then
1 (d) is also a (positive) 1-hypothesis. If we want to look another way round, we
have the following: if ¢)(d) is a (positive) ¢-hypothesis, then ¢ (d)®® is a (positive)
hypothesis [20].

The set of all hypothesis-based classifications does not shrink when we pass
from d to ¥(d). Formally, if d is a hypothesis for the positive classification of g
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and ¥(d) is a positive 1-hypothesis, then 1 (d) is for the positive classification
of g.

The above observations show that we can generate hypotheses starting from
projections. For example, we can select only those that can be seen in the pro-
jected data, which is suggested by the following theorem from [20]:

Theorem 3 For any projection v and any positive hypothesis d € D the follow-
ing are equivalent:

1. (d) is not subsumed by any negative example.
2. There is some positive V-hypothesis h such that h®® C d.

3.3 Algorithmic Problems of Learning
in Concept Lattices and Pattern Structures

Computing concept-based hypotheses can be hard. The number of concepts of
a formal context, i.e., the size of a concept lattice, can be exponential in the
size of a context (e.g., for the context (A, A,#), which gives rise to a Boolean
concept lattice) and the problem of computing the size of a concept lattice is
#P-complete [34,38]. All hypotheses can be generated by a polynomial delay
algorithm, however a (cumulative) polynomial delay algorithm for minimal hy-
potheses is not known. In certain cases, e.g., when the number of attributes per
object is bounded, the computation of hypotheses can be realized in polyno-
mial time. In principle, any known algorithm for computing concepts (see, e.g.,
review [39]) can be adapted to computing hypotheses.

When a pattern structure is given, we may, for example, determine its con-
cepts by computing all infima of subsets of Ds and thereby all pattern concepts.
To this end we can adapt some standard FCA algorithms, e.g., Next Closure
[23]. Here one should take into account that performing a single closure may take
exponential time. For example, already the problem of testing the C relation for
a lattice on sets of labeled graphs from [35, 37, 20] is NP-complete (equivalent to
SUBGRAPH ISOMORPHISM problem [24]), and computing X MY is even more
difficult. A similar algorithm of this type was described in [37] for computing
with sets of graphs. The time complexity of the algorithm is O((a+ 3|G|)|G||L|)
and its space complexity is O(v|G||L|), where « is time needed to perform M op-
eration and 3 is time needed to test C relation and - is the space needed to store
the largest object from Ds. Computing the line diagram of the set of all concepts,
given the tree generated by the previous algorithm, takes O((a|G| + B|G|?)|L|)
time and O((y|G||L|) space [37].

4 Hypotheses, Concept Lattices, and Decision Trees

In this Section we consider the relation between decision trees, concept lattices
and concept-based hypotheses. We describe a typical procedure of constructing
a decision tree (see, e.g., [54]) in terms of concept lattices.
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As input, a system constructing a decision tree receives descriptions of posi-
tive and negative examples (or positive and negative contexts). The root of the
tree corresponds to the beginning of the process and is not labeled. Other ver-
tices of the decision tree are labeled by attributes and edges are labeled by values
of the attributes (e.g., 0 or 1 in case of binary contexts), each leaf is additionally
labeled by a class + or —, meaning that all examples with attribute values from
the path leading from the root to the leaf belong to a certain class, either +
or —.

Systems like ID3 [54] (see also [46]) compute the value of the information
gain (or negentropy) for each vertex and each attribute not chosen in the branch
above. The attribute with the greatest value of the information gain (with the
smallest entropy, respectively) “most strongly separates” objects from classes
+ and —. The algorithm sequentially extends branches of the tree by choos-
ing attributes with the highest information gain. The extension of a branch
stops when a next attribute value together with attributes above in the branch
uniquely classify examples with this value combination in one of classes + or —.
In some algorithms, the process of extending a branch stops before this in order
to avoid overfitting, i.e., the situation where all or almost all examples from the
training sample are classified correctly by the resulting decision tree, but objects
from test datasets are classified with many errors.

Now we consider decision trees more formally. Let the training data be de-
scribed by the context K = (G4 UG_, M, I, UI_) with the derivation operator
denoted by (-)’. In FCA terms this context is called the subposition of K and
K_. Assume for simplicity sake that for each attribute m € M there is an at-
tribute m € M, a “negation” of m: m € ¢ iff m & ¢g’. A set of attributes M
with this property is called dichotomized in FCA. We call a subset of attributes
A C M noncontradictory if either m ¢ A or m ¢ A. We call a subset of attributes
A C M complete if for every m € M one has m € A orm € A.

We would like first to avoid mentioning the use of any optimization functional
like information gain for selecting attributes and consider construction of all
possible decision trees. The construction of an arbitrary decision tree proceeds by
sequentially choosing attributes. If different attributes my, ..., my were chosen
one after another, then the sequence (my,...,my) is called a decision path if
{ma,...,my} is noncontradictory and there exists an object g € G+ U G_ such
that {mq,...,mi} C ¢’ (i.e., there is an example with this set of attributes). A
decision path (my,...,m;) is a (proper) subpath of a decision path (m, ..., mg)
if i <k (i <k, respectively). A decision path (my,...,mg) is called full if all
objects having attributes {my,...,my} are either positive or negative examples
(i.e., have either + or — value of the target attribute). We call a full decision path
irredundant if none of its subpaths is a full decision path. The set of all chosen
attributes in a full decision path can be considered as a sufficient condition for
an object to belong to a class € € {+,—}. A decision tree is then a set of full
decision paths.

In what follows, we shall use extensively the one-to-one correspondence be-
tween vertices of a decision tree and the related decision paths, representing the



Machine Learning and Formal Concept Analysis 299

latter, when this does not lead to ambiguity, by their last chosen attributes. By
closure of a decision path (mq, ..., m;) we mean the closure of the corresponding
set of attributes, i.e., {m1,...,my}". Now we relate decision trees with the cov-
ering relation graph of the concept lattice of the context K = (G, M, I), where
the set of objects G is of size 2/M1/2 and the relation I is such that the set of ob-
ject intents is exactly the set of complete noncontradictory subsets of attributes.
In terms of FCA [23] the context K is the semiproduct of |M|/2 dichotomic scales
or K= D; X ... X D2 (denoted by Xy D for short), where each dichotomic
scale D; stays for the pair of attributes (m,m).

In a concept lattice a sequence of concepts with decreasing extents we call a
descending chain. If the chain starts at the top element of the lattice, we call it
rooted.

Proposition 4. Every decision path is a rooted descending chain in B(Xps D)
and every rooted descending chain consisting of concepts with nonempty extents
in B(Xpr D) is a decision path.

To relate decision trees to hypotheses introduced above we consider again the
contexts Ky = (G4, M, 1), K_ = (G_,M,I_),and K; - = (G UG_, M, I, U
I_). The context K4 _ can be much smaller than X»; D because the latter always
has 2/M1/2 objects while the number of objects in the former is the number of
examples. Also the lattice B(K;_) can be much smaller than B(X,; D).

Proposition 5. A full decision path (mq,...,my) corresponds to a rooted de-
scending chain ((mY,m}),....,{my,...,mr}" {m1,...,mr})) of the line dia-
gram of B(K,_) and the closure of each full decision path (my,...,my) is a
hypothesis, either positive or negative. Moreover, for each minimal hypothesis h,
there is a full irredundant path {(ma,...,my) such that {mq,...,mg}" = h.

This proposition also illustrates the difference between hypotheses and irre-
dundant decision trees. The former correspond to “most cautious” (most specific)
learning in the sense that they are least general generalizations of descriptions
of positive examples (or object intents, in terms of FCA). The shortest decision
paths (for which in no decision tree there exist full paths with proper subsets of
attribute values) correspond to the “most courageous” learning (often referred
to as “most discriminant” in machine learning community): being the shortest
possible rules, they are most general generalizations of positive example descrip-
tions. However, it is not guaranteed that for a given training set resulting in
a certain set of minimal hypothesis there is a decision tree such that minimal
hypotheses are among closures of its paths (see Example 3 below). In general, to
obtain all minimal hypotheses as closures of decision paths one needs to consider
several decision trees, not all of them being optimal w.r.t. a procedure based on
the information gain functional (like ID3 or C4.5). The issues of generality of
generalizations and, in particular, the relation between most cautious (most spe-
cific) and most courageous (most general) generalizations, are naturally captured
in terms of version spaces, which we consider in the next section.

In real systems for the construction of decision trees like ID3 or C4.5 the pro-
cess of constructing a decision path is driven by the information gain functional: a
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next chosen attribute should have maximal information gain. For dichotomized
attributes the information gain is defined for a pair of attributes m,m € M.
Given a decision path (mq,...,mg)

| A7 | Az
IG(m) :== ——-Ent(4,,) — —-Ent(A4m),
G| G|
where A, :={m1,...,mg,m}, Am:={m1,...,mp, m}, and for A C M
Ent(4) :=— Y ple| A)-logyp(e | A),
Ee{+a_}

{+, —} are values of the target attribute and p(e | A) is the conditional sample
probability (for the training set) that an object having a set of attributes A
belongs to a class € € {+, —}. If the derivation operator (-)’ is associated with the
context (G4 UG_, M, I, UI_), then, by definition of the conditional probability,
we have

[A'NGe| _ [(A") NG| "
ple | 4) = g = S = ple | A7)
by the property of the derivation operator (-)': (A”) = A’. This observation
implies that instead of considering decision paths, one can consider their closures
without affecting the values of the information gain. In terms of lattices this
means that instead of the concept lattice B(X; D) one can consider the concept
lattice of the context K4 = (G4 UG_, M, I, UI_). Another consequence of the
invariance of IG w.r.t. closure is the following fact: If implication m — n holds
in the context K;_ = (G4 UG_, M, I, UI_), then an IG-based algorithm will
not choose attribute n in the branch below chosen m and will not choose m in
the branch below chosen 7.

Example 3. Consider the training set from Example 1. The decision tree ob-
tained by the IG-based algorithm is given in Fig. 3. Note that attributes f and
w has the same IG value (a similar tree with f at the root is also optimal), the
IG-based algorithms usually take the first attribute with the same value of IG.

The decision tree in Fig. 3 corresponds to three implications {w} — —, {W,
f} — — {W,f} — +, such that closures of their premises make the corresponding
negative and positive hypotheses for the second scaling from Example 1. Note
that the hypothesis {W, {f}” is not minimal, since there is a minimal hypothesis
{f}”’ contained in it. The minimal hypothesis {f}" corresponds to a decision path
of the mentioned IG-based tree with the attribute f at the root.

5 Version Spaces vs. Concept-Based Hypotheses

5.1 Version Spaces

The term “version space” was coined by T. Mitchell [44-46] to denote a variety
of models compatible with the training sample of positive and negative exam-
ples. Version spaces can be defined in different ways: e.g., in terms of sets of
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yes no

examples 6,7

yes no
L=
example 5 examples 1,2,3,4

Fig. 3. A decision tree for the dataset from Example 1

maximal and minimal elements [44,45] or in terms of minimal elements and sets
of negative examples [59]. They can also be defined in terms of some matching
predicate. These representations are equivalent, however transformations from
one into another are not always polynomially tractable. We will start from the
representation with matching predicates, in terms slightly modified as compared
with [44, 59], in order to avoid collision of FCA terminology and that of machine
learning.

— An ezample language L. (elsewhere also called instance language) by means
of which the examples (instances) are described. This language describes a
set E of examples.

— A classifier language L. describing the possible classifiers (elsewhere called
concepts). This language describes a set C' of classifiers.

— A matching predicate M (c,e) that defines if a classifier ¢ does or does not
match an example e: We have M(c, e) iff e is an example of classifier ¢. The
set of classifiers is (partially) ordered by a subsumption order: for ¢1,co € L,
the classifier ¢; subsumes co or ¢y J co if ¢1 corresponds to a more specific
description and thus, covers less objects than ca:

1 deg: <= Veecr M(c1,e) = M(ca,e).

The corresponding strict order J is called proper subsumption.

— Sets F4 and E_ of positive and negative examples of a target attribute with
Ey N E_ ={. The target attribute is not explicitly given.

— consistency predicate cons(c):
cons(c) holds if for every e € E the matching predicate M (e, e) holds and
for every e € E_ the negation =M (c,e) holds. The set of all consistent
classifiers is called the version space

VS(Le, L, M(c,e), By, E_).

The learning problem is then defined as follows:
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Given L., L., M(c,e), E;, E_.
Find the version space VS(L., L., M (c,e), E+, E_).

In the sequel, we shall usually fix L., L., and M (c,e) and write VS(E, E_)
or even just VS for short. Version spaces are often considered in terms of boundary
sets proposed in [45]. They can be defined if the language L. is admissible, i.e.,
if every chain in the subsumption order has a minimal and a maximal element.
In this case,

GVS(L¢, Le, M(c,e), B4, E_) := MIN(VS) :={c€ VS| =3c; € VS¢; C ¢},
SVS(Le, Ley, M(c,e), B, E_) := MAX(VS) :={c € VS| =3¢; € VSc T 1 }.

If a version space VS is fixed, we also use notation G(VS) and S(VS) for short.
According to [46], the ideal result of learning a target attribute is the case where
the version space consists of a single element. Otherwise, the target attribute is
said to be learned partially.

The elements of the version space can be used as potential classifiers for the
target attribute: A classifier ¢ € VS classifies an example positively if ¢ matches
e and negatively else. Then, all positive examples are classified positively, all
negative examples are classified negatively, and undetermined examples may be
classified either way. If it is assumed that £ and E_ carry sufficient information
about the target attribute, we may expect that an undetermined example is likely
to have the target attribute if it is classified positively by a large percentage of
the version space (cf. [46]). We say that an example e is a-classified (or a%-
classified) if no less than « - | VS| classifiers classify it positively. This means,
e.g., that 100%-classification of e takes place if e is matched by all elements of
SVS and negative classification of e (0%-classification) takes place if e is not
matched by any element of GVS.

5.2 Version Spaces in Terms of Galois Connections

As we showed in [21] the basic properties of general version spaces can easily
be expressed with Galois connections, which underlie basic definitions of Formal
Concept Analysis [23]. Consider the formal context (E,C,I), where E is the
set of examples containing the disjoint sets of observed positive and negative
examples: E D EL,UE_, E, NE_ =), C is the set of classifiers and the relation
I corresponds to the matching predicate M (¢, e): for ¢ € C, e € F the relation
elc holds iff M(c,e) = 1. The complementary relation, I, corresponds to the
negation: elc holds iff M(c,e) = 0. As shown in [21]

VS(E,,E_)=E, ' nE_T.

This characterization of version spaces implies immediately the property of merg-
ing version spaces, proved in [30]: For fixed L., L., M (c, e) and two sets E 41, F_1
and E o, E_5 of positive and negative examples one has

VS(E+1 UE, EF ;U E_Q) = VS(E.H, E_l) n VS(E+2, E_Q).
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This follows from the relation (AU B)" = A’ N B’, which holds for a derivation
operator (-)" of an arbitrary context.

The classifications produced by classifiers from the version space are charac-
terized as follows. The set of all 100%-classified examples defined by the version
space VS(E,, E_) is given by

(B " nE_D.

In particular, if one of the following conditions is satisfied, then there cannot be
any 100%-classified undetermined example:

1.LE.=Qand E,"" = E,

2. (E.'nE_ N =E,.
The set of examples that are classified positively by at least one element of the
version space VS(E, E_) is given by

E\ (B nE_DT.

5.3 Version Spaces for Classifier Semilattices

In the preceding section we showed that the language of FCA and Galois con-
nections is a convenient means for describing version spaces in general case, for
unspecified order relation on the set of classifiers. Now we would like to consider
a very important special case where the ordered set (C, <) of classifiers given
in terms of some language L. makes a meet-semilattice w.r.t. A meet operation.
This assumption is quite natural and realistic, e.g., classifiers given as logical
formulas form a meet semilattice when the set of these formulas is closed un-
der conjunction. Classifiers given as sets of attributes show the same effect if
arbitrary subsets of attribute are allowed as classifiers, too. This also covers the
case of attributes with values. In the setting of [46], for example, each attribute
takes one of possible values, either constant or “wildcard” *, the latter being
the shortcut for universal quantification over constant values of this attribute.
Examples are given by conjunctions of attribute values. A classifier ¢ matches
example e if all attribute values of ¢ that do not coincide with the corresponding
values of e are wildcards.

In [21] we proved that in case where the classifiers, ordered by subsumption,
form a complete semilattice, the version space is a complete subsemilattice for
any sets of examples E and E_. For the case where the set of classifiers C' makes
a complete semilattice (C, M), we can consider a pattern structure (E, (C,M),0),
where F is a set (of “examples”), ¢ is a mapping 0 : E — C, §(E) := {d(e) | e €
E}. The subsumption order can be reconstructed from the semilattice operation:
cCd < cNd=c.

The version space may be empty, in which case there are no classifiers sep-
arating positive examples from negative ones. This happens, e.g., if there is a
hopeless positive example (an outlier), by which we mean an element e} € E
having a negative counterpart e_ € E_ such that every classifier which matches
e also matches e_. An equivalent formulation of the hopelessness of e is that
(e4)*NE_ #10.
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Theorem 1 Suppose that the classifiers, ordered by subsumption, form a com-
plete meet-semilattice (C,1M), and let (E, (C,1M),0) denote the corresponding pat-
tern structure. Then the following are equivalent:

1. The version space VS(E, E_) is not empty.

2. (EL)*NE_=10.

3. There are no hopeless positive examples and there is a unique minimal pos-
itive hypothesis Ry iy,

In this case, hy, i, = (E1)°, and the version space is a convex set in the lattice
of all pattern intents, ordered by subsumption, with maximal element h, ;..

In case where conditions 1-3 are satisfied, the set of training examples is
often referred to as separable in machine learning. The theorem gives access
to an algorithm for generating the version space. For example, in [21] we use
a modification of a standard Next Closure [23] algorithm for generating all
formal concepts of a formal context to generate the version space as a convex
set of the type described in Theorem 1.

According to [23] a subset A C M can be defined as a proper premise of an
attribute m € M if m & A, m € A” and for any A1 C A one has m ¢ AY. In
particular we can define a positive proper premise as a proper premise of the
target attribute w. In [21] we generalized this notion to include the possibility of
the unknown value of a target attribute (for an undetermined example): d € L.
is a positive proper predictor with respect to examples Ey, E_, and E, if the
following conditions 1-3 are satisfied:

I &°CE UE,,
2. dge FEi:ged® (ord°NEy #0),
3. Vd; such that d C dy and d # d;, the relation df ¢ Ey U E; holds.

In the case where E,; = (), satisfaction of condition 2 of the definition follows
from condition 1 and a proper predictor is just a proper premise [23] of the
target attribute. The set of all positive proper predictors for a pattern structure
II = (E,(C,M),0) and sets of positive and negative examples F; and E_ will
be denoted by PP (II, E, E_).

By H(II,E,,E_) we denote the set of positive hypotheses, by
VS(II,Ey, E_) we denote the version space for the pattern structure IT =
(E,(C,M),d) and sets of positive and negative examples E; and E_. Then the
proper predictors and hypotheses are related to the boundaries of the version
space as follows [21]:

(1) PPy (I, By, E-) = MAXc(Up, c p, GVSUL Fy, ),

(2) Hy(II, B+ E-) = UF+QE+ SVSUL Fy,E_).

To sum up the relation of concept-based hypotheses with version spaces, we
can say the following:

The major drawback of the version spaces where classifiers are defined syn-

tactically is the very likely situation when - in case of too restrictive choice of
the classifiers - there is no classifier that matches all positive examples (so-called
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“collapse of the version space”). This can easily happen for example when clas-
sifiers are just conjunctions of attribute value assignments and “wildcards” *, a
case mentioned above. In other words: The situation discussed in Theorem 1,
which presupposes that there are classifiers that match all positive and no neg-
ative examples, is too narrow. If the expressive power is increased syntactically,
e.g., by introducing disjunction, then the version space tends to become triv-
ial, while the most specific generalization of positive examples becomes “closer”
to or just coincide with the set of positive examples. A syntactical restriction
to conjunctions of k-term disjunctions was proposed in [57]. Hypotheses as we
defined them in terms of concepts and patterns structures offer another sort
of “context-restricted” disjunction: not all disjunctions are possible, but only
those of minimal hypotheses (that are equivalent to certain conjunctions of at-
tributes), which express similarities of examples. As for the relation of version
spaces (with example descriptions given by consjunctions of attribute values) to
decision trees, for any ¢ € G(VS) there is a decision tree with a path whose set
of attributes coincide with ¢, but in general not all paths of decision trees are in
G(VS).

A systematical elaboration of the idea of version spaces in logical terms by
means of logical programming is going on in Inductive Logic Programming (ILP,
see [47,48]). Classifiers there are logical formulas with deducibility order on
them. Standard inductive operators of ILP, called V- and W-operators, are based
on the idea of inverting resolution. The application of these operators can be
translated in the language of FCA generally in terms of association rules (partial
implications) and for certain cases in terms of implications.

6 Applications of Concept-Based Hypotheses

Starting from early 1980s JSM-hypotheses (equivalent to concept-based hypothe-
ses from Section 2) were used in several applied domains, including biosciences,
technical diagnostics, sociology, document dating, spam filtering and so on. Most
numerous experiments were carried out in applied pharmacology or Structure-
Activity Relationship domain, which deals with predicting biological activity
of chemical compounds with known molecular structure. JSM-hypotheses were
generated for antitumor [53], antibacterial, antileprous, hepatoprotective [7],
plant growth-stimulating, cholesterase-inhibitine, toxic and carcinogenic activi-
ties, see review [4]. A freeware system QuDA [25, 26], which incorporates several
data mining techniques also presents a possibility of generating JSM-hypotheses.
JSM-hypotheses were used for making predictions at two international compe-
titions: that for predcitive toxicology [28,5] and that for spam filtering [10].

6.1 Competition on Predictive Toxicology

The program of a workshop on Predictive Toxicology Challenge (PTC) [28], (at
the joint 12th European Conference on Machine Learning and the 5th Euro-
pean Conference on Principles of Knowledge Discovery in Databases) consisted
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in a competition of machine learning programs for generation of hypothetical
causes of toxicity from positive and negative examples of toxicity. The organiz-
ers (Machine Learning groups of the Freiburg University, Oxford University, and
University of Wales) together with toxicology experts (US Environmental Pro-
tection Agency, US National Institute of Environmental and Health Standards)
provided the participants with training and test samples.

The training sample consisted of descriptions of 185 molecular graphs of 409
chemical compounds with indication of whether a compound is toxic or not for a
particular sex/species group out of four possible groups: male mice, female mice,
male rats and female rats. For each group there were about 120 to 150 positive
examples and 190 to 230 negative examples of toxicity with indication of whether
a substance is toxic for four sex/species groups: {male, female} x {mice, rats}
(for some groups a substance can be neither a positive nor a negative example
because of ambiguous laboratory results). The test sample provided by the Food
and Drug Administration (FDA) consisted of 185 substances for which forecasts
of toxicity should be made (actually, (non)toxicity of substances was known to
organizers). Twelve research groups (world-wide) participated in PTC, each with
up to 4 prediction models for every sex/species group.

The competition consisted of the following stages: 1. Encoding of chemical
structures in terms of attributes, 2. Generation of classification rules, 3. Predic-
tion by means of classification rules. All results of each stage were made public by
the organizers. In particular, encodings of chemical structures made by a partic-
ipant were made available to all participants. The evaluation was ROC diagrams
where each predictive model was represented in a two-dimension space with co-
ordinates related to the rate of (in)correctly predicted toxicity: percentage of
substances from the test sample with correctly predicted toxicity (true positive
classification rate) and that of incorrectly predicted (false positive classification
rate).

The following learning models were used by the participants: structural re-
gression tree (STR) [33] based on combination of statistical methods for con-
structing regression trees and inductive logic programming (ILP); tree induction
for predictive toxicology (TTPT) [3], which is an adaptation of the standard C4.5
algorithm, ILP algorithm PROGOL [47] that realizes inverse entailment for gen-
eralizing positive examples w.r.t. a partial domain theory; LRD model based
on Distill algorithm [58], which is a combination of the method of Disjunc-
tive Version Spaces (DiVS) [57] with the method of stochastic choice of certain
model parameters; the OUCL-2 model used the C4.5 algorithm for construction
decision trees, where some attributes were constructed by means of ILP and
WARMR methods [32] (the latter is a modernization of the Apriori algorithm
[1] by generating DATALOG queries levelwise up to a certain level, choosing
those satisfied by a sufficient number of examples); OAI model used a combi-
nation of rules generated by C4.5 with Bayes classification followed by voting;
LEU3 model based on the Inductive constraint logic (ICL) algorithm [12], which
used a mutagenesis theory preconstructed by PROGOL; LEU1 model used an
algorithm for inducing decision trees; LEU2 model based on the MACCENT
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system with the use of association rules found by WARMR. MACCENT model
[11] also uses DATALOG queries, first finding constraints for conditional distri-
butions for the membership to positive and negative classes and then finding the
distributon with the use of the maximum entropy principle.
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Fig. 4. ROC-diagram for classifications in the female mice group

As measured by ROC diagrams, the performance of the learning program
from VINITI (Moscow) [5] based on JSM-hypotheses defined in Section 2 turned
out to be Pareto-optimal (ROC diagrams allow for several incomparable “best”
results) for all sex/species groups, see e.g. model number 26 in Fig. 4, among all
classification rules generated by learning models participating in the competition
in terms of the relative number of false and true positive classifications made by
hypotheses generated by a learning program (see [28] for details).

6.2 Spam Filtering

The first successful applications of concept-based hypotheses for filtering spam
was reported in [15]. In April-May 2003 Technical University Chemnitz, Eu-
ropean Knowledge Discovery Network, and PrudSys AG organized the Data
Mining Cup (DMC) competition for students specializing in Machine Learn-
ing [10]. 514 participants from 199 Universities of 38 countries received training
datasets with 8000 e-mail messages some part of which (39%) was qualified as
spam (positive examples) and the rest (61%) as nonspam (negative examples).
The test dataset contained 11177 messages. Both datasets were described by 833



308 Sergei O. Kuznetsov

attributes, including 832 binary ones and one numeric one. The only numeric
attribute (ID) reflected the (unique) incoming number of the e-mail within the
company that provided the data. Thus no two different e-mails had the same
value for this attribute.

The participants were to generate a classifier for distinguishing spam from
not spam by using various machine learning techniques. An important condition
of the competition was that the error of classifying a nonspam message from
the test set as a spam one should not be greater than 1%. There were only
74 participants whose learning models did not exceed this level. The learning
models were than ranked according to the rate of incorrect classification of spam
messages as nonspam ones.

Seven students from Computer Science and Mathematics Faculties of the
Darmstadt University of Technology took part in the competition. Three of the
students obtained solutions within the best 20 in the competition. The sixth place
(the best among the Darmstadt group) was taken by a solution of F. Hutter,
which used “Naive Bayes” approach with boosting and when the confidence level
of the classification (i.e., the rate of correct classifications in the training sample
itself) was less than 90% utilized concept-based hypotheses with support (i.e.,
number of examples in the hypothesis extent) > 20. When hypotheses refused to
classify a message from the test set, the model used classifiers based on majority
votes among decision trees, the Naive Bayes classifier and a neural network.
The sixteenth and seventeenth places in the competition were also taken by the
students from Darmstadt. Their models combined concept-based hypotheses,
decision trees and Naive Bayes appoaches using the majority vote strategy.

During the data preparation stage, the participants from Darmstadt “cleaned
off” the ID attribute (the serial number of an e-mail message). It turned out later
that the ID attribute, unique for each e-mail, implicitly indicated the time when
the e-mail was received: the last 4000 e-mails were spam (obtained on holidays
when business corespondence was temporarile canceled). 5 most successful mod-
els used this to turn ID into time attribute with few values (roughly, “before
holidays” and “during the holidays”). The results obtained with concept-based
hypotheses could have been even better if this consideration had been taken into
account at the preprocessing stage.

7 Conclusions

The application of the lattice theory and FCA in machine learning shows that
the basic notions in lattice-based learning are that of a concept, concept in-
tent (closed itemset), implication, and association rule (partial implication). We
presented several machine learning models from the concept lattice viewpoint,
including version spaces, decision trees, and JSM- (or concept-based) hypotheses.
It is shown that concept-based hypotheses tend to be “more cautious” than those
obtained by decision trees. On the other hand, they introduce a kind of restricted
disjunction (over a certain subset of concept intents) for purely conjunctive ver-
sion spaces. A next interesting link between FCA and machine learning will be
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relating FCA-based learning with methods of ILP. We also discussed algorithmic
problems of concept-based and pattern-based hypotheses, as well as applications
of concept-based hypotheses in predictive toxicology and spam filtering.
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Abstract. Several FCA-based classification algorithms have been pro-
posed, such as GRAND, LEGAL, GALOIS, RULEARNER, CIBLe, and
CLNN & CLNB. These classifiers have been compared to standard clas-
sification algorithms such as C4.5, Naive Bayes or IB1. They have never
been compared each other in the same platform, except between LEGAL
and CIBLe. Here we compare them together both theoretically and ex-
perimentally, and also with the standard machine learning algorithm
C4.5. Experimental results are discussed.

1 Introduction

Supervised classification is an essential task of machine learning (ML) and data
mining (DM). Supervised classification aims to find the rules that predict the
class label of an object. Once the data set is fixed, supervised classification
process consists of two phases: learning and classification.

In the learning (or training) phase, a classifier (or model) is constructed by
analyzing objects (training set) that are described by attributes. The class label
is set for every object of the training set. In the classification (or test) phase, the
classifier is used to predict the class label of new (or unseeen) objects. The set of
these new objects is called the test set. In order to get effective classification for
the new objects, we should ensure that the accuracy of the classifier is acceptable.
So the predictive accuracy of the classifier must be estimated by using different
statistics measures [1].

A class C; means a subset of objects, consisting of all objects that satisfy
the designed class condition. Positive examples of the class C; are the objects
that satisfy the class condition. The examples outside the set of the positive
examples are negative examples. Once the classes are defined, the classification
system should infer the rules that govern the classification i.e. the system should
find the description of each class. Ideally all of the positive examples should
satisfy the description and none of the negative examples. A rule is said to be
correct if its description covers all the positive examples and none of the negative
examples.

Many classification algorithms have been developed [2] and widely applied
in practice. Each method has its characteristics which can be adapted to cer-
tain classification task. If there are many publications on refinement of basic
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well-known algorithms, FCA-based classifiers still need to prove their efficiency,
especially on the computational aspect. Recent work of Xie and al. [3] shows that
they are still many approaches to explore in order to build efficient FCA-based
classifiers. Our paper recall the published FCA-based supervised classification
algorithms, and compared them w.r.t. both theoretical and practical aspects.

Concept Lattice (CL) is the heart of FCA. CL structure is an effective tool
for data analysis, knowledge discovery, ML, information retrieval and document
browsing, and more especially for classification and association rules. Theoretical
foundation of CL rests on the mathematical lattice theory [4, 5].

Several FCA-based algorithms were proposed for supervised classification
task, such as GRAND [6], LEGAL [7], GALOIS [8], RULEARNER [9], CIBLe
[10], CLNN & CLNB [3]. These lattice-based algorithms use different strategies
for learning and classification. The authors of these algorithms have compared
their algorithms with the standard classification algorithms such as C4.5, Naive
Bayes or IB1. But these algorithms have not been compared together in the
same platform. So in our work, we present a theoretical comparison of published
version of these algorithms, using different criteria of ML systems such as the
kind of data, the learning strategy and the classification strategy. We implement
in Java some of these algorithms and compare their predictive accuracies as
well as their computational costs, on some real data of ML benchmark at UCI
repository. Experimental results are discussed.

Considering that the reader is familiar with the basic notions of FCA, the rest
of this paper is organized as follows: the lattice-based classification algorithms
are introduced in the next section, and compared theoretically. In section 3, the
experimental comparison of these algorithms is shown.

2 Theoretical Comparison
of FCA-Based Classification Algorithms

This comparison is summarized in table 2.

2.1 Type of Data and Number of Classes

A classification system can deal with different types of learning data such as
binary data, valued attribute, numeric and symbolic data, etc. While GRAND
and LEGAL can analyze only binary data, GALOIS and RULEARNER deal
with valued attribute data. Both numeric and symbolic data can be treated by
CIBLe and CLNN & CLNB.

In addition, a classification system must be able to analyse datasets with
different number of classes. GRAND, GALOIS, CIBLe and CLNN & CLNB can
classify datasets containing more than two classes, LEGAL and RULEARNER
can classify datasets with two classes (positive and negative examples of one
concept). The author of RULEARNER, points out that RULARNER can deal
with more than two classes, but only the algorithm for two classes is given.
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2.2 The Learning Strategies

Lattice Construction. Many algorithms for generating CL have recently been
proposed. All the algorithms can be divided into two categories: incremental
and non-incremental algorithms. The difference between incremental and non-
incremental consists in how the algorithm treats new examples. The incremental
algorithms update the local structure of the lattice, while the non-incremental al-
gorithms build the whole lattice structure. Besides, non-incremental algorithms
typically apply two strategies: top-down or bottom-up. Top-down strategy be-
gins from the maximal extent to the minimal one to construct CL, bottom-
up begins from the minimal extent to the maximal one. Some algorithms may
combine certain parameters to build a partial lattice. In these classification sys-
tems, GRAND, GALOIS and RULEARNER create incrementally a complete
lattice during learning, while LEGAL, CIBLe and CLNN & CLNB build non-
incrementally a partial lattice from learning examples.

GRAND constructs incrementally an entire CL with Oosthuizen’s algorithm
[6] to explicitly represent the concept search space during learning. The first
example with all its attributes and class label is inserted in the lattice, for every
new example with its class label, if it has the common attributes with those nodes
which already exist in the lattice, then the nodes representing their common
attributes are created.

LEGAL applies two learning parameters to modify Bordat’s algorithm [11]
to build a join-semi lattice based on learning examples. The learning algorithm
proceeds in a top-down manner. Examples of the initial context are divided into
two sets: positive examples and negative examples. The algorithm begins from
the most general node (O, @). For each new node, the algorithm constructs all
its sub-nodes and then retrieves valid nodes by learning parameters, the valid
nodes are inserted in the lattice. If no valid node exists, the algorithm stops.
The valid nodes are the nodes verified by a great number of positive examples.

GALOIS uses an incremental algorithm to generate an entire CL in the learn-
ing phase. RULEARNER uses directly GRAND method to construct the CL.

CIBLe modifies Bordat’s algorithm [11] to build a join-semi lattice only from
positive examples. The algorithm can retain the nodes in the lattice with a
heuristic selection function, and a parameter which specifiies the lattice height.

CLNB [3] (Concept Lattice Naive Bayes) and CLNN [3] (Concept Lattice
Nearest Neighbor) build a partial lattice in a top-down manner, which respec-
tively integrates the Naive Bayes (NB) base classifier and the Nearest Neighbor
(NN) base classifier into nodes in the lattice to form a composite classifier. Every
node in the lattice verifies three constraints (Support, Precision, Reject) in order
to reduce search space.

Concept Selection and Design Method. Concept selection consists in find-
ing a generalization of a set of examples and their descriptions. Classification
system can use the selected (or relevant) concepts to form rules, and then pre-
dict new examples through these rules.
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GRAND selects maximally complete concepts by traversing the downward
closure of each class-node. A maximally complete concept is the meet of the set
of attribute-nodes of a class. LEGAL, GALOIS and RULEARNER search for
coherent concepts that can be also maximal. Coherent concepts are the concepts
verified by examples of one class only. A coherent concept is maximal if it has no
super concept which is coherent. For CIBLe, CLNN and CLNB, the strategy for
concept selection is to obtain relevant concepts, which are concepts that satisfy
certains constraint. CIBLe uses lattice level and different selection measures (en-
tropy function, improved entropy function, Laplace’s formula). CLNN & CLNB
use three constraints (Support, Precision, Reject) to obtain concepts.

Many classification systems integrate different inference types or/and com-
putational paradigms. Induction is one of the inference types, and is used to
synthesize information based on a set of observations into a general hypothesis.
GRAND, LEGAL, GALOIS and RULEARNER use an inductive method. While
CIBLe and CLNN combine induction and k-NN, CLNB combines induction with
NB.

Learned Knowledge. Classification systems can take various ways to represent
learned knowledge such as classification rules, relevant concepts and training sets.
Classification rules can be considered as predictive rules where the antecedent
contains the corresponding attributes, the consequent contains the class.
GRAND builds a set of rules, CLNN & CLNB generate a set of meta-rules,
LEGAL and GALOIS construct relevant concepts, RULEARNER induces or-
dered rules set or unordered rules set to represent learned knowledge, and CIBLe
generates pertinent concepts and uses training set for the classification purpose.

2.3 The Classification Strategies

In the classification phase, every classification system selects appropriate strate-
gies to predict a class for a new example. These strategies include majority vote,
similarity computation, deduction and other methods.

GRAND applies the most specific rules to classify new examples. A majority
vote may be adopted. The author suggests to choose the three best rules (the
most specific rules for new examples) to vote. The most specific rules are gener-
ated from the concepts which contain the largest number of examples and the
smallest number of attributes.

LEGAL uses majority vote in the set of pertinent regularity to classify new
examples. It provides two parameters which respectively represent the justifica-
tion and refutation criteria.

GALOIS computes the similarity between a new example and the set of con-
cepts which are coherent and maximal. The similarity between the new example
and the concepts is the number of attributes of the concepts which are verified
by the new example. Then GALOIS assigns the most similar class to the new
example. Majority vote strategy may also be applied.

RULEARNER selects the rules which respect the order of the antecedents
(from general to specific) to classify new examples. The class of the first verified
rule is assigned to the new example.
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CIBLe uses K-NN to predict a class of a new example. The following distance
measures are considered: Mahalanobis, Manhattan and Euclidian.

CLNB & CLNN applies verified rules and voting strategy to predict a class
of a new example. The verified rules are the set of rules that are activated by
the new example.

3 Experimental Comparison

Here we show the experimental comparisons of four methods in the same Java
platform: GRAND, LEGAL, GALOIS, RULEARNER. CIBLe is written in C++,
we do not have a Java code for CLNN & CLNB. But we expect to complete our
implementation of these systems in future work. In this experimental comparison
of four methods, test data sets are selected from the UCI repository of ML
databases [12]. A brief description of the data is presented in table 1.

Table 1. Datasets used in the comparison.

Database # Attribute # Example # Class #
Shuttle(SH) 6 15 2
Monk-1(M1) 6 132 2
Monk-2(M2) 6 432 2
Monk-3(M3) 6 132 2
Voting(VO) 16 435 2
Balance(BA) 4 625 3
Lenses(LE) 4 24 3
Hayes—Roth(HR) 4 132 3
Lung cancer(LC) 56 32 3
Post operative(PO) 8 90 3
Zoo(ZO) 17 101 7

Classification accuracy can be used to evaluate the performance of classifica-
tion methods. It is the percentage of the examples which are correctly classified
in the test set and can be measured by splitting the data sets into a training
set and a test set. In our experiments, a four-fold cross-validation is applied to
measure the classification accuracy of the four methods. The algorithms are run
on a Pentium IIT 900 Mhz machine with 256 M RAM.

The table 3 separately lists the average classification accuracies, standard
deviations and running times of the four methods and C4.5 over the datasets. The
classification performance of the four methods can be divided into two groups.
GRAND, GALOIS can classify multi-class datasets and LEGAL, RULEARNER
can only classify two-class datasets. The statistical analysis on the two-class
datasets for the four methods shows that:

— RULEARNER produces the higest average classification accuracies and LE-
GAL obtains the best running time among the four methods.

— RULEARNER and LEGAL perform better than C4.5 on average classifi-
cation accuracies, but C4.5 significantly outperforms the four methods in
running times.

— RULEARNER, LEGAL and C4.5 outperform GRAND and GALOIS in av-

erage classification accuracies.
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The comparison between RULEARNER and LEGAL shows that:

— RULEARNER has slightly better performance than LEGAL in average clas-
sification accuracies, but the difference is less significant. RULEARNER on
3 datasets (SH, M1, M2) takes advantage on LEGAL, LEGAL on the re-
maining datasets is better than RULEARNER. LEGAL in running times
outperforms RULEARNER.

The experimental comparison of GRAND and GALOIS shows that:

— For two-class datasets, GALOIS performs slightly better than GRAND in av-
erage classification accuracies. GALOIS takes advantage on 3 datasets (M1,
M2, M3), GRAND has better performance than GALOIS in the remaining
datasets.

— For multi-class datasets, GRAND produces slightly better average classifica-
tion accuracies than GALOIS. but the difference is less significant. Compared
to GALOIS, GRAND takes advantage on 4 datasets (BA, LC, PO, ZO), GA-
LOIS has better performance than GRAND in the other one dataset.

— GRAND has better running times than GALOIS for two-class and multi-
class datasets.

Why LEGAL performs the best running time? In learning phase, LEGAL
modifies the Bordat algorithm to build a concept lattice, Bordat algorithm per-
forms well for construction of diagram graph on data with average density,
furthermore, LEGAL only generates a partial lattice by learning parameters.
Consequently, LEGAL can obtain the best running time for classification tasks
compared to other three methods.

4 Conclusion

In this paper, we have compared some lattice-based classification methods and
implemented four (GRAND, LEGAL, GALOIS, RULEARNER) of them in the
same platform Java. These lattice-based algorithms use different strategies for
learning and classification.

Among these systems, two different approaches are applied to generate the
classifiers. The first approach is that the system constructs an entire CL before
generating classifier. GRAND, GALOIS and RULEARNER adopt this approach
to construct incrementally the CL. LEGAL, CIBLe and CLNN & CLNB adopt
another approach which apply some heuristic techniques only to create those
useful concepts without constructing the entire concept lattice. The approach
reduces the searched space and increases the efficiency of systems. In addition,
LEGAL, CIBLe and CLNN & CLNB combine the inductive approach and other
classification techniques such as K-NN and NB.

We select some real data of ML benchmark at UCI repository to test these
systems. Experimental results show that some of these systems have good per-
formance for classification tasks.

We will analyse the data context which are favorable to FCA-based classifiers
compared to well-known classifiers.
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Abstract. The transfer of tacit knowledge is important in ensuring
that an organisations most valuable assets do not walk out the door.
While much controversy surrounds the definition of tacit knowledge and
whether it can be captured, in this paper we follow a psychological ap-
proach based on the work of Sternberg at Yale that seeks to measure
tacit knowledge via the capture of responses to work-place scenarios. Fo-
cusing on the information technology (IT) work-place, we have developed
a tacit knowledge inventory which forms part of a questionnaire given
to experts and non-experts in three separate IT organisations. In psy-
chology, descriptive statistics are typically used to analyse the responses.
We have chosen a more qualitative and visual approach and have used
formal concept analysis (FCA) for data analysis that better suits our
small sample size. Using FCA we were able to identify participants that
responded similarly to the peer-identified experts. In this way the or-
ganisation is alerted to the important role these individuals potentially
play.

1 Introduction

Tacit knowledge is that vast store of experiences, technical know - how, skill sets
and wisdom that permits us to function from a basic survival level, to interacting
in our complex knowledge rich societies, that over time largely becomes codified.
It is “knowledge that resides in the minds of the people in an organisation but
has not been put in structured, document-based form” (Davenport, De Long and
Beers 1998). Tacit knowledge has also been likened to intuition, but in reality
intuition is more likely ‘used to access tacit knowledge’ (Brockman and Anthony
1998). We believe much tacit knowledge is articulable, whereas intuition is less
0, lying more within the subconscious spectrum. There is naturally much more
to it than this.

Although Fleck (1997) ascribes tacit knowledge at the whole organisational
sense as being a form of meta or cultural knowledge, the purpose of our work
is to examine tacit knowledge in individuals and more particularly the diffusion
of such knowledge through the organisation. This paper reports research that
extends the techniques of Sternberg (1995) by developing and administering a
tacit knowledge inventory to IT practitioners; using Formal Concept Analysis

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 321-B28, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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(FCA) (Ganter and Wille 1999, Wille 1982, 1992) to model the data captured;
and Social Network Analysis (SNA) (Scott 1991) to map the tacit knowledge
flows between participants. In short, we elicit both the ethical and realistic re-
sponses (as a pilot study revealed that a participants’ actual response often
differed from what they believed to be most appropriate) from domain experts
and non-experts to a number of typical IT scenarios. The responses, together
with biographical data, are captured via a questionnaire. The results are visual-
ized as a lattice permitting an alternative to the descriptive statistics normally
produced as a result of questionnaire processing. As a final step, the communi-
cation patterns and relationships between respondents are modeled using SNA
to determine if any bottlenecks exist. For space, we do not discuss SNA or its
use in this paper.

In the next section we introduce the application domain. In section 3 we
describe our use of FCA. In section 4 we show how FCA has allowed us to identify
individuals behaving similar to the peer-nominated experts. Our conclusions and
future directions are given in Section 5.

2 The Application Domain - IT Tacit Knowledge

A study has been conducted in three I'T organisations of varying sizes and struc-
ture and covering the private and public sectors, which we refer to as organisa-
tions X, Y and 7l. The questionnaire included three parts: biographical data,
SNA-related questions requesting the frequency and nature of interactions with
others in the organisation and a final part with scenarios and various answer
options to consider. We have used FCA to model the biographical data and
scenario responses.

The example in Figure 1 shows one of the scenarios randomly assigned to
participants. Only answer option 12 for this scenario is shown in the Figure.
Unlike the biographical data, the scenario section deals with one dimensional
ordinal data. For example, we ask only that respondents select a value from
extremely bad through to extremely good. We see an example of a Likert scale in
Figure 2. Scenarios are randomly but equally distributed to participants so that
a range of scenarios are covered with each individual only needing to respond
to six scenarios. Tacit knowledge is measured and identified by determining
the responses of those identified as experts by their peers in the survey. The
biographical data allows profiles of experts vs non-experts to be developed.

3 Modeling Questionnaire Data
with Formal Concept Analysis

Modeling the scenario responses using FCA permits patterns in the results to
be visualized. Such an approach is considered useful particularly if questionnaire

! The number of respondents involved in the study were 108, 7 and 16 in organisation
X, Y and Z, respectively. The data collected is confidential and thus unavailable for
distribution.
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Scenario 3

You as a team leader are responsible for implementing a payroll system for another branch within the parent
organisation. Although you are expected to do the bulk of the work (55%), you do have five other colleagues able to
help as you so desire. The project should take 12 months in total to complete.

You have undertaken some of the initial systems design work largely yourself for the past couple of months, and you
now require your colleagues to further help you with the next stage which is mainly that of coding.

You are comfortable with hierarchy, however some of your team members are not. You delegate some tasks to
subordinates within your team. One of the team members who specialises in programming has been allocated some
software specification work, but would prefer really just to be programming. This person has performed well on coding
related tasks in the past, but at this point in time lacks project management skills which would prevent him from
becoming an effective team leader. Nevertheless you feel that the person should at least do some of the software
specification work.

Rate each of the following responses in relation to the given scenario. It is advisable to read all of the
responses hefore replying.

Answer 12 Give him fewer but more specific tasks to do, because it is simply not worth
the effort to argue with him. Besides his skills in coding mean that he will be able to
effectively contribute here, but then you can be rid of him, to concentrate on testing
with other team members of your choice

Fig. 1. Illustrating Sample Scenario 3 with Answer Option 12.

Choose o C o o o o o
one:
Extremely Bad Neither Good nor Bad Extremely Good

Fig. 2. Likert scale (of ordinal type) used in the tacit knowledge testing process.

sample sizes are small, as the quantitative data may not be substantial enough
to permit valid statistical conclusions to be drawn.

Assuming the reader possesses at least basic familiarity with FCA, we do not
introduce it here. Following Wille (1982) we use the terms: (G)egenstande for
the objects, (M)erkmale for the attributes, and the relationship between them:
(I)deale. We refer to the combination of (G,M,I) as a formal context. A binary
K(ontext) (in German) may be formally expressed thus:

K:= (G, M, I)

A multivalued context may be expressed a quadtuple:

K:= (G, MW, I)andI CGx Mx W

where the relationship I is a subset of the combined components of Objects
(G), Attributes (M) and merksmaleWerte (W) (Attribute-values). In short, “the
aim of FCA is to find (formal) concepts and construct the hierarchy between
them. To achieve this aim, the many valued context must be transformed into
a single valued one by so - called conceptual scaling” (Ganter and Wille 1989
in Bartel and Briiggemann 1998 :24). Along the lines of Kollewe (1989), the
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FCA approach is able to process questionnaire data. We translate the multi-
valued questionnaire responses into a formal context, a binary cross table which
may be constructed, where: K = Formal table with its corresponding data; G
= The participant; M = The responses; W = The value of the response; I =
Relationship between the responses, their values and the participants.

Kollewe’s (1989) use of questionnaire data used the units of questioning as
the objects (G), the questions as the attributes (M) and the answers to the
questions as the attribute-values (W). In a pilot study (Richards and Busch
2000), it was decided to represent the data differently as it seemed more intuitive.
We regarded the participant as the object (G) that has a number of features
(M) such as age and position in addition to a set of responses and their values.
This approach made data entry and validation easier as there was a one-to-
one correspondence between the survey returned and the participant. We begin
to implement a crosstable using the Anaconda( software, where the rows are
embedded Structured Query Language statements that in turn access the data
from a relational database.

We can convert the Likert scale in Figure 2 into a crosstable to provide a
visual representation of the scale that will be used in the display of the data.
The conversion of likert-scale data to a crosstable has been previously performed
by Spangenberg and Wolf (1988). That study used the repertory grid approach
to elicit the responses of anorexia nervosa patients to various people in their
lives based on a number of bipolar scales. For example, one scale used in the
study was a six-point likert scale with open-minded at one end and reserved at
the other end. For that scale, if a score of 1 or 2 was given for an individual,
the open-minded attribute would be marked with a cross. If a score of 5 or 6
was given, the reserved attribute would be checked. A score of 3 or 4 received no
crosses and could be interpreted from the lattice by that individual being neither
open-minded or reserved. Our work differs in that we are not concerned with
repertory grid data and, as shown in Table 1, we do not handle multi-valued
responses in such a simplistic way.

Using the complementary Toscana( software, which takes the Anaconda(
data, one is able to eventually construct the complete concept lattice as illus-
trated in Figure 3. In this instance we are able to visualise the keys (in the
relational database sense) of individuals who have chosen particular values for
an actual tacit knowledge answer option.

In the development of suitable scales for each of our data elements, we consid-
ered possible uses of the subsumption relation. Taking the biographical question,
'please select the highest formal qualification (or equivalent) you have obtained’
as an example (Figure 4), we can create a scale which captures the subsumption
between each of the qualifications. The scale developed will depend on subjective
judgement and in this particular example vary across cultures and societies. For
example, in Germany, academic paths tend to be firmly set with less opportu-
nity for ‘mind-changing’ in later life than in Australia which is more egalitarian
(Spillane 1983).
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\ Neither Good nor Bad

Extremely Good

3333E

Fig. 3. Illustrating the concept lattice with data included from the database table.
Note how the diagram shows results for the values Extremely Bad (2 respondents),
Very Bad (2 respondents) and Good (1 respondent).

12. Please select the HIGHEST formal qualification {(or equivalent) you have obtained

Qualdfication?

Highest qualification?

| <PLEASE SELECT>

High School Leaving
High School Certificate g o
Trade Diploma plifications?
Associate Diploma

Bachelor Degree

Honours Bachelor Degree
Graduate Certificate —
Graduate Diploma

Graduate Bachelor j'
Masters (Coursework) ¥

13. Do you have any TECHNICAL (COMP|

Fig. 4. Illustrating a biographical question, in this instance highest formal qualification
obtained.

4 The Identification of Expert Non-experts

Having collected the survey data and developed the scales to be used in Toscana
we began to explore a number of questions we hoped the data would answer.
Many of the questions revolved around the responses of experts vs non-experts.
Following Sternberg, in our approach, experts were selected by their peers from
the list of participants in the online survey. The question involving identification
of experts was not specific to a particular scenario. Those not identified as experts
became the control or normal group. 32, 5 and 5 individuals from organisations
X, Y, Z were nominated as experts by their colleagues. One question of particular
interest was whether we could identify participants that were "hiding their light
under a bushel” which would reduce the likelihood of tacit knowledge being
transferred by them to other workers. To answer this question we wanted to
determine if there were individuals who behaved like experts but had not been
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designated as an expert. This new group of people would be the expert non-
experts. The ramification for identifying expert non-experts is that this sample
group are likely to constitute employees who also have high levels of tacit aka
‘managerial’ knowledge. This is important to remember when we examine the
interactions of staff when looking at the results of the Social Network Analysis.

The creation of a formal concept lattice for each scenario answer, showing
the ethical and realistic response of both experts and non-experts, meant that
a profile could be created of personnel who had answered close to that of ex-
perts. Let us examine this process in closer detail using the sample scenario
and answer option given in Figure 3. For answer 12 to scenario 3, initial de-
scriptive statistics revealed that the 17 experts were inclined to be a little more
negative or pessimistic (ethically) (mean of 2.5) when dealing with this answer,
than the 23 non-experts (mean of 3.2) on the whole. Likewise the experts were
also marginally more negative realistically (mean of 3.6), than the non-experts
(mean of 3.8). Examining the median values however we note that experts were
even more negative ethically (2.0, or Very Bad) than the non-experts (3.0 or
Bad). Whilst realistically both groups were actually fairly non-committal (4.0
or Neither Good nor Bad).

Scen3_12eth

Scen3_12
cen3_12rea Neither Good nor Bad

Very Bad

Extremnely Bad

>
B

it 28

20 l

:

Extremely Bad

A
b
!
1508
37E
T789E 162

Fig. 5. Illustrating formal concept lattice for Scenario 3, answer 12.

While descriptive statistics allowed us to measure the sensitivity between
the expert population and the non-expert population, to determine if there were
any statistical differences between the responses of the two populations we per-
formed a Wilcoxon test. Due to the sample size we could not conduct a test for
each scenario and answer option but needed to use all the data. We found no
statistically significant difference between the expert and normal groups. Given
that via FCA analysis we identified 29 individuals in the non expert group as
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behaving like experts, this result is not surprising. In fact, we found that once
we added the expert non-expert group to the expert group the Wilcoxon test
did produce a statistically significant difference for the ethical responses. At this
stage we reserve judgement on the value of statistical methods for analyzing this
data until we have performed some more sophisticated techniques such as anal-
ysis of variance or cluster analysis. We show next how via FCA we were able to
perform more fine-grained analysis at the individual level to identify meaningful
differences between the expert and non-experts.

Lattices such as that in Figure 5 were used to identify expert non-experts.
The reader is reminded that the lattice is read starting from the outer ellipses
(ethical values) through to the inner lattice structures (realistic values). Thus
in Figure 5 we can already visualise that answers are inclined somewhat toward
the negative end of the spectrum for this answer. We can also see that some
personnel (1528, 17, 15E, 14E, 7, 33E, 35E, 5, 34E) whilst ethically feeling neg-
ative about this particular answer for dealing with scenario 3, nevertheless feel
positive about the answer from a realistic standpoint. Alternatively we may note
that individuals 20 and 13E feel positive ethically about this answer, but nega-
tive about it realistically. Generally speaking however the ethical feeling tends
to be more negative than the realistic one.

The point of this exercise is that in examining each formal concept lattice for
each answer option for each scenario, we are slowly able to build up a picture
for how non-experts have answered relative to that of experts. For example in
Figure 5 above we can see that 1525, 1025, 1583, 2375, 1524, 1528, 17, 1507, 9,
7, 5, 1 and 20 have answered the same way as experts. By noting this similarity
for all 125 answers (examining all concept lattices) non-experts can be listed in
descending order of similarity with expert answer responses. For Organisation
X, an extra 25 personnel were able to be identified who consistently scored close
to that of experts using the aforementioned technique, without necessarily being
identified by their peers as being experts. Examining the closeness of the scores
in descending order, it was decided the top 32group. These were individuals 1,
2,4,5,7,9, 16, 17, 20, 23, 24, 27, 28, 1023, 1507, 1521, 1524, 1527, 1534, 1536,
1538, 1543, 1778, 1792, 1796.

When dealing with organisation Z, there were 4 other individuals who ob-
tained scores close to that recorded by experts. Once again we note that at
least two of the individuals are of non-English speaking origin. Participant 3334
decided not to provide any biographical details, 3339 declined to provide gen-
der. Note once again bachelors degrees and high school certificate as being the
highest formal qualifications. As there were only two individuals (out of 7 partic-
ipants) who were not actually identified as experts in Organisation Y, the same
technique was not adopted.

5 Conclusion

Whereas many researchers in the knowledge management field attempt to focus
on the tacit component, few means actually exist to measure this type of knowl-
edge. Sternberg’s Yale University based approach could be said to be the most
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practical because of its applied nature. Thus in our approach we have developed
a Sternberg-like workplace-based inventory for the I'T-field where employees are
asked to make decisions as to how they would handle a soft knowledge situation
from an ethical and realistic perspective. Part of the Sternberg approach to tacit
knowledge measurement is the identification of experts within the organisation
by the participants. We have extended Sternberg’s approach by incorporating
techniques from FCA and SNA. As demonstrated in this paper, we use FCA to
model the questionnaire responses and to further identify individuals (who be-
came the expert non-expert group) that behaved similarly to the peer-selected
experts. FCA thus provides a qualitative modeling alternative to the typical
quantitative modeling conducted on questionnaire data using statistical meth-
ods. While not presented, using SNA we can determine the likelihood of tacit
knowledge flowing from the experts and expert non-experts to others within the
organisation to minimize the loss or wastage of knowledge resources.
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Abstract. In previous work it was shown that Formal Concept Anal-
ysis (FCA) can provide a useful framework for adjustment of represen-
tational bias for classifier learning and the construction of taxonomical
hierarchies. This used techniques of predicate invention from Inductive
Logic Programming (ILP) to introduce new attributes and re-formulate
object descriptions. Such re-formulation of the descriptions of objects
forces revision of the concept lattice. Hence a definition of revision op-
erators based on ILP operators was introduced and shown to generate
correct updates. However, in knowledge representation it is often the
case that first-order or relational concepts are useful. Although there are
previously published approaches to using first-order representations in
FCA, in this paper we present an approach to constructing formal con-
cepts using first-order logic intended to allow the application of methods
developed in ILP. A lattice revision operator for relational concepts is
then defined based on an ILP method for predicate invention.

1 Introduction

The descriptors used in Formal Concept Analysis (FCA) which form the in-
tents of formal concepts are usually regarded as “attributes” of the “objects”
which form the extents of formal concepts. The underlying binary relation, which
together with the sets of objects and attributes denote the formal context, rep-
resents the fact that certain objects have a certain attributes. Many FCA ap-
plications have used descriptors for objects which are Boolean or many-valued
attributes (in the latter case scaling is used). Sets of such descriptors can be
thought of as conjunctions of variables in propositional logic.

Some problems have a naturally relational representation which is difficult
to capture using propositional formalisms. For instance, say we have a chess
end-game with only white king and rook and black king, which is known as
the KRK end-game [10]]. Applying symmetry, a simple pattern is that with
black to move a position (wkf (Kf) ,wkr (3) ,wrf (Rf) ,wrr (1) ,bkf (Kf) ,bkr(1),
diff (Kf,Rf,D), D # 1)is checkmat. Here we use Prolog notation with vari-
! Pieces given as (z,y) coordinates denoting file and rank, with wkf, wkr for the white

king, wrf, wrr for the white rook and bkf, bkr for the black king; diff is a relation
giving the absolute distance between two files or ranks.
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ables indicated by names beginning with an upper-case letter. The key part of
the first-order or relational description in this example is that the two kings are
on the same file, although the actual values for the file variables are not speci-
fied; additional constraints are supplied by the diff relation and the constants in
the expression, for example indicating that the rook is attacking the black king.
Taken together, the description refers to a concept denoting a set of objects,
here chess positions, which can be concisely defined using relations between the
properties of object components, here chess pieces. Patterns of similar form are
not uncommon in real-world applications.

We are interested not only in the identification of interesting relational con-
cepts but in using them as the basis for operators of predicate invention. Here
we assume an underlying theory in a subset of the predicate calculus for which a
formal context is constructed. In predicate invention the concept description is
used in the definition of a new predicate not currently appearing in the theory,
and hence not appearing in the description of any object in the formal context
either. This forces the revision of the theory and the formal context, and thus
the concept lattice. However, by doing so the theory becomes structured, redun-
dancy is removed, and the new predicate is available for re-use. This approach
was applied in a propositional logic framework to the problem of learning on-
tological rules [2]. In this paper we extend the approach to a first-order logic
representation.

The outline of the paper is as follows. First, definitions are given for the
framework of first-order logic formal concept analysis to be used in this work.
Second, we define a revision operator on the concept lattice based on application
of the standard ILP predicate invention operator inter-construction. We omit
proofs of the correctness of this revision operator due to lack of space. Also
not included are details of implementation and experimental results from its
application. These are planned for a more comprehensive report as part of future
work.

2 First-Order Logic Formal Concept Analysis

Several authors have investigated formal concept analysis in first order logic
(see references in [5]). However, since every complete lattice is isomorphic to
some concept lattice, it has been argued that the use of first-order logic as
a vocabulary of descriptors does not extend FCA [6]. Nonetheless, a simple
example illustrates that, for the same set of objects, using a first-order language
for intents makes it straightforward to represent a concept which might be missed
using a propositional formalism.

Ezxample 1. We continue with the KRK chess end-game, using the same nota-
tion. The purpose of the example is to contrast the set of concepts generated
under a propositional representation with those using a first-order representa-
tion. Suppose there are three chess positions which are the objects in our domain.
These are:
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<{parent(X,Y)}, {..}> <{brother(X,Y)}, {..}>

<{parent(X,Y), brother(Y,Z)}, {1,2}>

<{parent(joe,fay), brother(fay,bob)}, {1}>

<{parent(ann,sam), brother(sam,ken)}, {2}>

1: ... parent(joe,fay), brother(fay,bob) ...
2: ... parent(ann,sam), brother(sam,ken) ...

Fig. 1. A partial first-order concept lattice with relational intents, using Prolog syntax.
Also shown in the lower part of the figure are objects 1 and 2 with partial descriptions.

(wkf (c) ,wkr(4) ,wrf (a),wrr(3),bkf (a),bkr(1))
(wkf (a) ,wkr (3) ,wrf (b) ,wrr(4) ,bkf (b) ,bkr(2))
(wkf (b) ,wkr(2) ,wrf (c),wrr(1),bkf(d),bkr(3))

Using a propositional representation where concept intents are formed from the
set of attributes common to objects we have only the three concepts correspond-
ing to these objects, apart from T and L, in the lattice.

However, adopting a first-order logic representation where concept intents are
the least general generalisations (or least common subsumers) of the descriptors
common to objects we have in addition to the above the following concept:

(wkf (A) ,wkr (B) ,wrf (C) ,wrr(D) ,bkf (C),bkr(E))

Here the variable C is shared between the literals wrf and bkf, indicating that
both pieces must have the same value in any positions covered by this concept
(the first two in this case). Clearly, for the same set of objects, different repre-
sentation languages may generate different sets of concepts.

In this paper, since we are interested in logic programming representations,
our development is most related to those of [35]. Definitions are based, for
FCA, on [[4], for Logic Programming, on [9] and for ILP, on [II]. However,
some naming and other conventions present in those sources have been changed
to simplify the exposition.
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Definition 1. First-order logic formal context. A first-order logic formal
context is a 4-tuple ( O, D, R, Q). O is a set of objects, D is a set of descriptors,
R is a binary relation such that R C O x D and Q is a meta-theory relating
subsets of formulae from D.

It is assumed all objects can be uniquely identified. Descriptors are formalised in
some subset of first-order predicate calculus. For example, we will assume in the
remainder of this paper that descriptors are restricted to first-order function-free
literals.

Definition 2. Description. D C D is a description.

In this paper we will assume that Q defines a user-specified order. This could be
founded on a variant of subsumption typically used in ILP [§]. We employ the
following definition, based on subsumption of first-order formulae [12].

Definition 3. Subsumption. Let Dy, Dy C D be descriptions. D1 subsumes
Dy, denoted D1 = Do, if and only if there exists a substitution 0 such that
D16 C Ds.

Viewing a clause as a set of literals, the ordering of descriptions is isomorphic to
the clause subsumption lattice [L3]. The least general generalisation (lgg) C' of
two descriptions Dy and Ds is defined as the greatest lower bound in the lattice
induced by = [12].

Now we relate descriptions to objects, in the sense that an object can be said
to have a description.

Definition 4. Object description. Let a € O be an object. Then the descrip-
tion of a is given by desc(a) = {b € D | (a,b) € R}.

For sets of objects, their descriptions are to be related via Q. Here we use least
general generalisation.

Definition 5. Generalised description. For two objects a1, as with descrip-
tions desc(ay), desc(az), respectively, the generalised description is given by
gen(ay, az) = lgg(desc(ay), desc(az)). For n objects ay,as, ..., a, the generalised
description is given by gen(ay, as,. .., a,) = lgg(desc(ay), gen(as, ..., ay)).

The set of generalised descriptions with respect to D and Q is Dg.

Definition 6. First-order logic formal concept. A first-order logic formal
concept is an ordered pair of sets, written (A, B), where A C O and B € Dg.
Each pair must be complete with respect to R, which means that A’ = B and
B’ = A. Letting A = {a1,as,...,a,}, A = gen(ay,as,...,a,). B'={a € O |
B = desc(a)}.

From now on we will omit the prefix “first-order logic” for formal contexts and
formal concepts except to resolve ambiguity.

Although the introduction of a meta-theory Q as a parameter in the for-
malisation may seem unusual, experience in ILP has shown the importance of
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allowing flexibility in dealing with ordering relationships involving formulae in
first-order logic. Essentially this is due to the inherent complexity of first-order
logic languages. In order to build practical systems, therefore, it is usually neces-
sary to apply both syntactic and semantic constraints to the form of expressions
allowed. This can be done in a transparent way using so-called “declarative
bias”, essentially in a meta-theory. Thus our addition of Q is an important but
conservative extension to FCA which will enable practical ILP applications such
as [14].

Ezxample 2. To see one reason why the intermediate step of generating all de-
scriptions for objects, then taking their 1gg, is used to define the maps ’, imagine
we had the case where a concept has intent B = {p(X,Y),q(Y,Z)}. Suppose
the object 1 had only the following elements in R: (1,p(a,b)) and (1, q(c,d)).
Then we should not want 1 to appear in the extent of the concept with intent
B. But selecting each literal separately from B on the basis of a set construction
Vb € B would allow 1 to be in the extent. This is because there is no connection
between the substitution for variable Y in the first literal, Y/b, and the sub-
stitution for variable Y in the second, Y/c. By considering a description, i.e.,
set of descriptors, we can collect all objects where the second argument of de-
scriptor p contains the same term as the first argument of descriptor gq. Then
B % desc(1). However, if instead R had only (1, p(a,b)) and (1,¢(b,c)) for ob-
ject 1 then 1 should appear in the corresponding extent using the same method,
which is correct.

The correspondence between intent and extent of complete concepts is a
Galois connection between the power set 2° of the set of objects and the set
Dy of generalised descriptions. The Galois lattice £ for the binary relation is
the set of all complete pairs of intents and extents, with the following partial
order. Given two concepts Ny = (Ay, B1) and Ny = (A2, Ba), Ny < Ny +» A; C
As. The dual nature of the Galois connection means we have the equivalent
relationship N1 < Ny <> By g Bj. The set of formal concepts of the formal
context (O, D, R, Q) together with < is a complete lattice. From Definition []
this lattice is isomorphic to the clause subsumption lattice. An example of a
notional partial lattice is shown in Figure[l

3 Revision of £ by Inter-construction

The first order logic version of the propositional logic inverse resolution operator
used in [1] can now be developed. A generalised inter-construction operator can
be defined either in terms of the least general generalisation of the inverse linear
derivations of pairs of clauses or as the relative least general generalisation of
pairs of clauses [L1]. Taking the latter approach, we can define updates to the
first-order concept lattice similarly to those defined for the propositional version.
The operator is: CT = lgg(D;, Dj) U {l} where where D;, Dj are the given
implicates, CT is the invented implicant, and [ is a literal, an instance of the
“invented” predicate.
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Applying inter-construction to a set of object descriptions, as sketched in
Figures [l and [, when treated as a theory, does not have any generalising or
specialising effect. This is because as a predicate-invention operator, it is truth-
preserving. However, it does change the set of generalised descriptions. Conse-
quently, the concept lattice must be revised to reflect this.

The lattice is in state ¢t — 1 preceding revision and state t following revision.
The concepts (henceforth nodes) in the concept lattice to be revised may be
partitioned into different types with respect to the goal node, which is the con-
cept selected as the basis for revision by inter-construction. Types are denoted
as follows: goal g, ancestor a, descendant d. These node types are related by
subsumption. Those not related by subsumption but with some partial overlap
are either related by intent and extent, rIE, related by intent only, rl, or related
by extent only, rE. A single node has the type of the newly invented predicate,
i. The intent of a node at t — 1 is denoted I(n;—1) and the extent of a node at ¢
is denoted E(n:), where n is a node type.

Definition 7. Revising £;_; with inter-construction

gt = <I(9t71)7 {]f}>

ar = (I(az—1) U X, E(at-1) \ E(gt-1))

di = ([(di—1) \ I(ge—1) U{l}, E(di-1))

rly = (I(rlE_1) U X, E(rlE; 1) \ E(gi-1))
rEy = (I(rlE—1) \ I(g¢-1), E(rIE,_1) UY)
it = ({l}, E(gt-1))

In this definition £ is the index of a new object having a description subsumed by
C7T,and X and Y are required to complete the intent and extents, respectively,
of revised formal concepts. An example of the concept lattice shown in Figure [
which has been revised following predicate invention (the new relation “uncle”
defined in terms of “parent” and “brother”) is in Figure

3.1 Related Work

In Chaudron and Maille [3] intents of formal concepts are “cubes”, i.e. existent-
ially-quantified conjunctions of first-order literals. The lattice of cubes, where
the infimum and supremum are defined using logical reduction (based on theta
subsumption) and anti-unification (to compute least general generalisations),
leads to a definition of first-order FCA . Under this framework unique least
general generalisations exist but may (in the worst case) have infinite cardinality,
even after reduction [13]. The cardinality of least general generalisations relative
to background knowledge can be exponential in the number of instances.

Instead, we have adopted the approach of constraining the derivability rela-
tion between expressions defined by a theory at the meta-level. One successful
example of this is reported by Sammut [14], in which Prolog is used to efficiently
compute syntactic and semantic constraints on induced expressions, thus greatly
simplifying the output generalisations.
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/ /

<{parent(X,Y)}, {..}> <{brother(X,Y)}, {..}>

N

<{parent(X,Y),brother(Y,Z)}, {3}>

y,Y)}, {1,2}>
<{uncle(joe,bob)}, {1}> <{uncle(ann,ken)}, {2}>

1: ... uncle(joe,bob) ...
2: ...uncle(ann,ken) ...
3: uncle(X,Y) <- parent(X,Z), brother(Z,Y)

Fig. 2. The revised partial lattice from Fig. [l including the invented predicate “uncle”
which has a new definition in the description for object 3.

A more general approach to combining logic and FCA has been developed
by Ferré and Ridoux [b]. They reformulate FCA as Logical Concept Analysis.
Instead of adding an extra parameter to formal contexts defining derivability re-
lationships between intents formulated as logical expressions as we do, they add
an entire logic with ordering relationships to replace attributes in formal con-
texts. These logical contexts lead to a formalisation called contextualized logic.
The relationship between this formalism and ours will be further investigated.

Ganter and Kuznetsov [6] have presented arguments that the above-cited
approaches cannot be said to generalize FCA, since the basic framework is suf-
ficiently general already, in the sense that every complete lattice is isomorphic
to some concept lattice. However, they argue that such approaches may be war-
ranted on the grounds of efficiency. Moreover we have shown in Example [[lthat,
for the same set of objects, a first-order formalism may enable the representation
of concepts not generated when intent descriptors are restricted to propositional
variables. The relation between the patterns in pattern structures [6] and logical
expressions as used in this paper will also be further investigated.

4 Conclusions and Further Work

Although this work is preliminary, we have presented the basic framework to
lift our previous work on predicate invention [2] in FCA to a first-order logic
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representation. This will open up a wide area of techniques from ILP to be inves-
tigated within FCA. A prototype implementation is being developed and so far
works as expected on the types of examples presented. Further experimentation
is required to test the assumption that techniques from ILP can be developed
to make the approach practical. This work already has provoked questions for
further theoretical investigation, however, such as the apparent asymmetry in
the status of descriptions and objects in first-order formal concept analysis; the
former have a structural ordering where the latter do not.
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Abstract. The existential graphs devised by Charles S. Peirce can be
understood as an approach to represent and to work with relational
structures long before the manifestation of relational algebras as known
today in modern mathematics. Robert Burch proposed in [Bur91] an
algebraization of the existential graphs and called it the Peircean Alge-
braic Logic (PAL). In this paper, we show that the expressive power of
PAL is equivalent to the expressive power of Krasner-algebras (which
extend relational algebras). Therefore, from the mathematical point of
view these graphs can be considered as a two-dimensional representation
language for first-order formulas. Furthermore, we investigate the special
properties of the teridentity in this framework and Peirce’s thesis, that
to build all relations out of smaller ones we need at least a relation of
arity three (for instance, the teridentity itself).

Introduction

For C.S.Peirce, the main puropse of logic as a mathematical discipline was
to analyze and display the fundamental constituents of reasoning in an easily
understandable fashion. For this, he preferred algebraic logic to the quantifica-
tional logic whose developement started at his time (and has even been partly
influenced by him). Today, mathematical logic is often understood as quantifi-
cational logic. Peirce however developed a graphical language to express logic,
the existential graphs which in his sense are better suited for the task of logic
than the formulas of quantificational logic. In this paper, we elaborate that ex-
istential graphs can be considered as two-dimensional representations of logical
statements.

In [Bur91] Robert Burch proposes a formulation of Peirce’s existential graphs
adapted to modern algebra. He calls this formalization Peircean Algebraic Logic
(PAL) and proposes a graphical representation of the terms of PAL which re-
semble Peirce’s existential graphs. His work also inspired the development of the
Conteztual Logic of Relations (see [Wil00], [Arn01], [Pol02]). For this paper, we
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© Springer-Verlag Berlin Heidelberg 2004



338 Joachim Hereth Correia and Reinhard Poschel

consider a modified version of PAL. We adopt Burch’s analysis of the fundamen-
tal operations of PAL, but while Burch allows juxtaposition (which corresponds
to the cross product) only at the end of the process of term construction, we al-
low it at arbitrary places. Due to this modification, the proofs Burch is providing
for Peirce’s thesis do not hold anymore. Also, we will adapt a more traditional
(in the mathematical sense) approach using only the concept of the “evaluation”
(or “interpretation”) of a term instead of the concepts “depiction”, “representa-
tion”, “expression” and “denotation” as used by Burch. We thereby concentrate
on the mathematical properties of PAL, deliberately ignoring the philosophical
argumentation by Burch.

Organization of This Paper

In the following section we will briefly introduce some basic definitions and re-
sults from relational algebra. In Section 2 we present an analoguous summary
of the Peircean Algebraic Logic and its graphical representation as well as the
main theorem on the equivalence of expressive power. Section 3 treats the spe-
cial properties of the teridentity and the necessity of ternary relations for the
construction of all relations (Peirce’s thesis).

Then we consider an alternative system for the generation of PAL and con-
clude the paper with some remarks on the influence of PAL on the Contextual
Logic of Relations and further work in this area.

1 Relational Algebras

In this section, we briefly recall the basic definitions for relational and Krasner
algebras and their equivalence to systems of first-order logic formulas.

Notations 1 (Operations and Relations).
We introduce for operations f : A" — A and relations ¢ C A" on a fixed
base set A with m,n € Ny and m > 0, n > 1 the following notation:

Op™(A):={f| f: A" — A} (n-ary operations)
Op(4) = [j Op™(4) (finitary operations)
n=1
Sym(A) := {f € OpM(A4) | f bijectiv} (permutations)
Rel™(A) :={o| 0 C A™} (m-ary relations)
Rel(A) := [j Rel™(A) (finitary relations)
m=0

P(A) := RelV(4) (power set)
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The arity of an operation f or relation g will be denoted by ar(f) or ar(p),
resp. In this article, O-ary functions are not considered mainly for technical rea-
sons (which appear in connection with clones of operations but play no role in

this paper). Note that the elements of Rel® (4) (0-ary relations) are the subsets
of A°={}, i.e. the two relations () and {0}.

An m-tuple r € A" sometimes will be regarded as a mapping
r:m — A with m := {1,...,m}, and its components are given by r = (r(1),

..,r(m)).

Definitions 2 (Relational algebras and clones).
We consider the following (set-theoretical) operations on relations (¢ and o
denote arbitrary m-ary and s-ary relations on A, resp.):

(R1) Diagonal relation A4 (nullary operation: to contain the equality relation
A :={(a,a) | a € A}),
(R2a) Cyclic shift of coordinates (:

CQ:: {(a17"'7a”m) | (a27"'7am’a1) € Q}’

(R2b) Transposition of first two coordinates T:

70:={(a1,...,am) | (az,a1,a3,...,am) € 0},

(R3) Identification of the first two coordinates A:

AQ = {((117 et 7am*1) | (017(1170,27 . 'aamfl) € Q} )
(R4) Relational product o:

ooo:={(a1,...,amys—2) | Ib€ A:(ar,...,am-1,b) € o and

(b7 Ay e ey am+572) S 0} )
(R5) Adding a fictitious last component V:
Vo:={(ai,...,am,b) € A™ | (ay,...,am) € pand b € A}.

(R6) Union (of relations of the same arity m = s): pU o,
(R7) Complementation: =g := A™ \ o

A set @ C Rel(A) of relations is called relational algebra, weak Krasner
algebra or Krasner algebra, respectively, if @ is closed with respect to (R1)-
(R5), (R1)—(R6) or (R1)—(R7), respectively (these definitions were used e.g. in
[P6sKT79, 1.1.8]). The corresponding closures will be denoted by (Q)ra, (Q)wka
and (Q)ka, resp. For finite sets A these algebras are also called clones (relational
clone, (weak) Krasner clone).

Please note that relational algebras contain relations of arbitrary (finite)
arity and are much more general than Tarski’s relation algebras as introduced
in [Tar41].
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Definitions 3 (Further operations on relations). There are many opera-
tions which can be derived from (R1)—(R7) given above (see also Def. 5 below),
we mention some of them (again, o and o have arity m and s, resp.):

(R8) Diagonal relations: Let € be a partition of {1,...,m}. Then the m-ary
relation (m € N )

dd ={(a1,...,am) €A™ |i=.j = a; = a;}

is called diagonal relation (where @ =, j means that ¢ and j belong to
the same block of €). Let D4 denote the set of all diagonal relations on
A.
Special diagonal relations are the binary equality relation
Aa = dgg1,2yy and the ternary teridentity idg4 = d{q1,2,3}} (which plays
a central role in PAL, see Section 2).

(R9) Permutation of coordinates: For a permutation o on the set {1,...,m}
let

Ta(0) == {(ar,. .- am) | (aaq); -, Ga@m)) € 0}
(R10) Projection onto a subset I of coordinates: For I = {iy,...,4;} with
1 <iy <ig- - < iy <m we define
pr;(o) :=={(ai,,...,a;) | 3a;(G €{1l,...,m}\I): (a1,...,am) € 0} .

(R11) Coupled deletion of coordinates: For 1 <i < j < m let

(5@'(@) = {(al,. e Qi1 ATy ey B =1, A1, - - .,am) S Am_2 |
dbe A: (al,...,ai_l,b,aiﬂ,...,aj_l,b,aj+1,...,am) S Q}.

In case of m = 2 this definition is evaluated as follows:

51.(0) = {{(2)} if3be A: (bb) € o,

0 otherwise.

(R12) Intersection of relations of the same arity m =s: pNo.
(R13) Product (cartesian or cross product):

oxo:={(a1,...,am,b1,...,bs) € A5 |(a1,...,am) € o,
(bl,...,bs)EG}.

Remark 4. It is straightforward to show that all these operations (R8)—(R13)
can be derived from the operations Def. 2 (R1)—(R5) (for instance, a cyclic
shift and a transposition generate all permutations, thus ¢ and 7 generate all
Ta; 0 X 0 = (Vo) o ((Vo) and so on, for more details see [P6sK79, 1.1.9]). The
interconnections of the operations (R1)-(R13) are discussed further in Section 4.

Definitions 5 (Logical operations and closures).
Relational algebras can be characterized also via closure with respect to first
order formulas. To each first order formula ¢(Rq,..., Ry 21, .., 2y,) with free
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variables 21, ...,z and m;-ary relation (predicate) symbols R; (i € {1,...,q})
one can assign an operation (called logical operation)

Ly : Rel™)(A) x -+ x Rel™?) (4) — Rel™(A) with

Ly(01,-..,0q) :=={(a1,....am) € A™ | = v(01,...,04:Q1,...,am)}.

Hereby, for atomic formulas e.g. R;(x,y) we interpret = g;(a,b) as (a,b) € o;
(for elements a,b € A). For instance, the formula

@(R1, Ro;x1,m2) := 32 : Ry(w1,2) A Ra(z, x2)

(with binary relation symbols) induces the operation relational product (see
Def. 2 (R4)):

Ly(01,02) ={(a1,a2) | 3z € A: (a1,2) € 01 A (2,02) € 02} = 010 02
for binary relations 01, g2 € Rel® (A).

Let @(3,A,...) denote the set of all first order formulas that contain only the
indicated quantifier 3, the indicated connectives A, ... and relation symbols and
variables. Let Lop4(3,A,...) :={Ly | ¢ € (3, A,...)} denote the correspond-
ing logical operations.

Then we have (see [P6sK79, 2.1.3]):

Theorem 6. Let Q C Rel(A). Then

Q relational algebra < Q closed w.r.t. Lop (3, A, =),
Q weak Krasner algebra <= @Q closed w.r.t. Lop4(3,A,V,=),
Q Krasner algebra <= @ closed w.r.t. Lop,(3,A,V,,=).

2 Peircean Algebraic Logic (PAL)

The operations of the Peircean Algebraic Logic and relation graphs (PAL) are
closely related to the existential graphs that Peirce developed in the late 1890s.
Here we shall not go into details of existential graphs (which are also related to
the conceptual graphs, see [Sow92]) and only describe the Peircean operations
interpreted as operations on relations and show the corresponding graphs rep-
resenting such operations (these operations on relations were also proposed by
R.W. Burch in [Bur91] and modelled mathematically in power context families,
see [Wil00], [Arn01] and [Pol02]).

Definitions 7 (Relation Graphs and Operations of PAL).

An m-ary relation o4 € Rel™(A) will be represented graphically by a point
(dot or small circle) with m outgoing “arms”, i.e. pending edges (called hooks
in [Bur91]), where each pending edge has exactly one label from {1,...,m}, see
Fig. 1 (a); the dot itself is labeled by o. All these labels are called relation labels
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(a) An m-ary relation ¢ (a’) (b)The teridentity id%
Fig. 1. Graphical representation of relations in PAL

(they belong to the relation symbol g and indicate to which “spot” (=compo-
nent) of p an incoming edge is connected, Fig. 1(a’) makes this more clear;
but we prefer the less complicated drawing of (a)). The order of the labels of
the edges is not essential: two figures with the same labels in possibly different
positions in the picture represent the same relation.

The so-called teridentity is the ternary relation

ids := id% = {(a,a,a) | a € A}

and will be represented as in Fig. 1 (b) (no relation label is necessary).

Let us fix some convention: the figures to be constructed shall be called
relation graphs ([Pol02]). They have some “outgoing” pending edges, its number
is called the arity of the relation graph. The pending edges of an m-ary relation
graph are labelled by the elements 1,...,m (we shall call them graph labels in
order to distinct them from the relation labels).

The constructions of PAL can be described on purely syntactical level by
providing a set X' (signature) of relation symbols (with arities) for labeling the
points. However, if there is an evaluation (interpretation) of each relation symbol
by a concrete relation (of the same arity) on a fixed base set A (i.e. we have an
arity-preserving evaluation function X — Rel(A) : o — o?), then to each m-ary
relation graph & uniquely corresponds an m-ary relation &4 on A.

In the following we describe constructions (allowed by PAL) for relation
graphs in more detail. We shall give the construction which at the same time
provides a constructive definition of relation graphs & and the evaluation as re-
lation (denoted by &4). However we do this by representing relation graphs by
figures. From the pure mathematical point of view, a relation graph is a multi-
graph with ordered valencies, pending edges and nested subgraphs as defined in
[Pol02, Def. 2-8] (also called structure there), we try to avoid such technicalities
and refer to [Pol02].

(PAL1) atomic relation graphs: Let ¢ € X be an m-ary relation symbol. Then
the graph (also denoted by p) in Fig. 2 (a) is an m-ary relation graph. It
has m pending edges each of which has a relation label (drawn near the
center) and a graph label (drawn at the outer end) which coincides with
the relation label. Its corresponding relation (evaluation on base set A)
is 0. The graph in Fig. 2 (b) is the relation graph of the teridentity. It
has the graph labels 1,2, 3 for its pending edges. The evaluation is the
relation id?.
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3
(a)Atomic relation graph o (b)Atomic relation graph ids

L g Ly 2
\1 2;,3 \1 2§Tm1+3
mi, 1\\ mi + mig 1\

i = T my 1
(d) @1 X QSQ

. 3
(g) local negation —o (h) —ids

Fig. 2. Construction of relation graphs. The small labels (drawn inside the dotted line)
in (c)—(f) are the original graph labels of & and have to be replaced by the new graph
labels drawn outside the dotted line

(PAL2) Permutation of pending edges: Let & be an m-ary relation graph with

corresponding relation &4 and let o : m — m be a permutation. Then
the graph in Fig. 2 (c) obtained from & by changing the label ¢ to a/(¢)
for every graph label i € m := {1,...,m} of a pending edge (outgoing
half-edge), is an m-ary relation graph denoted by 7, (®). Its evaluation
is the relation

T ()4 = 1, (64) (see Def. 3 (R9)).

(PAL3) Juxtaposition (cross product): Let &; be m-ary relation graphs (i =
1,2). Then the graph in Fig. 2(d) obtained by juxtaposition and re-
labeling the graph labels of the pending edges of &2 (according to
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i — mq+ifori e {1,...,ma}) is an (m; + me)-ary relation graph
denoted by &; x &45. The evaluation is given by

(B x G2)" := &1 x &2 (see Def. 3 (R13)).

(PAL4) Connecting pending edges: Let & be an m-ary relation graph with m >
2. Let 1 <7 < j < m. Then the graph in Fig. 2 (e) obtained by connect-
ing the pending edges with graph label i and j (deleting these graph
labels and relabeling the other pending edges) is an (m — 2)-ary relation
graph denoted by 6;;(®). The evaluation is given by

(6:5(B)? 1= 6;;(®?) (see Def. 3 (R11)).

(PAL5) negation (complementation): Let & be an m-ary relation graph. Then
the graph in Fig. 2 (f) obtained from & by drawing a simple closed
curve (called also negation circle, optionally labeled by —) enclosing the
whole graph and prolonging the pending edges outside the curve (while
keeping the labels) is a relation graph denoted by —(&). Its evaluation
is

(~(8)?* := —~(684) (see Def. 2 (R7)).

(PAL5’) local negation: For an atomic relation graph ¢ where p € X, the relation

graph —(p) is called locally negated atomic relation graph; it will be
drawn simply also by changing the label from o to —¢ (and not drawing
the curve according to (PALS5)).
Remark: Note that local negation does not include the negation of the
teridentity (which we shall represent as in Fig. 2 (h) without relation
labels). This is because the negation of the teridentity allows to simulate
the (unrestricted) negation, i.e., (PAL5’) would be “semantically” as
powerful as (PAL5) (see Proposition 11 and Remark 12).

A relation graph is a graph obtained from the atomic relation graphs by using
(PAL1)—(PALS5) finitely often. By construction, a relation graph has graph labels
for its pending edges while each other edge has a relation label on each half that
is connected with an atomic relation o € X (the teridentity just “splits” one
edge into three “directions” and needs no relation labels).

The set of all relation graphs over a signature X is denoted by (X)pa.

The closure with respect to the rules (PAL1)-(PAL4) and (PAL5Y’) (i.e.
only local negation is allowed instead of arbitrary negation) will be denoted
by (X)inegpaL (“locally negated PAL”-closure). Finally, the closure with respect
to (PAL1)—(PAL4) (without any negation) will be denoted by (X)ppaL (“positive
PAL”-closure). The relation graphs in (X)jnegpaL and (X)ppaL are called locally
negated and positive relation graphs, respectively.

Now the following operators on Rel(A) can be introduced:

Let @ C Rel(A) and let g := {o | 0 € Q} be the relational signature of
abstract relation symbols such that ¢ has the same arity as p, and the evaluation
of o over A is canonically given by ¢ := p. Then we define:

(Q)paL = {6 | & € (Xq)paL}-
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id1 = 523(id3)

1
i id := d12(id; x id3) 1—-2

1 2

1—@—2 V= (523((536(—\id3 X Id3)) 1—9—2

Fig. 3. Some relation graphs derivable from id3

Analogously we define (Q)inegpaL and (Q)ppaL. If there is danger of confusion the
base set A is added as upper index: (Q)ay, -

Examples 8. Some examples of relation graphs composed by the above rules
(PAL1)-(PAL5’) are given in Figures 3 and 4, together with a term (in the
language of relation graphs, see (PAL1)—(PAL5)) describing it.

In Fig. 3 we specify the relation graphs id;, ido and v which are all generated
by the teridentity ids (the describing term is always given) and introduce a more
convenient graphical representation for them.

The evaluation of these relations graphs is obvious:

id = A e RelV(4), id) =244 v*={(ab)eA®|a+b}.

In Fig. 4 we want to attrack the attention to the generating process of relation
graphs (the reader should check every step). While the graphical construction is
immediate, it is easy but tedious to specify the corresponding describing terms
(one carefully has to handle the labels). This demonstrates the advantage of
the graphical presentation of relation graphs which is much closer to human
thinking and understanding than the “linear” technical composition of terms.
For instance, it immediately follows from the given drawing of the relation graphs
in this figure that for a representation on any set A we have &§ = o N o4 and
B4 = (=04 N —04) = o Uc?. Note that there are many ways to construct
other relation graphs which also represent uniformly (i. e. for all A) intersection
and union of relations. e. g., one could take first the cross product ids x o X o X id3
(with 10 pending edges) and then do the necessary connections between pending
edges to get Bg.

The following theorem shows that the operations of relational algebras and
the operations of PAL are equally powerful: for a given set @) of relations one
can generate the same set of derived relations. According to Def. 5 there also
exists an equivalent description by first order formulas.

Theorem 9. Let Q C Rel(A) and let =Q = {—po| 0 € Q}. Then:

(1) (@)ppaL = (Q)ra
(i) (@)inegpaL = (Q U ~Q)Ra
(iif) (Q)paL = (Q)ka -
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Fig. 4. Relation graphs and their description terms

Proof. (i): From the definitions (PAL1)—(PAL5) (Def. 7) follows immediately
(Q)ppaL C (Q)ra (since (Q)ra is closed under (R1) (Def. 2) and (R9), (R13),
(R11) (Def. 3)). Conversely, every operation from (R1)-(R5) (Def. 2) is ex-
pressible by a PAL-construction (PAL1)-(PAL5) (Def. 7): in fact, Ay = id3 =
d12(idy x id3)? (where id; := do3(id3), see Fig. 3), ¢ and 7 are special cases
of 7,, for the relational product we have o o 04 = 6, mi1(0 x 0)4, and
Vot = (o x id1)4.

(ii) is just a special case of (i) taking into account local negation.

(iii): Note that negation — appears for Krasner algebras in (R7) (Def. 2) as
well as for PAL in (PALS5) (Def. 7), and that union (R6) (Def. 2) can be expressed
by negation and intersection: ¢ U o = —(—p N —o). Therefore (iii) immediately
follows from (i). a
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Remark 10. As already mentioned in Example 8 the graphical presentation of
relation graphs is very convenient. Because of Theorem 9 (iii) and Theorem 6 it
is as powerful as the calculus of first order logic. Thus, relations graphs can be
considered as a two-dimensional representation language for first-order formulas.
Note further that — in the graphical presention — one even need not worry about
graph labels: a relation graph is just a collection of atomic relations (drawn in
the plane like in Fig. 1) where pending edges may be connected in arbitrary
way, and closed negation curves can be drawn in any appropriate way. Finally,
to get a relation graph according to our definition, the remaining pending edges
must be labelled by the first natural numbers 1,2, ... (recall, the relation labels
belong to the nodes and their outgoing edges, they are needed if the relation
graph is to be evaluated in a relational system over A and play no role during
the construction of relation graphs).

3 The Teridentity

In this section we shall deal with the special role of the teridentity ids. From
Theorem 9 (i),(iii) we get for @ = () the set of all relations constructable in PAL
without negation solely from the teridentity:

<®>§4PAL = (D)ra, (DAL = (D)ka -

It is known from e. g. [P6sK79, 1.1.9(R1)] that (@)ra equals the set D 4 of all diag-
onal relations (see Def. 3 (R8)). Further, ())ka consists of all so-called pattern re-
lations. A pattern relation o € Rel™ (A) is a relation satisfying Vr,s € A™ :r €
oand t(r) = t(s) = s € o, where t(r) := {(i,5) € {1,...,m}? | r(i) = r(4)}
is the pattern of an m-tupel in A™.

As already mentioned the negated teridentity can simulate arbitrary nega-
tions; in fact we have:

Proposition 11. For arbitrary finite A and arbitrary Q@ C Rel(A) we have

(@Q)paL = (Q U {~(id5)})ppaL-

Proof. Tt is known (e.g. [P6sK79, 1.3.5]) that for |A| > 3 we have (Q)ka =
(QU{v})ra where v2 := {(a,b) € A% | a # b} is the inequality relation. As we
have seen in Example 8 the inequality relation is the evaluation of the positive
relation graph v constructed with atomic relations ids and —ids in Fig. 3. Thus
(@)paL = (Q)ka = (QU{r*})ra = (QU{¥*})ppar € (QU{=id3 }ppaL C (Q)paL
and we are done.

The case |A| = 2 must be checked separately. We give only a sketch. It is
straightforward to check that there is only one minimal clone of Boolean func-
tions (on A = {0,1}) preserving the negated teridentity —idj , namely the clone
Sym(2) generated by the negation which consists up to fictitious variables only of
the identity function and negation (conjunction, disjunction, constants, any ma-
jority or minority function do not preserve ﬁid?). The lattice of all Boolean clones
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shows that therefore Sym(2) is the only nontrivial clone preserving ﬁid?. Using
some knowlegde about the Galois closures of the Galois connections Pol — Inv
and Aut — Inv (given by the formal context (Op(A), Rel(A4),>) where f1o: <=
| preserves o) one can conclude (@paL = (Q)ka = Inv Aut Q = Inv(Pol@Q N
Sym(2)) = Inv(Pol Q N Pol —id4') = InvPol(Q U {—id4}) = (Q U {—id4 })ra =
(QU {=id%'})ppaL. We do not go in more details here and refer to [PésK79, 1.2.3
and 1.3.5].

Remark 12. In the proof of Prop. 11 we have seen that there is a positive rela-
tion graph v € (—(id3))ppaL the evaluation of which gives the inequality relation
v4 on each set A (see Fig. 3, this even holds for infinite A). Proposition 11 im-
plies that for every negated relation graph —(®) € (X)par and given finite base
set A there exists a positive relation graph &, € (X'U{=ids})ppaL with the same
evaluation on A: (=(®))4 = &1'. However, contrarily to the inequality v, this
®; usually depends on A and cannot be chosen globally for all A. Moreover, the
result does not hold in general for infinite A (here modifications are necessary,

see also [P6s03]).

The next results show that the teridentity is — in some sense — indispens-
able as atomic relation in PAL. At first we show that it cannot be (positively)
generated by relations of lower arity. To make this precise let us introduce the
following notation: Let (X)pa\fid;} denote the set of all relation graphs con-
structed by (PAL1)-(PAL5) (Def. 7) but without using the teridentity ids in
(PAL1) (analogously (X)paL\ fids})- Thus we have (X)paL = (£ U {id3})par{ids}

and Da = (id3)Pa\ fias)-

Theorem 13. Let A be a finite set with at least two elements and let Ry :=
Rel™(A) URel® (A). Then

(a) (Ra2)paL\{ids} & (R2)paL = Rel(4),
(b) (R2)ppaL\{ids} S (R2)ppaL = Rel(A).

Remarks concerning the Proof:
The right-hand equality of (b) implies the corresponding equality in (a) and
follows from the known fact (Rel® (A))ra = Rel(A) (see e.g. [P6sK79, 1.1.22])
using Theorem 9 (i). The inequality of (b) now follows immediately from (a).

It remains to prove the left-hand proper inclusion of (a). This can be done
by showing id3 (R4 PAL\ . The proof is relatively technical and we do not
have enough space for the f{ 1l proof, therefore it is omitted here and we refer to
[HerP].

Remark 14. Since the proof of Theorem 13 (a) was not given here, we add
a proof of (b) which does not use (a). For (b), it is sufficient to show idj ¢
<R2>;‘PAL\{id3}. Assume on the contrary id; € <R2>;‘PAL\{id3}. Then there exists
a ternary positive relation graph & (with three pending edges) such that every
vertex has valency at most 2 and &4 = |dA We choose & in such a way that it has
a minimal number of vertices. But then there cannot be any non-pending edge
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in &: in fact, if an edge connects two relations p1, g2 then this can be replaced
12 1.2

by o = p1 0 p2; e.g. for binary g1, 02, the graph —e>—e2 would be a subgraph
of & and could be substituted by _1._ such that the resulting graph has

the same evaluation but less vertices in contradiction to vertex minimality of
. Consequently, & has only pending edges and therefore must be of the form
(G ;2311—1 312—2 313—3 or B, ;_1_._2 .1_3 (here o, 0; are unary and p is a
binary relation symbol). But, whatever the relations o', o4, 04 may be, neither
&7 = of' x 04 x 04! nor &2 = p? x 04 equals the terldentlty (prov1ded that A
has more than one element). O

Remark 15. With Theorem 13 the first part of Peirce’s thesis is proved, that
we need (at least) ternary relations to build all relations from a set of basic
relations.

The second part of the thesis is the inverse direction, that we can decom-
pose any relation to ternary ones. According to Burch this is meant to know
which relations (of small arity) construct a given relation. We refer for this to
the theorem by Herzberger in [Her81]. This approach works if the domain A is
sufficiently large, i.e. the cardinality of the domain is at least as large as the
cardinality of the relation to be decomposed. This holds true for all relations in
all infinite domains.

Burch proposes in [Bur91] a similar procedure for finite domains. However,
to do this in general he allows to extend the underlying domain by new elements
generated through the so-called hypostatic abstraction. While his explanations
are philosophically of interest, such an extension to the underlying domain is
uncommon in traditional mathematics. For this reason, we do not investigate
this process in detail.

The next proposition also supports the special role of the teridentity: if a
diagonal relatlon generates ids then it “contains” id5 (as projection), in par-
ticular, |d3 is the only diagonal of minimal arity generating ids (and therefore
generating all diagonal relations). The proof will be omitted here (and we refer
to [HerP]).

Proposition 16. Let A be a set with at least two elements. Then we have:

(a) id3 ¢ (UpZo Rel® (A))aar gy

(b) id? ¢ <idi4>id§4>PAL\{id3}-

(c) Let o* € D4 be an m-ary diagonal relation. Then id? € <QA>pA|_\{id3} if and
only if m > 3 is an odd number and there are i,j,k € {1,...,m} such that
idg = prijk(QA) (i. e. for m=3: oA=id%).

4 A Basic Generating System for PAL

The operations ids, 7, X, d;;, 7 of PAL are relatively easy to handle and intu-
itive. However, the operations 7, and d;; depend on the arity of the relations
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(and therefore must be defined for every arity m yielding formally an infinite
family of operations). For theoretical investigations a finite “minimal” system of
operations is desirable. This can be done as in [P6sK79] or [Arn01] for relational
algebras. We mention here such a basic system for the construction of relation
graphs (it reflects on the syntactical level most of the operations introduced in
[Arn01]). The resulting set (X)ppar of relation graphs is formally a subset of
(X)paL but nevertheless “the same” in the sense that for each & € (X)paL there
exists a B € (X)ppaL such that &A=B4 for every semantic domain A.

Definitions 17. Let & be an m-ary relation graph, m > 2. We introduce the
following special PAL-operations:

(PAL7) basic rotation: ((®) := m,(®) where « is the cyclic permutation 1 +—
2,....m—1—mm—1lon{l,...,m}.

(PALS) basic transposition: T(®) := m, () where « is the transposition of the
first two components: 1 +— 2,2+ 1 and ¢ — ¢ otherwise.

(PAL9) Connecting the first two pending edges: A(®) := 012(8).

For m € {0,1}, i.e. if & is a unary or 0-ary relation graph, we set ((&):=7(&):=
A(®8):=6. The operations (PAL1) (atomic relations, including id3), x (PAL3),
- (PAL5), ¢ (PAL7), 7 (PAL8) and A (PAL9) are called basic operations. The
closure with respect to basic operation will be denoted by (X)ppaL, and as in
Def. 7 we define (Q)ppaL := {&* | & € (Xg)ppaL} for a set Q C Rel(A).

Formally we can state the following equality (the proof is in [HerP]):

Proposition 18. For Q C Rel(A) it holds (Q)paL = (Q)bpAL-

5 Contextual Logic and PAL

In this paper, the authors tried to harden the links between the Peircean Alge-
braic Logic and the realm of relational algebras from modern mathematics, while
investigating some of Peirce’s claims regarding the special role of the teridentity.

However, the work on PAL has also to be considered in a broader context. On
the one hand, as PAL is tightly connected with the Existential Graphs devised by
Peirce, work on PAL is also of interest for the area of Conceptual Graphs, invented
by John Sowa which are based on the Existential Graphs (see [Sow84, Sow92]).

The work on PAL has already influenced the work on the Contextual Logic
of Relations as can be seen by the works [Wil00, Arn01, Pol02]. There a modifi-
cation of PAL is used, which uses Power Context Families as semantic model of
the relation graphs. Of course, the results of this paper can be easily transferred
to this model. We hope that our work will contribute to the overall effort in
this direction. Future research will concentrate on the investigation of deduction
rules for the graphs introduced with PAL.
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Abstract. Data mining (DM) is the extraction of regularities from raw data,
which are further transformed within the wider process of knowledge discovery in
databases (KDD) into non-trivial facts intended to support decision making. For-
mal concept analysis (FCA) offers an appropriate framework for KDD, whereby
our focus here is on its potential for DM support. A variety of mining methods
powered by FCA have been published and the figures grow steadily, especially in
the association rule mining (ARM) field. However, an analysis of current ARM
practices suggests the impact of FCA has not reached its limits, i.e., appropriate
FCA-based techniques could successfully apply in a larger set of situations. As
a first step in the projected FCA expansion, we discuss the existing ARM meth-
ods, provide a set of guidelines for the design of novel ones, and list some open
algorithmic issues on the FCA side. As an illustration, we propose two on-line
methods computing the minimal generators of a closure system.

1 Introduction

Knowledge discovery in databases (KDD) is the process of discovering useful knowl-
edge from data, e.g., within a data warehouse. Data mining (DM) is its main step, it
consists in extracting potentially interesting regularities out of the initial data. Accord-
ing to Han et Kamber [14], the main challenges faced by DM researchers in the late
90s were the particularities of the target datasets, i.e., “large, noisy, of unknown gen-
eration laws, of high dimensionality, distributed”, that did not allow the conventional
analysis methods to apply. Thus, the key features of DM tools and methods were ef-
ficiency and scalability to large datasets, robustness to missing and incorrect items in
data, visualization and exploration of the mining results.

The core of FCA is an approach towards the design of conceptual hierarchies from
a set of observations organized in a formal context. Therefore, the process of concept
formation in FCA is a KDD par excellence, whereby the construction of the concept set
constitutes the “mining” phase. The association rule mining (ARM) field has seen the
largest number of successful methods that can be qualified as FCA-based [25,42,28]. A
key advantage of the FCA-like mining lays in the fact that due to the closure properties
only patterns of maximal size are extracted, thus reducing the exploration/interpretation
burden for the analyst and increasing the overall efficiency [35].

However, the reduction in the pattern/rule number is only one particular benefit
brought by the FCA framework. Indeed, nowadays, KDD, and ARM, in particular, faces

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 352-371, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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new challenges in more realistic situations, e.g., the dynamicity and the distribution of
the datasets, the processing of rich data formats (XML documents, DNA sequences,
0O data), etc. Therefore, the flexibility on changes in user settings and/or input data
(i.e., the easy adaptation of pre-existing results to those changes), efficient assembly
of partial views and mining results, tolerance to structure in the dataset, etc., become
crucial features for mining tools.

We claim that FCA offers the theoretical constructs to meet the underlying chal-
lenges and that the issue is how these constructs are put behind fast algorithms. To
support our claim, we put the existing “FCA-aware” work on ARM in the perspective
of what are some open problems and new research directions. We then provide a set
of new challenges together with their motivations and list the techniques that address
them. These challenges are further translated into FCA algorithmic problems and, in
some cases, solutions are proposed. We then focus on the on-line computation of the
(minimal) generator family of a closure system, key task for the construction of spe-
cific non redundant bases of association rules. Two on-line algorithms are proposed
that combine closure and generator maintenance and their practical performances are
compared to batch ARM methods that also rely on generators.

The paper starts with a short recall on FCA theory and algorithms (Section 2). The
relevant work on ARM with closed patterns and rule bases is then summarized followed
by a discussion on the lessons that may be drawn from past experience (Section 3). We
then suggest translations for the set of algorithmic problems into the FCA domain,
before presenting recent algorithmic results on some of the identified problems (Sec-
tion 4).

2 Background on Concepts, Lattices and Implications

2.1 FCA Basics

Formal concept analysis (FCA) [10] studies the way lattices' emerge out of data. Basic
FCA considers an incidence relation I over a pair of sets O (objects, further denoted
by numbers) and A (attributes, denoted by lower-case letters). The relation is given by
the matrix of its incidence relation (o/a means that object o has the attribute a) which
is called a (formal) context KK = (O, A, I) (see Fig. 1, on the left). Following standard
FCA notations, sets notations are separator-free, e.g., 127 stands for {1, 2, 7}. More-
over, I gives rise to two ' mappings: Fora X C O, X' = {a € A|Vo € X, 0la}, while
Y'={o€O|VaeY,ola}forallY C A(e.g., 134’ = fgh and abc’ = 127 in Fig. 1).
The pair of / functions induces a Galois connection [3] between P(O) and P(A). The
composite operators ” define closures on P(O) and P(A), hence each of them induces
a family of closed subsets, denoted Cg and Cg., respectively. A pair (X, Y"), of mutually
corresponding subsets, i.e., X = Y’ and Y = X', is called a (formal) concept in [36]
whereby X is the extent and Y as the intent (e.g., ¢ = (134, fgh) is a concept in Fig. 1).

The set Cxc of all concepts of K is partially ordered by extent inclusion: (X1, Y1) <k
(X2,Y2) & X; C Xo(Y> C Y7). In fact, provided with C, CZ and Cg become

! An excellent introduction to partial orders and lattices may be found in [7].
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Fig. 1. Left: Context K (adapted from [10]) with O = {1,2,...,9} and A = {a, b, ..., h}. Right:
The Hasse diagram of the concept (Galois) lattice derived from K.

two complete lattices which are dually isomorphic via ’. These lattices overlap per-
fectly, thus giving rise to the concept lattice* L = (Cx, <x) of the context K [10].
Moreover, in Li the joins are \/le(Xi,Yi) = ((Uf:1 Xi)”,ﬂle Y;) and meets
/\le(Xi,Yi) = (ﬂf:l X, (Uf:1 Y;)”). Fig. 1 on the right shows the Hasse dia-
gram of Ly (e.g., (123,¢f) V (1246, ef) = (12346, f) and (123, cf) A (1246,ef) =
(12, abcef)).

2.2 Implications

Dependencies among attributes in the dataset constitute important type of knowledge
and may be the goal of a separate analysis process. FCA offers a compact representa-
tion mode for attribute dependencies, the implication rules, with two sets, premise and
conclusion, X — Y (X,Y C A).

An implication is valid in a context if none of the objects violates it: X — Y is valid
iff Y C X" (e.g.,cg — his valid in K from Fig. 1, whereas cd — f is not). Moreover,
arule is informative [13] if its premise is minimal and its consequence maximal for set
inclusion (e.g., ab — ¢, a — bc are both valid but only the later is informative). The
minimal valid premises for a given conclusion are called (minimal) generators (or key
sets). Formally, Y C A is a generator iff VY C YY" Cc Y.

The set Xk of all valid implications in a context IC may be very large and restricting
it to valid rules may not help much. In contrast, subsets of much smaller size, or bases,
encode the same information content as Xx without a loss. The content is retrieved
through inference mechanisms for rule sets, such as the one due to Armstrong, the so
called Armstrong axioms [18].

For example, the Duquenne-Guigues basis basis [13], B, is known to be minimal
in the number of rules. It relies on pseudo-closed sets: Y C A is pseudo-closed if it
is not closed and for any other pseudo-closed Z, Z C Y entails Z"” C Y [10]. By is

2 Also known as the Galois lattice [3]), it appeared in the work of Ore [21] and Birkhoff [4].
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made out of all the rules Y — Y where Y is pseudo-closed. The entire set Xx may
be obtained as the implicational hull of Byc.

Implication rules as closely related to functional dependencies in the database field
(see [18]) made their way into data mining (see Section 3). In fact, approximative asso-
ciations correspond to partial, i.e., not necessarily overall valid, implications, whereas
exact associations are the counterpart of (valid) implications. For example, the rule
ab — cd is valid to 66,67%. In [17], a basis for partial implications is provided,
later called the Luxenburger cover basis. It is made out of all rules of the form ¥ —
Y —Y where Y and Y are closed attribute sets (intents) and (Y, Y") is a lower cover of
(Y"”,Y') in the respective lattice. For example, the basis of the context in Fig. 1 includes
¢ — band ¢ — d, both of 80% validity.

2.3 Lattice Construction

A variety of algorithms exist for constructing the lattice of a context [9, 5, 12,20]. We
only recall key algorithms while interested readers are referred to [16]. A classical dis-
tinction between lattice algorithms is made upon two axes: computation of the lattice
order (precedence) relation and evolution of the context during construction.

Batch Construction. The algorithm NEXTCLOSURE designed by Ganter [9] uses a
lexicographic order on concept intents to avoid redundant concept generations without
a global memory of the already generated concepts.

Batch algorithms constructing both concepts and order have been proposed first by
Bordat [5] and then by Nourine and Raynaud [20]. The first algorithm uses structural
properties of the precedence relation in £ to generate concepts from their upper cov-
ers. The second one uses a general incremental procedure for constructing closed/open
set families to generate the concepts and cardinality properties for extents of neighbor
concepts to retrieve the precedence links in the lattice.

On-Line Construction. On-line (incremental) algorithms are designed to fit evolution
in data. Classical object incremental methods [12] construct the lattice Lx starting from
a single object o7 and gradually incorporating any new object o; into the lattice £;_1
(over a context K;_1 = ({o1,...,0;_1}, A, I;_1) where mappings ' are denoted ‘~*
whenever confusion may occur). At each step, a set of structural updates are carried out
locally and at a limited points of the lattice, while keeping the rest unchanged. Thus, the
available structure is used to limit the search/reconstruction effort relevant to a single
insertion.

The basic property underlying the paradigm (see [33] for a detailed description)
states that C¢ is closed under intersection, thence the increase of K;_; potentially
adds new intents to it through intersection with o} (function Q : C;_1 — 24 with
Q(X,Y) =Y n{o}’). Thus, the concepts whose intents are in Q(Cx,_,) — Cg, , are
called new (denoted N (0;)). Two further sorts of concepts are looked for in £;_1 by
the method: The modified concepts, M(o;), have their intents in Q(Cxc,_,)NCg, . The

genitor’® concepts (X,Y), G(o;), previously called generators (term changed here to

* The American Heritage Dictionary of the English Language: Fourth Edition. 2000: genitor: 1.
One who produces or creates. 2. Anthropology A natural father or mother.
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avoid ambiguity), obey to: Y & o; and Y = Q(X,Y")”. Let now mapping ¢ simulate
the way L£;_1 “evolves” to L;, i.e., ¢ is mapping from £;_; to £; based on intent preser-
vation. While the counterparts of modified concepts (X, Y") have their extents changed
to (X U{o;},ie,¢(X,Y) = (X U{0;},Y), on the remainder of Cx, _, < follows iden-
tity, i.e., (X, Y) = (X,Y). The images of both distinguished concept sets are denoted
G*(0;) = G(0;) and Mt (0;) = M(o;) Finally, genitors “seed” the creation of new
concepts via the bijection 7y : G(0;) — NT(0;) withv(X,Y) = (X U {0},Y No').
Given a lattice £ and a new object o, the construction of the augmented lattice
L+ amounts to detecting G(0) and M(0), creating N (0) and modifying M(o), then
adjusting the precedence relation. The set of tasks, structured into a generic scheme
in [31], is summarized in Algorithm 1. The approach relies on a characterization of
both G(0) and M(0) as the unique maxima of the respective equivalence classes in £
induced by Q. Moreover, a key fact about the precedence relation in £ says that when
connecting a new concept ¢ to its neighbor concepts in LT, the only lower cover of
¢ which comes from £ is the image of respective genitor (y~!(c)). More generally,
among non-new concepts, only genitors have their upper covers changed, and only
modified may have their lower covers changed. Consequently, given a concept ¢ from
C*T — NT(0) and a new concept ¢, from NT(0), ¢ <p+ ¢, if and only if ¢ <g+

s(v7He)).

: procedure ADD-OBJECT(In/Out: £ = (C, <) a lattice; In: o0 an object)

: forall cinC do
if c = max([c]o) then
if Intent(c) C o' then
Extent(c) — Extent(c) U {o}
else
¢ «— NEW-CONCEPT(Extent(c) U {o},Q(c)); C «— C U {c}
UPDATE-ORDER)(, ¢)

©RNDAR N

Algorithm 1. Generic scheme for the insertion of a new object into a concept (Galois) lattice.

As databases evolve by adding/deleting sets of objects rather than single ones,
in [32] we generalized the incremental paradigm to context subposition and the cor-
responding assembly of factor lattices.

2.4 Context Splits and Lattice Assembly

Subposition of Contexts and Semi-product of Lattices. Subposition is the horizontal
assembly of contexts* sharing the same set of attributes [10]. Let K1 = (O1, A, 1)
and Ko = (02, A, I2) be two contexts sharing the attribute set A, the context s =
(01003, A, [1UI) is called their subposition, denoted K3 = % For example, for the
context K = (O, A, I) as given in Fig. 1,1et O1 = {1,2,3,4} and O2 = {5,6,7,8,9}.
The factor lattices corresponding to /C; and KCo, say £1 and Lo, are given in Fig. 2.

4 Apposition is dual assembly upon O; both generalize to n-splits.
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Fig. 2. Left: Factor lattices £, and L2 of the context in Fig. 1. Right: The NLD of 3.

The lattices £1 and L, are related to the lattice of the subposition context, called
the the semi-product in [10], L3, in a specific way. In the extreme case, L3 will be
isomorphic to the direct product of £ and Lo, £1 x Lo (denoted shortly £; o in the
sequel). However, in the general case, L3 is only a meet sub-semi-lattice of £ ».

Furthermore, two mappings link £; and £, to L£3. The composition of factor con-
cepts into a global one is made along the intent dimension shared by KC; (j = 1,2, 3):
the semi-product operation may be seen as the merge of two closure spaces on A. Each
node ((X1,Y1),(X2,Y2)) from Lq 5 is sent to a concept (X,Y) from L3 such that
Y =Y1NY, (e.g., in Fig. 2, (cu7, cx3) is sent to (146, e fh)). The resulting mapping
from L1 2 to L3 is a surjective order morphism that preserves lattice joins (see [34] for
details). Conversely, £3 is mapped onto £; (j = 1,2) by simply projecting concept
intents on A; (e.g., (127, abc) is projected to the node (c4s, c46)).

Merge of Factor Lattices. A framework for the effective computation of the semi-
product was studied in [34, 32]. The factor merge basically filters £, 2, and keeps only
the nodes from the meet sub-semi-lattices isomorphic to £3. These nodes, like in the
singleton case, are the canonical members of their respective equivalence classes (upon
intersection of factor intents). Indeed, as the function that maps nodes from £, o to
concepts from L is not injective, a further property states that ((X1, Y1), (X2, ¥2)) with
X = X; U Xs, is the maximum in the class where Y = Y; N Y, and X = V3.

Canonical node definition together with a characterization of the precedence rela-
tion in L3 underly the straightforward procedure for lattice merge illustrated by Algo-
rithm 2.

The canonicity test CANONICAL() is based on a comparison of intent intersection on
anode (¢;, ¢;) (variable I) to the intersection on its upper covers in £ . For example,
(cq7,c43) is canonical since the intersection of factor extents, e fh, is strictly greater
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procedure MERGE(In: L1, L2 lattices; Out: L3 a lattice)

L—0
SORT(C1); SORT(C2) {Decreasing order}
for all (Ci,Cj) in L1 X Lo do
I — Intent(c;) N Intent(c;)
if CANONICAL((cs, ¢5), E) then
¢« NEW-CONCEPT(Extent(c;) U Extent(c;),I)
UPDATE-ORDER(c, L3)
Eg — [:3 @] {C}

CORXNO RN

—_

Algorithm 2. Assembling the global Galois lattice from a pair of partial ones.

than the intersections on immediate successors (cu7, c41), (C43, cx3) and (cu4, c43)
(@, ef, and fh, respectively).

To construct the lattice of a context, Algorithm 2 is called recursively on ever
smaller fragments of the context, going down to a single column of the binary table.

3 Association Rule Mining Problem

LetZ = {41,142, - ,%m } be a set of m distinct items. A transaction T contains a set of
items in Z, and has an associated unique identifier called 71D. A subset Y of Z where
k = |Y] is referred to as a k—itemset (or simply an itemset). A transaction database
(TDB), say D, is a set of transactions. The fraction of transactions in D containing
Y is the support of Y, supp(Y'), given either as an absolute count or as a percentage
(e.g., supp(bed) in the TDB represented by the context in Fig. 1 is 33%.). An itemset is
frequent (or large) when supp(Y’) reaches at least a user-specified minimum threshold
called minsupp.

Consider the context in Fig. 1 which may be thought of as a sample set of transac-
tions from a retailer database D = {1,---,9} involving items Z = {a,--- ,h}. The
itemsets Y with supp(Y’) > 40% are given hereafter.

Itemset|Supp. || Itemset |Supp. || Itemset| Supp. |Itemset|Supp.
b 4 lc 5 ||d 5 ||f 5
g 4 |h 4 e 4 |- -
be 4 lcd 4 |lth 4 lef 4

3.1 Association Rule Generation

An association rule is an implication of the form X — Y, where X and Y are subsets
of Z,and X NY = 0 (e.g., d — ¢). The support of a rule X — Y is defined as
supp(X UY') while its confidence is computed as the ratio supp(X UY")/supp(X).
For example, the support and confidence of d — ¢ are 44% and 80% respectively.

The problem of mining association rules with given minimum support and confi-
dence (called minconf) can be split into two steps: (i) detection of all frequent (large)
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itemsets (FIs) X, i.e., those with supp(X) > minsupp, and (i¢) generation of the as-
sociation rules r with conf (r) > minconf. It is admitted that (¢) is relatively straight-
forward once the result of (¢) is there. However, (i) presents a considerable challenge
because of the potential combinatorial explosion on top of Z.

3.2 The Frequent Closed Itemset Framework

Since the most time consuming operation in association rule generation is the compu-
tation of frequent itemsets, some recent studies have proposed a search space pruning
based on the computation of frequent closed (FClIs) itemsets only, without any loss
of information. In particular, FCA-powered approaches have been suggested to that end
in [41,25]. The gain is in producing and storing only a subset of the FIs without a loss of
information since non closed Fls can be easily obtained from closed ones. More specif-
ically, a key result states that any itemset has the same support as its closure (follows
from the properties of the ' operators in FCA), hence it is equally frequent. Besides,
in [26], an itemset X is considered as closed if it cannot be increased without reducing
the support: Vi € Z — X, supp(X U {i}) < supp(X). The subset of the concept set
corresponding to the FClIs is usually referred to as the iceberg (concept) lattice [28].
This is clearly equivalent to the definition given in Section 2.

As indicated earlier, association rules can be advantageously generated from FCls
rather than FIs. However, FCIs do not decrease the number of generated rules on their
own. A step further is the production of non-redundant rule sets, or bases.

A first basis relies on the notion of generator of a closed itemset [25,27] that was
discussed in Section 2.2. A generic basis for exact association rules is a collection of
rules of the form : Z — Z” — Z such that Z is a generator for Z” and Z # Z". The
generic basis can hence be constructed from FCIs and generators only (e.g., (178, bed)
in Fig. 1 leads to the generation of rule bd — ¢ with a support of 44%).

A similar basis is defined for approximative association rules, in particular as a
remedy of the problem of informativeness in the Luxenburger basis. Indeed, the rules
in the latter basis are not necessarily maximally informative (i.e., the premise is min-
imized and the consequence is maximized). Thus, the informative basis has been de-
fined in [23], where every rule is maximally informative. An informative basis is
a set of rules of the form: Z — Ys — Z where Z is a generator for Y; such that
Cl1 = (X1,Y7), Cy = (X3,Y2) and Cy covers Co. Support and confidence of a rule
r in such basis are supp(Yz2) and |Y3]|/|Z’| respectively. Based on Fig. 1, b — ac
(supp = 44%, conf = 75%) and fg — eh (supp = 33%, conf = 67%) belong to the
informative basis.

3.3 Computation of FCI Families and Rule Bases

Similarly to lattice algorithms, ARM methods are divided into batch and on-line,
whereby on-line here covers a broader data evolution scenarios. Moreover, target struc-
tures may differ: FCI, complete sets of rules, rule bases, etc. Finally, the input format
is a criterion too: standard itemsets are opposed to sequences of items or itemlists or to
even richer descriptions.
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FCI Miners. Historically, the reference FI mining algorithm is APRIORI [1]. It per-
forms a level-wise generation of Fls within the powerset lattice 27, starting by singleton
sets and moving upwards and level-wise in 2Z. At each level, the candidates are gener-
ated by joining FIs from the previous level that differ by a single element. Candidates
which have at least one non-frequent subset are pruned a priori, i.e., without looking at
the database to estimate frequencies.

ACLOSE and CLOSE [24] probably the first FCI miners. Like APRIORI, it performs
level-wise computation within the powerset lattice, but this time based on the generators
of the FCIs. Generators replace candidates in the APRIORI framework; they guide the
FCI look-up in the database. TITANIC [28] is a descendent of ACLOSE, but relies on
advanced features of generators to avoid redundant computation, e.g., cardinality rea-
soning for closure computation and minimalness tests for the filtering of non-generator
sets.

CHARM [42] is another closed pattern miner which generates FClIs in a tree orga-
nized by inclusion. Closure and support computation relies on storage and intersection
of TID-sets (i.e., the set of transactions per item, the equivalent of concept extent). To
speed-up closure computation, it uses diffsets, the set difference on the TID-sets of a
given node and of its unique parent node in the tree.

CLOSET and its recent modification CLOSET+ [35] both generate FCIs as maximal
branches of a FP-tree, a structure that is basically a prefix tree (or trie) augmented
with transversal lists of pointers. The global FP-tree of a database is projected into a
set of conditional FP-trees that organize patterns sharing the same suffix. Cardinality
reasoning is applied to compute the closure of a given branch in the FP-tree.

Computation of various rule bases has been addressed in [25] and in [41]. However,
to the best of our knowledge, there is no efficient method for their construction. An
interesting insight on rule bases and their effective construction is provided in [15].

Finally, a very recent trend in closure-based mining is the discovery of closed pat-
terns on richer descriptions, i.e., patterns that range over a collection of structured ob-
jects such as sequences [22,39] or graphs [38] and that represent sub-objects common
to some of the collection members.

Advanced FI Mining Paradigms. Realistic databases often evolve in time, with reg-
ular insertion and removal of bunches of transactions. On-line mining algorithms were
introduced to cope with data evolution at low cost, i.e., without starting from scratch.

Early incremental FI miners were based on the APRIORI framework. FUP [6] up-
dates the set of association rules whenever some new transactions are added. The candi-
dates for the incremental transaction set are generated with respect to their frequencies
in the initial database which are in turn deduced from some pre-computed support infor-
mation for the database. The descendant of the FUP method, FUP-2 admits a larger set
of operations on the database, including insertion, removal and modification of trans-
actions. An alternative paradigm for on-line FI mining relies on the notion of negative
border [19], i.e., the set of all infrequent itemsets that are minimal for inclusion (see [8]
and [29] for concrete methods). More recently, the UWEP [2] method was proposed
which performs a look-ahead pruning to drop any unfrequent candidate as early as pos-
sible.
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To the best of our knowledge, the problem of on-line FCI mining has not been
addressed within the data mining community. This is mainly due to the fact that along
the data evolution, patterns may repeatedly change their status between frequent and
infrequent. The underlying difficulties are easily summarized in the one-case, i.e., where
a single transaction is added: given the initial and the target families of FCIs, some
new FCIs may be produced by genitors that are not themselves frequent enough and
therefore lay out of the initial iceberg. Thus, the classical incremental reasoning about
genitors and modified concepts holds no more.

Parallelism and distribution constitute a yet different computation paradigm that has
been largely explored in data mining, in particular for cost reduction purposes (see [40]
for a survey). It is noteworthy that most of the strategies for parallel mining rely on a
distribution of the dataset among the available processors.

Observations. Despite the apparent proximity between the respective targets, algo-
rithms for lattice/implication basis construction and association miners are based on di-
verging principles which impede easy adaptation of FCA methods to the mining tasks.
To summarize the distinctions, one could say that ARM methods are designed to work
on very large datasets that do not hold in the main memory of a computer and therefore
keep the access to the raw data (in the database) to a minimum. For instance, CLOSET
only scans the database twice, whereas TITANIC would make a number of scans that
equals the size of the largest generator. In contrast, NEXTCLOSURE will look at the
data table on each closure computation, i.e., a prohibitively large number of times.

Moreover, the potentially huge size of the mining results limits the quantity of in-
formation that can be stored per FI or FCI. Typically, the itemsets are stored with their
support, a number, and rules with their premises, conclusion, support and confidence. In
contrast, beside concept intents, lattice algorithms may store extents and order as well,
mainly because these are relied on at a later step of the calculations. Space limits forced
the ARM methods to use advanced data structures that enable speedy computation of
the basic operations, i.e., set inclusion and intersection, as well as direct access to sub-
patterns. For example, prefix-tree-like structures, e.g., FP-trees, are massively used in
the compact storage of itemset families, whereas hash tables provide direct access to
sets of patterns.

3.4 Lessons Learned

Based on our experience both in FCA and KDD, we strongly believe that FCA is a
suitable paradigm for KDD [37] since it offers valuable features such as the strong
mathematical background, the availability of algorithmic methods that can perform con-
ceptual clustering, implication and association rule generation, the effective framework
for data fragmentation (e.g., apposition, concatenation) and the reverse fusion together
with the corresponding lattice operations, etc. Moreover, line diagrams and scaling can
be seen as tools for visualization/browsing and data preprocessing mechanisms, respec-
tively. Moreover, when focusing on the data mining step and on the particular activity of
ARM, basic theoretical results from FCA have been successfully used to reduce the size
of the output in both ARM tasks, i.e., FI mining and rule extraction. However, the work
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done by the FCA community [13, 11, 17,23] do not seem to have a significant echo in
the DM field. This is partly due to the fact that the proposed FCA algorithms do not
compete with the leading algorithms in a particular subfield, or, in some cases, to the
lack of sufficient empirical evidence on how those methods scale over large datasets.

We firmly believe that the potential of FCA is much bigger than the current status,
in particular in what concerns handling of data evolution, distributive and parallel com-
putation, and coping with structure in the data items. To put it in a more fancy way,
in order to attract stronger interest from the general KDD and DM community, FCA
should (also) stand for Facility, Cost-effectiveness and Adaptability.

Facility is the ease of use, in particular on various data formats (expressiveness).
This aspect covers both the availability of user-friendly FCA tools and the compatibility
with various mining settings such as constraints, multi-level conceptual hierarchies, or
other structure defining domain knowledge.

Cost-effectiveness amounts to insuring high performance and good scalability. It
can be achieved through an effective and efficient implementation of DM algorithms,
and, whenever applicable, a well-organized decomposition of the mining effort using
parallel/distributed architectures.

Adaptability is the faculty to easily change or be changed in order to fit evolving
situations such as modified user needs, changes in input data, new system constraints.
To reach adaptability, FCA should offer on-line mining (e.g., incremental procedures
for adding/removing transactions or itemsets), and provide mechanisms for adapting
the DM step to the needs of the user.

In the following section, we present a set of results intended to clear the way for
new FCA-based mining methods that fit the above requirements.

4 Flexible Mining of FCIs and Association Rule Bases

4.1 Mining Scenarios and Related FCA Problems

As a starting point, we have identified a set of mining scenarios that correspond to
practical situations and considered the underlying algorithmic problems. The following
is a first attempt to draw a systematic list of the FCA problems whose solution is of
potential interest to the data mining community. In fact, Table 1 presents each situation
with the respective operations on contexts, CI/FCI families, and rule bases, whereby
algorithmic problems are given unique identifiers p.X .

Before going on, it is noteworthy to underline the fact that in order to compute the
various bases, one needs the concept intents, the pseudo-closed (Duquenne-Guigues),
the generators (generic, informative), and order relation (Luxenburger).

We have paid significant attention to the problem pl, i.e., the incremental mainte-
nance of the FCI family upon insertions of single transaction. The problem is the basic
building block for the study of larger increments, on the one hand, and is close in spirit
to the incremental construction of the lattice, on the other hand. However, as noted in
the previous section, substantial differences exist between input structures, in partic-
ular in the availability of genitor/modified information for all new concepts that need
to be created. Indeed, in the iceberg case, there might be new FClIs in the target struc-
ture whose genitors are “hidden” below the “sea-level”, i.e., the border of the iceberg.
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Table 1. The translation of mining scenarios into algorithmic problems.

Scenario Context |CI/FCI Rule bases

ADD transac-||Subposition|Increment/Assembly |Merge of Duquenne-Guigues (p3),

tions (p1/p2) of ECI families|Luxenburger cover (p4), informa-
on ground set A tive/generic (p5) bases

REMOVE Horizontal |Contraction of an FCI|Filtering of Duquenne-Guigues (p3”),

transactions Split family (p2) Luxenburger cover (p4’), informa-

tive/generic (p5’) bases

JOIN database||Apposition |Assembly (p6) of dis-|Merge of disjoint Duquenne-Guigues

fragments joint FCI families (p7), Luxenburger cover (p8), infor-

(views) mative/generic (p9) bases

PROJECT a ta- || Vertical Projection of an FCI|Factoring of Duquenne-Guigues

ble on a subset||Split family (p6”) (p7'), Luxenburger cover (p8'),

of attributes informative/generic (p9’) bases

Clearly, the discovery of those new FCIs by an updating procedure cannot rely on the
standard genitor/modified framework.

The problem of the incremental FCI computation was therefore approached with
strategies relying on the computation of all the CIs of the database. The approach effec-
tively removes the obstacle created by hidden genitors/modified, but the price to pay is
the storage of the entire CI family whereas usually only a tiny part of it will be exam-
ined by the analyst. The extra storage increases substantially memory consumption and
algorithmic cost of the method. To avoid processing the entire concept set, two separate
techniques have been applied (see [33]). In the first method, GALICIA-P, an index (item
x CI) is used to avoid producing all the the empty intersections between an existing con-
cept intent and the new object description. The second algorithm, GALICIA-LBU, uses
a bottom-up lattice traversal which is not typical for object increments. Thus, it looks
for a quick jump from any concept which is not maximal in its class []g, to the effec-
tive maximum of that class. The jump mechanism has its own cost since it forces the
lattice order to be available and hence to be maintained. When compared to CLOSET,
the former algorithm has shown satisfactory performances.

Another sort of problems that we have studied carefully is the maintenance of im-
plication bases upon the insertion of one new object. The following section explains
how generators may be efficiently extracted upon single-object increments and how the
corresponding procedure generalizes to the lattice assembly case. In contrast, the com-
putation of all pseudo-closed in the incremental settings, has not been tackled so far
because of its inherent complexity.

Problems related to object removal (REMOVE line of the above table) have the
opposite effect on the mining results when compared to their ADD counterpart. Con-
sequently, the respective methods could simply reverse the incremental scheme. There-
fore, we do not insist on the theoretical foundations of the removal operations.

In the dual case, i.e., with attributes evolving, the reasoning is unfortunately not
symmetric. Indeed, the computation of generators is much tricky in the attribute case
than in the object case. However, the iceberg maintenance does not present serious
challenges in both cases. Moreover, the Duquenne-Guigues basis may be obtained in
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an indirect manner, as shown in [30]. The underlying algorithm produces both closed
and pseudo-closed sets. Like in the object case, the removal problems just follow the
reverse scheme of their ADD counterpart, that is why we do not focus on them here.

4.2 On-Line Computation of the Generator Family for C*

Definitions and Notations. Given a context = (O, A, I), consider the family of its
concept intents, C*, ordered by inclusion and the corresponding equivalence relation
induced by the associated closure operator ”'. The latter will be denoted explicitly ¢ca
in order to avoid confusion.

Our first goal is to clarify the evolution of the set of generators in every concept
from C along the transition from £ to £*. To denote the various generator sets, we shall
use the following notations:

- gen : P(P(A)) — P(P(A)) assigns the set of all generators to a given family,

— genca : C — P(P(A)) assigns to a closed set in a family C?, the set of its genera-
tors, i.e., the minima of its equivalence class,

— Agencg_.cg is a shorteut for genca (Y) — gencg (V).

Structural Results. The generator evolution is first tackled in a global manner. Thus,
we consider the status of a generator from gen(C®) in C**. A first result states that
whenever Y is a generator in C¢, its status either remains steady or it can change so
that Y becomes a closed set in C®t. In the latter case, Y is a new closed set, i.e.,
corresponds to the intent of a concept from N (o). More generally speaking, Y has a
different closure in CT, i.e., pca(Y) # pea+ (Y'). The examination of all the cases of
sets changing their closures after o has been inserted, leads to the observation that the
old closure is necessarily the intent of a genitor concept and the new one is the intent of
a new concept.

Lemma 1 For a set Y C A, whenever its closure changes in cot e, wea(Y) #
wea+(Y), the closed sets involved may be characterized as follows:

1. pca(Y) is the intent of a concept from G (o),

2. pca+(Y) is the intent of a concept from N+ (o).

Further to the above property, one may express the evolution of the entire equiva-
lence classes from C® to C%™. In fact, the equivalence class of a new intent is exactly
the part of the class of its genitor intent which is made out of elements that are them-
selves included in the new intent. Conversely, the new equivalence class of a genitor is
included in the set difference between the old class and the elements mentioned before,

i.e., all those included in the respective new intent. In all other cases, the class remains
the same both in C® and C*™.

Corollary 1 For any c € C*™, the following holds:
cEGH0): [Int(O)ess C [Tnt(e)les — P(Int(1(c)))
¢ € N*(0) : [Tnt(e)]ens = [Int(y~(e))]ee N P(Int(c))
else : [Int(c)]ca+ = [Int(c)]ce
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Another remarkable fact is that any attribute set Y which is minimal in its respective
class [Y]¢a is still minimal in its new class [Y]¢ca+.

Lemma2 ForallY € A,Y € min([Y]ce) implies Y € min([Y]¢a+ ).

It is noteworthy that the above lemma holds even in case of a non-closed Y becom-
ing closed in C®*. As a result, one may assert that all the generators in C® either remain
generators in C a7 or become closed sets, i.e., members of .

Corollary 2 gen(C%) C gen(Ct)ucCot.

Now that we know that all the generators can only become closed or stay generators,
the complementary question comes to the light: where do new generators come from?

First, it is noteworthy that only in the case of a genitor concept, new generators can
emerge in Co*. In fact, as the elements in the new classes in C*T, i.e., those corre-
sponding to new intents, preserve their inclusion-based order, any minimal element Y
of such a class is minimal in its class in C®. Thus, to characterize the new generators,
one has to focus on the minima of the genitor classes in C®*. The real difference is
then a sum of all differences between actual and all minima over the set of all genitors.
Obviously, gen(C*") - gen(C®) = Ueeg+ (o) Agenca+ _ca(c), where, following pre-
vious results, Agenca+_,ca(c) may be written as (min([Int(c)]ca — P(Int(v(c)))) —
min([Int(c)]ca)). We shall now characterize the sets Agenga+_,ca(c) where c is in
G (0). In fact, we show that all new generators come from former generators for the
same c to which an attribute from the difference between the genitors intent and the new
intent (Int(c) — Int(y(c))) is added. This difference is called the “face” [27] of Int(c)
with respect to Int(y(c)).

Property 1 ForanyY € Agenga+_ca(c) for a given c from L where ¢ is a genitors,
the following holds:

Y =Y,U{a}
where Y, € min([Int(vy(c))|ca+ and a € Int(c) — Int(y(c))

This property states that every new generator in Agenca+_,¢ca(c) is the union of a
generator that went to y(c) and an attribute that belongs to Int(c) but not to Int(y(c)).

We illustrate our approach, we follow the evolution of the equivalence class asso-
ciated with the closet itemset cdf gh attached to the genitor (13, cdf gh) is depicted in
Figures 3. As it may be seen in left part of the figure, the generators of bedgh before the
insertion of object 7 are d, cg, and ch. Once object 7 is added, a new concept (137, cd)
is derived from the genitor (13, cdfgh) and the generator d moves to the class of its
intent cd (see the right part of the figure). This migration leaves three new minima in
the class of cdf gh: df, dg, and dh. Thus, the set of all generators associated to cdf gh in
the new family C*™ increases to {cg, ch, df, dg, dh}.

4.3 A Scheme for Incremental Generator Construction

The structural results from the previous paragraphs underlie a procedure (see Algo-
rithm 3) which, given a generator concept c and its corresponding new concept ¢ com-
puted using Algorithm 1, updates the set of generators associated with the intent of ¢
and identifies the set of generators attached to the intent of c.
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cdfgh cdfgh

cdfg  cdfh  cdgh cfgh g cdfg  cdfh  cdgh cfgh dfgh

fgh closed e class border

,,,,,,,,, inter-class

bg generator link

Fig. 3. The equivalence class of the closet set cdf gh in 2 prior to the insertion of object 7 (abed)
into the context /C; (left) and after the insertion (right).

: procedure COMPUTE-GENERATORS(In/Out: ¢, ¢ concepts)

: for all g in c.gens do
if ¢ C ¢.Intent then
c.gens — ¢.gens U {g}
c.gens < c.gens - ¢.gens
SORT(c.gens)
forall g in c.gens do

N RN

9:  new-gens «— ()

10: forall a in (c.Intent - c.Intent) do

11: gen-cond « true

12: forall g in c.gens do

13: if g CgU {a} then

14: gen-cond « false

15: if gen-cond then

16: new-gens — new-gens U {g U {a}}

17:  c.gens «— c.gens U new-gens

Algorithm 3. Computation of the generators of a new concept and of its genitor.

The proposed procedure for generator extraction relies on the properties of a gener-
ator [27] of a closet itemset as well as the structural results we defined in the previous
section.

The algorithm includes two main tasks: (i) identify the generators of the intent of
a new concept ¢ from the generators g in c.gens (i.e., the generators of the CI related
to ¢, the genitor of ¢), and (ii) update the generators of the CI related to concept ¢
by discarding any generator g that is included in the intent of ¢ and augmenting any
generator g (identified at the first step) with individual items a from c.Intent - c.Intent
whenever the produced itemset is minimal (i.e., the condition of line 13 does not hold).

4.4 Implementation and Performance Tests

The INC-GEN algorithm was implemented in Java, within the 1.1 version of the Gali-
cia platform?.

5 See the website at: ht t p: / / www. i r 0. unontreal . ca/ ~gal i ci a.
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The method has been tested as a stand-alone application and its performance was
compared to those of two basic algorithms for FCI mining that rely on generator com-
putation, CLOSE and ACLOSE. The experiments were done on a Windows PC station
(Pentium IIT 996 MHz with 512 MB of RAM) using various subsets of the IBM trans-
action database T25110D10K. This dataset is made out of 10 000 transactions over a set
of 10 000 items. It is known to be a sparse one, with an average of 25 items per trans-
action. The graphs drawn in Fig. 4 summarize our findings so far. They clearly indicate

Inc-Gen, Close, AClose (supp. 1%) on T25/110D10K Inc-Gen, Close, AClose (supp. 2%) on T25110D10K
8000 4000
——Close
7000 =
'\ -=-AClose 3500 4

6000 -+ Inc-Gen 3000 —+—Close
% 5000 \ _ -=-AClose
H = g 2500 L Inc Gen/ 57
~ — w
2 4000 .~ < 2000
E 3000 // E 1500

2000 / 1000 ///

1000 —— 500 —

0 T T T T 0 T T T T
500 1000 1500 2000 2500 500 1000 1500 2000 2500
Transaction Nb Transaction number

Fig.4. Evolution of the CPU-time for all three algorithms on transaction batches up to 2500
drawn from the dataset T25110D10K. CLOSE and ACLOSE were given min. supp. thresholds of
1% (left) and 2% (right).

that the incremental method, INC-GEN, is not competitive as a batch miner for support
thresholds of 2% and up. This fact is not surprising given the large number of concepts
that the algorithm must examine on each insertion of a new transaction and the even
larger number of generators. For example, the first 2 500 transactions produce 900 000
generators in the entire concept set. It is more surprising to see that for supports of 1%
and lower, the incremental method scores better than the batch ones, at least for the first
quarter of the dataset. This result is even more surprising given the large discrepancy in
the number of closed sets and generators produced (about 3 000 for CLOSE/ACLOSE
versus more than 900 000 for INC-GEN) and the fact that the overwhelming part of the
CPU time is spent on generator computation.

Further tests will be necessary to fully understand the behavior of the INC-GEN
method. However, the current track seems promising, especially if combined with an
efficient on-line miner of iceberg lattices.

4.5 Generator Evolution along the Factor Lattice Assembly

Generator computation can easily extend to the construction of the subposition-based
semi-product of factor lattices £ and L. First, recall that any concept in the semi-
product L3 is created by a pair of factor concepts that play symmetric role (called the
genitors). We nevertheless adopt an asymmetric view on factors and set £; to the initial
lattice where generators already exit whereas £ is seen as the surrogate for “new”
concepts that constitute £3. Consequently, when such a new concept is detected by the



368 Petko Valtchev, Rokia Missaoui, and Robert Godin

assembly algorithm, its generators will be computed with respect to its genitor in L1,
i.e., the respective component of the canonical representative in £; 2. Obviously, unlike
the object-wise increment, there can be several new concepts per genitor: these are
exactly the concepts c3 = (X,Y) from L3 where Y'! = Intent(c1) ©. The challenge
will be to determine their generators without an interference between those.

Next, observe that new concepts corresponding to a genitor c¢; have intents that lay
in the equivalence class [Intent(c1)]11. Moreover, they define a partition of this class
into finer classes according to the 33 closure, whereas a unique new concept has the
same intent as c;.

A safe strategy for consecutive insertions of the new concepts is to insure that
whenever a new c3 is inserted, there is a larger intent above Intent(cs) in the class
[Intent(c1)]11 whose generators are known and can be filtered in the way described
in Algorithm 3. The straightforward way to do this is to perform insertions in an or-
der compatible with <s, i.e., starting with smaller intents and then proceeding with
larger ones. Given the set of the intents of new concepts generated by c;, say C§ N
[Intent(c1)]11, the previous condition imposes that at any time the set of already in-
serted concepts corresponds to an order ideal of that set, provided with inclusion order.

A noteworthy fact about the concrete computation method is that it perfectly fits
Algorithms 2 and 3 (with parameters c; and c3). Moreover, all along the insertions, the
temporary set of generators that are to be considered for the next insertion is stored at
the genitor node within L£3. Indeed, the concept corresponding to ¢; in L3 (i.e., with the
same intent) will be the last one to be created since its intent is the greatest element of
the equivalence class. For example, the evolution of the equivalence class associated to
cdf gh (from L) is depicted in Fig. 5. Indeed, the inner loop of Algorithm 2 discovers
three new concepts with intents d, cd, and cdf gh, respectively, and in this order. These
are gradually “inserted” in the class of cdfgh: the generators of the new intent are
computed and those of ¢; = (13, cdfgh) are updated in £;. Thus, the new intent d
which corresponds to an initial generator of the class forces the creation of four new
generators (cd, df, dg, dh). In contrast, the closed cd merely converts a former generator
into a closure.

5 Conclusion

A fundamental problem with association rule mining (ARM) is the enormous amount
of information that needs to be managed. FCA has already had an important impact on
this problem with the introduction of FCI mining and related minimal covers for rules
including the Duquenne-Guigues, generic, Luxenberger and informative bases. Several
important algorithmic contributions are rooted in these concepts.

Improvement to the flexibility of ARM can be achieved through approaches that
adapt to dataset evolution. Incremental approaches for mining CI, FCI and related bases
is one direction that we have tackled with some success. Furthermore, this work has
revealed some important insights on the properties of these objects from an evolutionary
point of view including the more general divide and conquer context fusion problem.
Another direction that could contribute to the flexibility of ARM tools is the adaptation

6 Recall that Y% is the closure of Y in K;.
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cdfgh cdfgh

cdfg  cdth  cdgh cfgh  dfgh cdfg  cdfh  cdgh cfgh dfgh

Fig. 5. The evolution of the equivalence class of the closet set cdf gh in P(A) during the assembly
process (see initial state in Fig. 3, on the left): after the creation of the new closed d (left) and
after the creation of cd (right).

to user needs. In the same spirit as OLAP analysis tools, the incremental and fusion
approaches are also relevant to this aspect of the problem by providing techniques to
dynamically handle several levels of details in the analysis process as expressed by user
needs.

Finally, a direction that could contribute to the flexibility of ARM tools but that has
had little impact up to now is the ability to handle more expressive data representations
(many-valued contexts, objects, scaling, etc.). Much work remains to be done in order
to fully exploit the power of FCA in the overall knowledge discovery process.
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Abstract. An incremental concept lattice construction algorithm, called AddIn-
tent, is proposed. In experimental comparison, AddIntent outperformed a selec-
tion of other published algorithms for most types of contexts and was close to
the most efficient algorithm in other cases. The current best estimate for the al-
gorithm’s upper bound complexity to construct a concept lattice L whose context
has a set of objects G, each of which possesses at most max(|g’|) attributes, is
O(|L||G*maz(lg')).

1 Introduction

In Formal Concept Analysis (FCA) [1, 2], the problem of generating the set of all con-
cepts of a formal context and constructing the diagram graph (covering relation) of the
concept lattice has been well studied [3-7]. See [8] for an overview and comparison.
Since lattices can grow exponentially large, leading to correspondingly large computa-
tional requirements, efficient algorithms for the construction of concept lattices are of
key importance.

In this text, we introduce a new lattice construction algorithm, called AddIntent,
an earlier version of which appeared in [9] under the name AddAtom. The algorithm
produces not only the concept set, but also the diagram graph. Being incremental, it
relies on the graph constructed from the first objects of the context to integrate the next
object into the lattice. Therefore, its use is most appropriate in those applications that
require both the concept set and diagram graph, for example, in applications related
to information retrieval and document browsing [10]. Nevertheless, experiments show
that sometimes it takes other algorithms longer merely to construct the concept set of
a context than it takes AddIntent to construct the entire diagram graph of the same
context.

The upper bound complexity estimate of the algorithm is linear in the lattice size
modulo some factor polynomial in the input size. Although the current estimate of the
polynomial factor is higher than that of the lowest known for lattice construction algo-
rithms (i.e., that of [11]), experimental comparison indicates that, in practice, AddIn-
tent performs well in constructing lattices from many different contexts. It outperforms
other algorithms in most cases and may therefore be considered as the best candidate

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 372-385, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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for a universal lattice construction algorithm for diagram graphs amongst the algorithms
considered in this study.

2 Main Definitions

This section defines the basic terminology and notation of Formal Concept Analysis

[1].

Definition 1. A formal context is a triple of sets (G, M, I), where G is called a set of
objects, M is called a set of attributes, and I C G x M. The notation gI'm indicates
that (g, m) € I and denotes the fact that the object g possesses the attribute m.

Definition 2. For AC Gand B C M:

A'={m e M|Ng e A(gIm)} and B' = {g € G|Vm € M(gIm)}.
The operator " is a closure operator (to be precise, " is a homonymous denotation of
two closure operators: 2¢ — 2¢ and 2M — 2M |

Definition 3. A formal concept of a formal context (G, M, I) is a pair (A, B), where
ACG,BC M, A =B, and B' = A. The set A is called the extent, and the set B is
called the intent of the concept (A, B).

Forg € Gandm € M, {g} is denoted by g’ and called an object intent, and {m}’
is denoted by m/ and called an attribute extent.

Definition 4. For a context (G, M, I), a concept X = (A, B) is less general than or
equal to a concept Y = (C, D) (or X <Y)if A C C or, equivalently, D C B.

Definition 5. For two concepts X and Y, if X <Y and there is no concept Z with
Z# X, Z#Y,X <Z <Y, the concept X is called alower neighbour (or a child) of
Y andY is called an upper neighbour (or a parent) of X. This relationship is denoted
by X <Y.

Definition 6. We call the (directed) graph of the relation < a diagram graph. A plane
embedding of a diagram graph where a concept has larger vertical coordinate than that
of any of its lower neighbors is called a line (Hasse) diagram.

3 The AddIntent Algorithm

In this section, we define the AddIntent algorithm and describe the basic strategy it
follows. Readers are referred to [12] for a more detailed discussion.

AddIntent is an incremental algorithm, i.e., it takes as input the lattice L; produced
by the first ¢ objects of the context and inserts the next object g to generate a new lattice
L; ;. As observed in [5, 7] lattice construction can be described in terms of four sets of
concepts: modified concepts, generator concepts, new concepts and old concepts.

A concept (C, D) € L;41 is new if D is not an intent of any concept in L;. We call
aconcept (A, B) € L; modified if B C ¢’ since g has to be added to its extent in L; 1.
Otherwise, BN ¢’ = D # B for some concept (C, D) € L;1q. If (C, D) is a new
concept, then (A, B) is called a generator of (C, D); if not, (A, B) is called old.
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Every new concept (C, D) has at least one generator, but it may have several. The
(unique) most general of these generators is called the canonical generator of (C, D).
The remaining generators of (C, D) are naturally called its non-canonical generators.
Obviously, there is a one-to-one correspondence between canonical generators and new
concepts.

The key problem of incremental construction is how to identify all modified con-
cepts (in order to add g to their extents) and all canonical generators of new concepts (in
order to generate every new concept exactly once). Efficient algorithms will spend as
little effort as possible searching through the unmodified and non-canonical generators.
AddIntent approaches this problem by traversing the diagram graph of L; in a recursive
fashion.

There are several ways to identify canonical generators. The algorithm in [5] pro-
cesses the list of concepts in L; starting with the most general ones. In processing a
concept (A, B), it generates the intent B N ¢’ and then looks through the set of new
concepts produced so far (and arranged in “buckets” according to the cardinality of
their intents) to see whether such an intent is already there. The algorithm of Norris
[6], in processing a concept (A, B), checks whether BN g’ C A’ for any h € Gi\A
(assuming that G; is the set of objects processed up to that moment); if so, then A is
not the maximal extent, and hence (A, B) is not the most general concept capable of
generating B N ¢’. What both algorithms ignore are the following facts:

Proposition 1. If (B’, B) is a canonical generator of a new concept (F', F), while
(D', D) is a non-canonical generator of (F', F) — in this case, B C D — then any
concept (H', H) such that H C D and H ¢ B is neither modified nor is it a canonical
generator of any new concept.

Proposition 2. If(D’, D) is an old conceptand DNg' = B —in this case, (B’, B) € L;
is modified — then any concept (H', H) such that H C D and H ¢ B is neither
modified nor is is a canonical generator of any new concept.

Therefore, there is no need to process such concepts (H’, H) in the search of canon-
ical generators and modified concepts. Since AddIntent maintains the diagram graph
(which explicitly orders concepts from most to least general) it can exclude these con-
cepts from further consideration by simply traversing the diagram graph in a bottom-up
fashion. Having found a non-canonical generator, AddIntent uses the diagram graph to
find the canonical generator of the same concept. It then works only with concepts above
that canonical generator, ignoring all other concepts above the non-canonical generator.
The canonical generator can be found in a diagram graph in at most O(|G/|?| M) time.

These ideas are expanded in [12] where the notions of the approximate intent rep-
resentative and exact intent representative are introduced in the context of so-called
compressed pseudo-lattices.

Using parameter names to imply types the AddIntent function is defined as follows:
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01: Function Addl ntent(intent, GeneratorConcept, L)
02: Gener at or Concept = Get Maxi nal Concept (/i nt ent,
Gener at or Concept, L)

03: | f GeneratorConcept.lntent = intent
04: Ret urn Gener at or Concept
05: End |f

06: Gener at or Parent s : = Get Parent s( Gener at or Concept, L)
07: NewParents = @

08: For each Candidate in GeneratorParents

09: I f Candidate.Intent ¢ intent

10: Candi dat e : = Addl nt ent ( Candi dat e. | nt ent Ni nt ent,
Candi date, L)

11: End If

12: addParent .= true

13: For each Parent in NewParents

14: I f Candidate.lntent C Parent.|ntent

15: addParent := false

16: Exit For

17: Else I f Parent.Intent C Candidate.|ntent

18: Renove Parent from NewParents

19: End If

20: End For

21: I f addParent

22: Add Candi date to NewParents

23: End If

24: End For
25: NewConcept := ( GeneratorConcept.Extent, intent)
26: L:=L U {NewConcept}

27: For each Parent in NewParents
28: Removeli nk( Parent, Gener at or Concept, L)
29: Set Li nk( Parent, NewConcept, L)

30: End For
31: Set Li nk( NewConcept, Generator Concept, L)
32: Ret urn NewConcept

The parameters of the function AddIntent(intent, GeneratorConcept, L) are the in-
tent of a new concept to be placed into the concept lattice L and a pre-computed Gener-
atorConcept, such that intent is a subset of the intent of GeneratorConcept. AddIntent
returns a concept whose intent corresponds to intent — a new concept will be created if
there was no such concept before or an existing one will be returned otherwise.

First, the algorithm finds the most general concept whose intent is a superset of
intent (line 02) and assigns it to GeneratorConcept. If the intent of this concept is equal
to intent, then the desired concept is already in the lattice and the algorithm terminates
(line 04). Otherwise, GeneratorConcept is the canonical generator of the new concept,
which has to be created and linked to other concepts in the diagram graph.
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To find the parents of the new concept in the diagram graph, we examine all parents
of GeneratorConcept (lines 08-24). If the intent of such a parent, called Candidate, is
a subset of intent, then Candidate is modified. Otherwise, a recursive call to AddIntent
ensures that the lattice contains a concept whose intent is equal to the intersection of
intent and the intent of Candidate. This concept is assigned to Candidate (line 10).
Then, Candidate is added to the (initially empty) NewParents list if it is minimal among
its current elements (that is, has a maximal intent). At the same time, if some concept in
NewParents is more general than Candidate, this concept is removed from the list (line
18). Thus, the NewParents list always contains incomparable (w.r.t. being more general)
concepts. Moreover, in the end, it contains precisely the parents of NewConcept that is
to be inserted (line 25). Proposition 3 below provides basis for the outlined procedure
and Corollary 1 shows a way to optimize it (there is no need to test modified candidates
for being minimal):

Proposition 3. (F', F'), then the parents of (F', F) in L; 1 are exactly the least gen-
eral concepts from the set {(D’', D)|D = F N H for some parent (H', H) of (B’, B)

Corollary 1. If (B’, B) is the canonical generator of (F', F), then every modified par-
ent of (B',B) in L; is a parent of (F', F') in L;41.

Thus, having processed the parents of GeneratorConcept, we create NewConcept
with intent equal to intent and link it to concepts in the NewParents list, taking care
to remove existing links between these concepts and GeneratorConcept (lines 27-30).
Finally, NewConcept is set to be an upper neighbor of GeneratorConcept (line 31), and
the AddIntent function returns NewConcept.

Note that the AddIntent function as described above does not update extents. Such
an update is performed by the calling procedure constructing the lattice (shown below),
but it can be easily integrated into AddIntent as well.

01: Procedure Createlatticelcrenentally (G M 1)
02: Bot t onConcept := (0, M

03: L : = {BottonConcept}

04: For each g in G

05: Qvj ect Concept = AddIintent(g’, BottonConcept, L)
06: Add g to the extent of @bject Concept

and all concepts above
07: End For

After adding an object of the context to the lattice via a call to AddIntent, the pro-
cedure updates the extents of the concepts above and including the newly generated
ObjectConcept.
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01: Function Get Maxi mal Concept (i nt ent, Gener at or Concept, L)

02: parent | shaxi mal := true

03: Whi | e parent | shaxi nal

04: parent | shaxi mal := false

05: Parents : = Cet Parents(GeneratorConcept, L)
06: For each Parent in Parents
07: If intent C Parent.|ntent
08: Gener at or Concept . = Parent
09: parent | shaxi mal := true
10: Exit For

11: End If

12: End For

13: Ret urn Gener at or Concept

In the GetMaximalConcept function, we use the diagram graph to find the most
general concept, whose intent is a superset of the input infent. If this concept is not
GeneratorConcept, then it is among its predecessors; therefore, it is sufficient to exam-
ine the predecessors of GeneratorConcept. If a more general concept is found (line 8),
no further processing of Parents is required and this more general concept can be tested
in the next iteration of the While loop.

The algorithms described above admit a number of optimizations, which are dis-
cussed in [12] but are not included here due to space limitations. For example, the
number of set operations in the GetMaximalConcept function can be reduced by pre-
computing the number of attributes of ¢’ that each concept in L has in common with
g’ since |intent| = |Parent.Intent N g'| implies intent C Parent.Intent (line 07).
By first considering the candidate concepts whose intents yield the largest intersection
with the new object intent, unnecessary traversal of the lattice can be avoided.

A worst-case time complexity bound of O(|L||G|?| M) for the above version of the
algorithm (i.e., the CreateLatticelcrementally procedure) is derived in [13] (where |L|
is the number of concepts in the resulting lattice). A detailed discussion is not possi-
ble here due to space limitations, but the main argument is as follows. The complexity
depends on the total number of invocations of the AddIntent function. The same intent
can be passed as a parameter of AddIntent several times, but, clearly, the execution of
AddIntent will go past line 05, i.e., past the call to GetMaximalConcept, at most once
for every intent. Thus, for convenience, we may assume that GetMaximalConcept is
called before the invocation of the AddIntent function, which, in its turn, is called only
if the intent of the returned “maximal concept” is different from intent. In this setting,
AddIntent would be called at most once for every intent of the lattice through the inser-
tion of all objects. Since the length of the GeneratorParents list never exceeds |G| and
the complexity of GetMaximalConcept (as defined here) is bounded by O(|G/|?|M]),
the complexity of a single invocation of AddIntent (without a recursive call) can be
estimated as O(|G|3| M), which leads us to the total complexity of O(|L||G|?|M]|) as
stated above.

By introducing the optimizations referred to, this bound can be improved to
O(|L||G|? . max(|g’|) where max(|g’|) is the maximum number of attributes of any ob-
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ject in the context [12]. For the purpose of direct comparison with other algorithms
and since |¢’| < | M|, we may replace |¢’| with |M|. A slightly less sharp complexity
bound for the optimized algorithm is therefore O(|L||G|?|M|). The lowest available
upper complexity bound of a lattice construction algorithm is that of Nourine [11] with
O((|G] + |M])|G||L|) which is one factor better than the current estimate for the pro-
posed algorithm. However, the experiments in Section 5 suggest that the latter is not as
sharp as it might be, and that these bounds are not always good predictors of empirical
performance.

4 An Example

Fig. 1. shows the relevant part of a concept lattice before the insertion of an object g
with ¢ ={a, b, d, e, f, g, h}. Parts of the lattice that are not shown are indicated with
lines ending in small solid circles — these concepts will not be considered by AddIntent
due to the focused way it searches (Propositions 1-3). Concepts are named for reference
purposes and only the concept intents are shown. Concepts shaded in grey are modified
concepts whilst those in black are canonical generators. Non-canonical generators are
filled in with diagonal lines whilst old concepts are not shaded.

Fig. 1. Part of a concept lattice before inserting g with g’ ={a, b, d, e, f, g, h}.

During the initial call AddIntent({a, b, d, e, f, g, h}, co, L), the concept cg is al-
ready maximal with respect to infent and it remains the GeneratorConcept. The object
concept 0; will be considered as the first Candidate (line 8). Since it is not modified,
the intersection {a, b, d, e, f, h} will be formed and a concept with such intent will be
searched for or added by the recursive call AddIntent({a, b, d, e, f, h}, 01, L) (line 10).
After all subsequent recursive calls have unwound, the concept cg will be returned and
added to NewParents before iterating through the rest of c(’s parents. Fig. 2 contains a
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table that traces important variables during all the recursive calls. The level of the re-
cursion is indicated by the first two columns. Within a recursive call, several candidates
can be considered; they are shown in the third column. The last column corresponds to
the state of the NewParents list before the current Candidate is considered.

Intent Generator|Candidate Candidate.Intent NewParents
(line2) (line 8) N Intent
{a,b,d, e, f, g, h} Co o1 {a,b,d, e, f,h} 0
{a,b,d,e, f,h} c1 c3 {a,b,d, e, f} 0
{a,b,d, e, f} c3 cs {a, b} [
C4 {d, e} {cs}
{d, e} Cq c 0
0 I - - -
{d, e} C4 d {d} {1c}
e {e} {d, e}
Create cg: intent {d, e}; upper neighbors: d, e; lower neighbors: c4
{fa,b.d,e,f} | e | f ] {f} | {c5, ¢6, f}
Create c7: intent {a, b, d, e, f}; upper neighbors: cs, cs, f; lower neighbors: c3
{fa,b,de.fh} | o | h ] {h} | {c7}
Create cs: intent {a, b, d, e, f, h}; upper neighbors: c7, h; lower neighbors: ¢,
{a,b,d, e, f, g h} Co 02 {b, g} {cs}
{b. g} c2 - - -
Create c10 (g): intent {a, b, d, e, f, g, h}; upper neighbors: cs, c2; lower neighbors: co

Fig. 2. Trace of important variables during the insertion of g into the lattice in Fig. 1.

Concept cg has additional upper neighbors (e.g., cg) not included in the trace above.
Since these have no attributes in their intents in common with g’, there will be exactly
one recursive call of AddIntent for every such neighbor, and every such call will imme-
diately get us to the top concept (line 2). The resulting lattice is shown in Fig. 3.

S Experimental Comparison

In [8], a large number of lattice construction algorithms have been studied both theoret-
ically and experimentally. We used the same implementations of the algorithms, and the
results reported here may be seen as an extension of the work. Our experimental com-
parison shows that AddIntent performs quite well in constructing lattices from many
types of datasets as compared to other incremental and batch algorithms and is often
the best performer.

The charts below show the running time for AddIntent, as well as for several other
algorithms (only the most efficient or the most popular ones were included): Norris [6],
NextClosure [4], a version of Bordat [3] from [8], Godin [5], and Nourine [11]. Some
of the algorithms were modified, since, in the original version, they produced only the
concept set without the diagram graph. These modifications are described in [8].
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Fig. 3. The relevant part of the lattice resulting from inserting g with ¢’ ={a, b, d, e, f, g, h} into
the lattice in Fig. 1.

Tests were performed on a Pentium 4 - 2GHz with 1 Gigabyte RAM using both
randomly generated contexts and real datasets. In all random contexts, the total number
of attributes is 100, and the number of objects varies, which leads to lattices of different
sizes. The number in the name of a random context denotes its density (in percent),
which, in this case, is the number of attributes per object |¢’| (all objects of such a
context have the same number of attributes). In the following charts, we plot the time
against the lattice size. Points on the curves denote an increment in the size of the object
set.

For the sake of consistency, the AddIntent implementation used in the comparison
is that of the algorithm described in Section 3 and does not include the optimizations
referred to at the end of Section 3.

On random contexts with very low density (4%), the Bordat algorithm performs the
best with AddIntent coming second. According to our other experiments, the algorithm
proposed in [14] is even more suitable for very sparse contexts.

On random contexts with relatively modest density (25%), the AddIntent algorithm
performs the best with Godin and Bordat coming next.

On random contexts with relatively high density (50%), AddIntent is still the best
performer with Norris second and Nourine a close third.

In artificial contexts that create Boolean lattices, AddIntent is again among the best
algorithms and, in fact, the best of the six algorithms presented here with Norris a close
runner-up. In fact, our results indicate that the fastest algorithm on such contexts is [15],
but the performance of AddIntent is comparable to the performance of [15]. However,
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Fig. 5. Results for the Rnd-25 dataset: |M| = 100,
incremental step being 10 objects.

g'| = 25,

G| varies from 10 to 100, the

these contexts are primarily of theoretical interest, as they constitute the worst case with
an exponential number of concepts and, thus, exemplify the worst-case complexity.

Fig 8. shows the results of several tests performed using real datasets from the
UCl repository [16]. SPECT (Single Proton Emission Computed Tomography) is a real
dataset that contains 267 objects and 23 attributes, generating a lattice with 21550 con-
cepts. The remaining datasets (Breast Cancer!, Wisconsin Breast Cancer, and Solar
Flare databases) are given in the form of many-valued tables and the QuDA program
[17, 18] was used to scale them into one-valued contexts.

It is interesting to note that the performance gap between AddIntent and the nearest
best performers is even bigger than with artificial contexts (note that a logarithmic scale
is used in this particular chart). Furthermore, even algorithms building only the concept

! This breast cancer domain was obtained from the University Medical Centre, Institute of On-
cology, Ljubljana, Yugoslavia. Thanks go to M. Zwitter and M. Soklic for providing the data.
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Fig. 7. Results for contexts of the form (G, G, #), which give rise to Boolean lattices.

set were considerably slower than AddIntent on these datasets. Thus, on real databases,
AddIntent seems to be the fastest algorithm among all available algorithms generat-
ing the concept set with- or without the diagram graph. Further research is however
necessary to give more substance to this claim.

6 Related and Further Work

AddIntent was first implemented in 1996 in the context of so-called compressed pseudo-
lattices [12, 19] and subsequently refined to the version given here. To the best of our
knowledge, the most closely related lattice construction algorithm among those ever
published is the recent one from [20] (designated “Algorithm 5 in the text). It uses
a similar methodology based on Propositions 1 and 2 to avoid the consideration of old
concepts and non-canonical generators in the lattice in a bottom-up search for canonical
generators and modified concepts. This algorithm relies on a two-phased iterative ap-



AddIntent: A New Incremental Algorithm for Constructing Concept Lattices 383

100000%
E
£
2 10000% .
"
] —,
2 M
2 1000% -\\;g—————x______--——*‘
ha
=]
==
100% < r & T © T <
SPECT breast- breast-w flare
cancer
—— Ganter s W QS Bordat
—¥—Godin —+—Houring =——#=—2AddIntent

Fig. 8. Results for real datasets. The time spent by AddIntent is assumed to be 100%

proach to first discover canonical generators and in the second phase update the lattice.
AddIntent combines these two phases. In addition, the algorithm in [20] uses a stack and
tries as utility data structures facilitating lookup of concepts (as opposed to AddIntent’s
use of recursion and the diagram graph itself). Direct comparison of this algorithm and
AddIntent (and its optimizations) has not yet been conducted and is a topic of further
research. Since both algorithms follow the same main strategy, one can expect that their
behavior is also similar, in particular, as compared to the behavior of other algorithms.
A deeper comparison may reveal potential trade-offs between specific issues in which
the algorithms differ and may suggest further implementation improvements. We would
like to thank the reviewers of this paper for pointing out the resemblance between our
approach and the one in [20].

7 Conclusions

In [8], it has been shown that the choice of an algorithm should be based on the prop-
erties of the context such as its size and density, which are indeed good predictors for
randomly generated contexts. From the results presented above, one can see that var-
ious algorithms perform differently across various context densities, whereas the per-
formance of AddIntent is always at least acceptable, if not the best. In cases when this
algorithm is not the fastest one (for example, on sparse contexts where it is inferior to
Bordat), its speed is comparable with that of the best performer. In other situations, it
is often superior to other algorithms. Therefore, AddIntent is a good candidate for a
universal algorithm generating the diagram graph.

Certainly, the construction of the diagram graph requires much computational ef-
fort; hence, algorithms generating only the concept set, are in general, faster than
AddIntent. However, as already mentioned, the situation with real datasets is appar-
ently different. In real data, unlike in randomly generated contexts, we can expect spe-
cific patterns, and a good algorithm should be able to take advantage of them. If further
experiments confirm the efficiency of AddIntent over other algorithms on real datasets,
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this can be a step forward in lattice construction, since real datasets are the ones that
matter after all.

A wider study is needed to understand how dependencies in real data can be ex-
ploited to get better performance. The proposed workshop on FCA algorithms [21]
may provide the necessary infrastructure for this study.
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Abstract. This contribution contains a report on using FCA technolo-
gies in a data mining environment QuDA. We also show how “scaling”
capabilities of QuDA can be used to transform real-world datasets into
formal contexts.

Introduction

QuDA [GYG03] is a software environment for those who want to utilize support
of machine learning in discovery tasks. This software includes various machine
learning techniques, such as association rule mining, decision tree induction,
JSM-reasoning, Bayesian learning, and interesting subgroup discovery. It pro-
vides also a number of error estimation and model selection tools and offers sev-
eral preprocessing and postprocessing utilities. QuDA is a freeware available for
download at http: //ki-www2.intellektik.informatik.tu-darmstadt.de/ " jsm/QDA.

In this paper we provide a report on using techniques of the Formal Concept
Analysis (FCA) in QuDA.

1 Conceptual Scaling in QuDA

Conceptual scaling [GW99] is a process of transforming multi-valued contexts
into unary-valued ones. A (conceptual) scale is a formal context that determines
this procedure for a certain multi-valued attribute.

If values of a multi-valued attribute are partially ordered, the corresponding
scale can be constructed automatically. Using this fact, to allow conceptual scal-
ing QuDA employs a non-standard notion of an attribute type, which is unusual
for a data analysis software. The type of an attribute in QuDA is intrinsically
a procedure, that defines the generalization (meet) of any two of its values and
thus imposes a partial order.

In fact, QuDA supports an infinite number of built-in attribute types, as
some of the generalization procedures can be parameterized. One can also define
custom attribute types by means of the hierarchy editor of QuDA (Fig. [I).

The most commonly used attribute types and the corresponding generaliza-
tion (meet) operations are listed below:

1 On using meet operator for handling structural data with FCA consider, e.g. , the

framework of pattern structures |[GKO01].

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 386-B33, 2004.
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Fig. 1. QuDA’s hierarchy editor is a means of introducing custom attribute types

1. Nominal. Acceptable are any values. For two values A and B, meet(A, B) =
A, iff A= B, and 7|4 otherwise.

2. Quasi-unary. Acceptable are values “1” and “?”. The meet operator is de-
fined the same way as for the nominal type.

3. Interval. Acceptable values are real numbers and numeric intervals. The meet
operator of two values is defined as a minimal (with respect to inclusion)
interval, containing both valuesﬁ:

meet([a, b], [c,d]) = [min(a, c), maz(b,d)]

4. Ordinal: Minimum. Acceptable values are real numbers. For two values a
and b, meet(a,b) = min(a,b).

5. Ordinal: Mazximum. Acceptable values are real numbers. For two values a
and b, meet(a,b) = maz(a,b).

6. Set of maximal common substrings. Acceptable values are strings over a fixed
alphabet X' and sets of strings. Let a,b € XY*. By a C b we denote a fact
that a is a substring of b, i.e. J¢,d € X* : b = cad. Let A be a set of
strings. By M S(A) we denote the set of all maximal (w.r.t. ‘C’) elements of
A: MS(A) ={z|Vye A: (x Cy) — (z =y)}. For two values A and B,

meet(A,B) = MS({x|Ja€ A,beB: (zCa)A(zxCb)})

2 7 stands for the top element of the lattice. The reason why the symbol ? is used is
because it often denotes missing values in data.

3 A numeric value a is treated as an interval [a, a).

4 A string value s is treated as a set {s}.
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Along with those listed above, QuDA supports a number of other attribute types.
Note, that if a user cannot find an appropriate “built-in” attribute type, he or
she can define one of his or her own using the hierarchy editor (see Fig. ).

A similar notion of an attribute type is used in the Cernato data analysis
tool from NaviCon GMBH [Nav|. However, in this software the set of supported
attribute types is more limited, custom hierarchies are not supported, and for
the numerical attributes users are requested to specify the scaling thresholds.

To summarize, we believe that the conceptual scaling capabilities of QuDA
implemented through its attribute types will be of use for the FCA practitioners
dealing with real-world datasets.

2 Data Visualization with Concept Lattices

QuDA provides several means of getting its users familiar with their data. Line
diagrams are one of those means, and, in some cases, a very powerful one. The
use of line diagrams for data visualization has been thoroughly studied for a
couple of decades now [GW99].

The line diagram, shown in Fig. B] displays the distribution of objects (in
this case e-mail messages) over two attributes:

— ALL_NATURAL - this attribute is true, if the e-mail contains a phrase “all
natural” or the like,
— target - this attribute is true, if the e-mail is classified by the user as a spam.

As one can read from the line diagram in Fig. 2 all the e-mails that contain
the phrase “all natural” or the like (circa 1% of all the e-mails in this dataset)
are spam.

3 Mining Classification Rules with Concept Lattices

Let D be a universe of instances, each of which described through a data vector
X = (M ... 2(®). Let f be a (target) function that maps elements of D
into one of n classes. The task of automatic classification consists in building a
classifier, i.e. an approximation for f, given a (limited) set of training examples,
i.e. pairs (a, f(a)), where a is some element of D. For an introduction to this
topic consider [Mit97]. The machine learning algorithms that induce classifiers
are often referred to as inducers. A number of different inducers that build
different types of classifiers are implemented in QuDA. One of them is based on
the JSM-reasoning [Fin91]. The classifiers built by this inducer are expressible
as classification rulesets.

A classification ruleset is a set of rules of the form: Py, P, ..., P, — V| where
Py, P, ..., P, are certain criteria and V is an expected value of the target function
if those criteria hold. Fig. B]demonstrates a classification ruleset built with JSM-
reasoning. The instances this ruleset applies to are e-mail messages. The target
function is “spam e-mail”. For example, the rule 2 reads as If an e-mail contains
a phrase like “click below”, then it is spam.
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Fig. 3. A classification ruleset built with JSM-reasoning

One of the useful properties of classification rulesets is that they are easy
to interpret, navigate, and “tune”. Another useful property is that classification
rulesets easily allow background knowledge incorporation. QuDA exposes these
properties in its convenient rule navigator (see Fig. Bl). Our implementation
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of the JSM-reasoning employs incremental bottom-up algorithms for building
the set of formal concepts, similar to the one described in [Nor78|. For more
information on JSM-reasoning in terms of FCA consider [GKO00Q].

4 Mining Association Rules with Concept Lattices

Association rules are rules of the form Ai, As,...A, — Bj, Bs,..., B,, where
Ay, Ay, .. Ay, and By, B, ..., B, are unary predicates on instances (normally,
value constraints for unary attributes). An association rule is described through
its two characteristics, namely the support, i.e. the number of objects that satisfy
all conditions in the premise and the conclusion of the rule, and the confidence,
i.e. the ratio of the number of objects that satisfy conditions in the premise and
the conclusion of the rule to the number of objects that satisfy conditions in the
premise of the rule. The task of an association rule mining algorithm is to find
all the association rules that satisfy the minimal support and minimal confidence
criteria (see [AIS93] for details).

Quite recently it was shown that FCA can serve as a well-founded theoretical
basis for this task [PBTLIS|. Several results, developed in FCA, most notably
[Lux93|, were transferred to the association rule mining task. The implementa-
tion for association rule mining in QuDA is partially based on these results.

QuDA allows to perform search for the association rules and then efficiently
dig through the results by reducing the number of created rules with the help of
Duquenne-Guigues-Luxenburger base (see, e.g. [Lux93]).

5 Mining Interesting Subgroups with Concept Lattices

The task of interesting subgroup discovery consists in searching for local pat-
terns that identify subgroups of the explored population with some unusual,
unexpected or deviated distribution of the target variable [KIo02h]. Subgroup
descriptions should be interpretable and statistically significant. Subgroup dis-
covery settings consist of a description language, which determines the space
of subgroups, and pattern classes that describe the criteria for the subgroup
interestingness.

The user of QuDA can specify for each attribute a separate hypothesis lan-
guage by means of the scaling mechanism described in Section [ Upon speci-
fying the hypothesis language, the user can choose one of the several deviation
detection patterns [Klo02a]. After performing search for interesting subgroups,
user can navigate and filter out discovered patterns by means of the subgroup
navigator.

6 Experiments on “Benchmark” Datasets

A number of practical comparisons of algorithms for finding the set of all formal
concept in a formal context has been carried out over the past several years
[Gned0, [GMA9S, [KOOT|. However, the practical comparisons we have mentioned
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are mostly based on artificially-generated formal contexts. To our knowledge, the
behavior of the algorithms on a wide variety of real-world datasets has never been
explored.

Using scaling abilities of QuDA we transformed a number of real-world
datasets from several different sources into formal contexts (see Table [J).

Table 1. Characteristics of the datasets used in comparison

Name Source Objects Attributes Fill Ratio Max Attr. Concepts
Per Obj.
post-operative UCI 90 26 0,34 9 2378
700 UCI 101 28 0,3 12 379
lymph UCI 148 54 0,25 19 15504
spect.all UCI 267 23 0,33 22 21550
breast-cancer UCI 286 43 0,23 10 9918
dbdata0 Cristofor 298 88 0,07 21 2692
primary-tumor UCI 339 45 0,15 13 3743
MortonRolphRacialStats2 Pissarro 487 61 0,19 22 32017
breast-w UCI 699 91 0,11 10 9824
tic-tac-toe UCI 958 29 0,34 10 59505
flare UCI 1389 49 0,27 13 28742
kr-vs-kp UCI 3196 42 0,27 19 101121
mushroom UCI 8416 128 0,18 23 238710

Most of the formal contexts were obtained by scaling the datasets from the
UCT machine learning repository [BMO98]. The spect.all dataset was obtained by
merging the training and the test sets of the spect dataset from the UCI machine
learning repository. The dbdatal dataset was obtained from the ARMiner soft-
ware distribution [ARM]. The MortonRolphRacialStats2 dataset was obtained
from the Pissaro software distribution [Pis].

We have performed comparison of the following five algorithms:

Ganter — an implementation of the classical NextClosure [GW99] algorith;
GRAIL [Yev00);

— Norris [Nor78];

— Norris-Godin [KOOT] — a variant of the Norris algorithm that uses addition-
ally a heuristic of the Godin algorithm [GMA95];

Nourine-Raynaud [NR99[.

All the algorithms were implemented in the Java™ programming language.
The comparison was performed on an Athlon 2400+ PC with 512 MB of RAM.

5 The worst-case computational complexity of our implementation is O(m?*n.H), where
m is the number of attributes, n is the number of objects and H is the size of the
concept lattice.

5 Note that for association rule mining and interesting subgroup discovery QuDA uses
a variant of GRAIL that builds only the iceberg lattices. For details on iceberg lattices
consider [STBT02].

” This algorithm was the first one that achieved computational complexity O(mnH).
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We did not apply the variants of the Norris algorithm on the datasets with
more than 900 objects, because these algorithms demonstrated a dramatic in-
crease of experimental run-time with the growth of the number of objects. The
implementation of the Nourine-Raynaud algorithm run out of memory when
trying to compute the set of concepts for the mushrooms dataset.

The results of the comparison are presented in Table [2l.

Table 2. Run times of the algorithms in milliseconds

Name Ganter Grail Norris Norris-Godin Nourine
post-operative 80 100 971 1012 100
700 30 20 140 171 20
lymph 1673 1412 10916 11797 1412
spect.all 1171 1181 28881 30083 2444
breast-cancer 651 931 13709 14430 1822
dbdata0 1232 291 4516 4747 531
primary-tumor 1382 220 7020 7341 701
breast-w 7281 2764 30744 32546 7581
MortonRolphRacialStats2 10675 2744 94957 100304 13329
flare 20580 14861 52936
kr-vs-kp 53917 32567 333109
mushroom 1775203 218043

7 Conclusions

In this contribution we provided a report on using FCA techniques in the data
mining environment QuDA. We also showed how “scaling” capabilities of QuDA
can be used to transform real-world datasets into formal contexts. Finally, we
showed in experiments that the computational power of the modern computers
along with advances in FCA algorithms allow building full concept lattices for a
variety of the “benchmark” datasets. Thus, the application of FCA technologies
in data mining tasks for the datasets, comparable in size and structure to the
ones listed in the Table 2lis nowadays possible.

On the other hand, data mining applications often require scalability, i.e. an
ability to handle huge amounts of data. In case scalability is required, a strategy
of building important fragments of concept lattices, e.g. iceberg lattices, could
be applied. Thus the development of algorithms like TITANIC [STBT02] or the
modification of the GRAIL used in QuDA for association rule mining seems to
be quite of interest for the data mining practicians.

References

AIS93. Rakesh Agrawal, Tomasz Imielinsky, and Arun Swami. Mining association
rules between sets of items in large databases. In Proceedings of the 1993
International Conference on Managementof Data(SIGMOD 93), pages 207—
216, 1993.

ARM.  ARMiner software. http://www.cs.umb.edu/~laur/ARMiner/.



QuDA: Applying Formal Concept Analysis in a Data Mining Environment 393

BM98. C.L. Blake and C.J. Merz. UCI repository of machine learning databases,
1998. http://www.ics.uci.edu/~mlearn/MLRepository.html.

Fin91. V.K. Finn. Plausible reasoning in intelligent systems of JSM-type. Itogi
Nauki i Tekhniki, ser. Informatika, (15):54-101, 1991. In Russian.

GKO00. B. Ganter and S.O. Kuznetsov. Formalizing hypotheses with concepts. In
G. Mineau and B. Ganter, editors, Proc. 8th Int. Conf. on Conceptual Struc-
tures, ICCS’00, volume 1867 of Lecture Notes in Artificial Intelligence, pages
342-356. Springer-Verlag, 2000.

GKO01. B. Ganter and S.0O. Kuznetsov. Pattern structures and their projections. In
G. Stumme and H. Delugach, editors, Proc. 9th Int. Conf. on Conceptual
Structures, ICCS’01, volume 2120 of Lecture Notes in Artificial Intelligence,
pages 129-142. Springer-Verlag, 2001.

GMA95. Robert Godin, Rokia Missaoui, and Hassan Alaoui. Incremental concept
formation algorithms based on galois lattices. Computation Intelligence,
11(2):246-267, 1995.

Gue90. A. Guenoche. Construction du treillis de galois d’une relation binaire. Math.
Inf. Sci. Hum., 109:41-53, 1990.

GW99. Bernhard Ganter and Rudolf Wille. Formal Concept Analysis: Mathematical
foundations. Springer-Verlag, Berlin Heidelberg New-York, 1999.

GYGO03. Peter Grigoriev, Serhiy Yevtushenko, and Gunter Grieser. QuDA, a data
miners’ discovery environment. Technical Report AIDA-03-06, FG Intellek-
tik, FB Informatik, Technische Universitat Darmstadt, September 2003.
http://www.intellektik.informatik.tu-darmstadt.de/ peter/QuDA.pdf.

Klo02a. Willi Kloesgen. Deviation analysis. In Willi Kloesgen and Jan M. Zytkow,
editors, Handbook of data mining and Knowledge Discovery in Databases,
pages 344-360. Oxford University Press, 2002.

Klo02b. Willi Kloesgen. Subgroup patterns. In Willi Kloesgen and Jan M. Zytkow,
editors, Handbook of data mining and Knowledge Discovery in Databases,
pages 47-50. Oxford University Press, 2002.

KOO01. Sergei O. Kuznetsov and Sergei A. Obiedkov. Comparing performance of
algorithms for generating concept lattices. In Proc. of ICCS’01 - Int’l Work-
shop On Concept Lattices Based KDD, pages 35-47, 2001.

Lux93. Michael Luxenberger. Implikationen, Abhdngigkeiten und Galois Abbildun-
gen. PhD thesis, Technische Hochschule Darmstadt, 1993.

Mit97.  Tom M. Mitchell. Machine Learning. McGraw-Hill, New York, 1997.

Nav. Homepage of NaviCon. http://www.navicon.de.

Nor78. E. M. Norris. An algorithm for computing the maximal rectangles in a
binary relation. Revue Roumanie de Mathématiques Pures et Appliquées,
(23(2)):243-250, 1978.

NR99. L. Nourine and O. Raynaud. A fast algorithm for building lattices. Infor-
mation Processing Letters, 71:199-204, 1999.

PBTL98. Nicolas Pasquier, Yves Bastide, Rafik Taouil, and Lotfi Lakhal. Pruning
closed itemset lattices for association rules. In Proceedings of the BDA French
Conference on Advanced Databases, pages 177-196, 1998.

Pis. Pissaro system — picturing interactively statistically sensible association rules
reporting overviews. http://stats.math.uni-augsburg.de/Pissarro/.

STBT02. Gerd Stumme, Rafik Taouil, Yves Bastide, Nicolas Pasquier, and Lotfi
Lakhal. Computing iceberg concept lattices with titanic. Data Knowledge
Engineering, 42(2):189-222, 2002.

Yev00.  Serhiy A. Yevtushenko. The research and development of the algorithms
for the concept lattices construction. Master’s thesis, National Technical
University of Ukraine “KPI”, 2000. In Russian.



A Parallel Algorithm
to Generate Formal Concepts for Large Data

Huaiguo Fu and Engelbert Mephu Nguifo

CRIL-CNRS FRE2499, Université d’Artois - IUT de Lens
Rue de l'université SP 16, 62307 Lens cedex, France
{fu,mephu}@cril.univ-artois.fr

Abstract. One of the most effective methods to deal with large data
for data analysis and data mining is to develop parallel algorithm. Al-
though Formal concept analysis is an effective tool for data analysis and
knowledge discovery, it’s very hard for concept lattice structures to face
the complexity of very large data. So we propose a new parallel algo-
rithm based on the NextClosure algorithm to generate formal concepts
for large data.

1 Introduction

Parallel algorithms and parallel computer provide a very effective method to deal
with very large data for data analysis and data mining [11]. The design of parallel
algorithm for very large data analysis and processing becomes the necessity
of many enterprises. In fact, many sequential algorithms can be improved by
parallel algorithms [8].

Concept lattice is considered as an effective tool for data analysis, data min-
ing, machine learning, information retrieval, etc. The generation of concepts and
concept lattices is an essential task for formal concept analysis (FCA). Several
algorithms were proposed to generate concepts or concept lattices of a context,
for example: Bordat, Ganter (NextClosure), Chein, Norris, Godin and Nourine,
etc [6]. Experimental comparisons of these algorithms show that NextClosure
algorithm [4] is one of the best for large and dense data [6,2]. But the problem
is that it still takes very high time cost to deal with huge data. One way to
avoid this problem is to design parallel lattice-based algorithms. In this paper,
we propose a new parallel lattice-based algorithm ParallelNextClosure.

ParallelNextClosure is based on the decomposition of search space to generate
concept. It’s different from other existing decomposition algorithms that generate
concept lattice using the approach of context decomposition [9] which could build
many overlapping search sub-spaces. ParallelNextClosure uses a new method to
decompose the search space by generating different non-overlapping search sub-
spaces. It is also different from ParGal algorithm|[7]. ParGal is based on Bordat’s
algorithm, there are many communications within the processors. Our algorithm
is based on NextClosure algorithm. It can freely decompose the search space in
different partitions if there exists at least one concept in each partition. Each

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 394-401, 2004.
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partition is independent and only shares the same source data (context) with
other partitions. We can generate concepts independently for each partition using
one processor. ParallelNextClosure algorithm shows good scalability, and can be
easily used for parallel and distributed computing.

We consider the reader familiar with the basic notions of FCA such as con-
text, Galois connection, closure operator, concept and concept lattice [1, 10, 5].

The rest of this paper is organized as follows: A new parallel algorithm Par-
allelNextClosure will be proposed in the next section. The algorithm analysis
will be discussed in section 3. The paper ends with a short conclusion in the last
section.

2 Parallel Lattice-Based Algorithm

2.1 NextClosure Algorithm

The principle of the NextClosure algorithm uses the characteristic vector, which
represents arbitrary subsets A of M, to enumerate all concepts for context
(G,M,R). Given A C M, M = {a1,a2,...,Gi,...,Qm—1,0mn}, A = A" is the
closure operator. The lectically smallest set is (). The NextClosure algorithm
proved that if we know an arbitrary set A, the next concept!' with respect to the
lexicographical order is A @ a; , where @ is defined by

A D a; = (A N (al,ag, .. .,ai,l) U {ai})"

A C M and a; € M, a; being the largest element of M with A < A ® a; by
lexicographical order.

In other words, for a; € M\A, from the largest element to smaller one of
M\ A, we calculate A @ a;, until we find the first time A < A @ a;, then A @ a;
is the next concept.

The NextClosure algorithm can generate concepts more rapidly than other
lattice algorithms for large data, but it still takes too much time to deal with
very large data. So we improve it and propose a new algorithm to deal with very
large data, our main idea is to use a parallel method to generate concepts.

2.2 ParallelNextClosure Algorithm

We propose a new algorithm which divides the search space into certain par-
titions. Each partition contains at least one concept. The processing of each
partition is independent from another one. This is the main idea of our algo-
rithm ParallelNextClosure in order to reduce the communication cost.

Analyzing all concepts of a context and their search space, we define the
ordered context, and analyze its property in order to decompose the search
space.

! It is the smallest one of all concepts that is larger than A.
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Definition 1. A context (G, M, R) is called ordered context, if the attribute
set M ={a1, ..., ai, ..., Qm—1, am}, the attributes with the same objects are
merged as one attribute, and for all i,j <= m : if the size of the extent of a; is
smaller than the size of the extent of a;, then i < j.

In the cross table of such an ordered context we take the first column for an
attribute with minimal extent size and the last column for an attribute with
maximal extent size. An ordered context has the same concept lattice or con-
cept lattice as the context, it doesn’t change any characteristic of the context.
The ordered context is very easy to be generated from a context. For Parallel-
NextClosure algorithm, we don’t generate a data file for ordered context, the
ordered context is only stored in main memory. We can prove that this arrange-
ment can raise efficiency of our algorithm.

Partitioning the Search Space for Concepts. In fact, a concept is a subset
of M, so all subsets of M are elements of the search space. So the size of search
space for enumeration of all concepts is 2. This search space can be considered
as the fold of some subsets of M. For example, we consider that the search space
is formed by folds, where fold; is all subsets of {a;, ..., Gm—3, Gm—2, Gm_1,
am} that include a;. Each fold is a search sub-space. Here we define folding
search sub-space in order to decompose the search space.

Definition 2. Let the attribute set M of a context (G, M, R) be {a1, ..., a;,

iy Qm—1, Gm}. Given Va; € M, let S(a;) = { all subsets of the set {a;, a;11,
ey Qm—1, Qm} Which contain a; }, S(a;) is called folding search sub-space
(F3S) of Q; .

For example, the folding search sub-space of attribute a,,—3 is {am—3}, {am—3,

am}7 {am—l’n am—1}7 {am—37 Am—1, am}a {a»m_g, arrL—Q}a DY) {am—37 Am—2, Am—1,
am}, i.e. all subsets of {am—3, Gm—2, Gm—1, am} that include a,,_s.

Proposition 1. Let (G, M, R) be a context, M ={a1, ..., a;, ..., Gm-1, Gm},
Va; € M, n = the number of objects of attribute a;, then the size of the folding
search sub-space (for concept) of a; is the minimum of 2" and 2™,
Proof: Ya; € M, the set of {ait1, @Git2, -, AGm—2, QGm-1, Gm} has m — i at-
tributes. So according to the definition, the size of F3S of a; is 2™ *.

On the other hand, if the number of objects that verify attribute a; is n, we
have 2™ object subsets corresponding to a;. So there are at most 2™ concepts that
nclude attribute a;.

Thus the size of the folding search sub-space of a; is the minimum of 2" and
om—t,

So we can order the context with the number of objects of each attribute.
The smallest attribute is in the first column, and the biggest one is in the last
column. In practice, this arrangement can remarkably allow to build an efficient
algorithm for real data.
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In the definition of ordered context, we need to merge the attributes with
exactly the same objects as one item. The important reason for this is that we
need to completely ensure that there are concepts in the folding search sub-space
of an attribute. It’s one important precondition of the following proposition.

Proposition 2. For an ordered context, there are concepts in the folding search
sub-space of an attribute.

Proof: For an ordered context (G, M,R), Ya; € M and a; € M(1 < j < 1), we
have {a;} € {a;}, so {a;}" is in the folding search sub-space of attribute a,
otherwise Ja;(1 < j < i), {a;}' C {a;}".

This property of ordered context allows us to find partitions that include
some search sub-space.

A Parallel Algorithm. We choose some attributes of ordered context to form
an order set P. If the number of the elements of P is T', we have ap, < ap, <
. < ap, < ... < apy. We denote [ap,, ap, ] as all F3S of attributes from
ap, to ap, ., for ordered context. From {ap,} ({ap,} is the first subset of [ap,,
ap,.,]), we generate the next concepts until {ap,,,}, so that we can find all
concepts between [ap,, ap, ]
All concepts (non-empty) of context are included in

U [anaPk+1] U [G’PT)
1<k<T

We propose a new algorithm ParallelNextClosure which decomposes the
search space and builds all concepts of each search sub-space. For each search
sub-space we use the same method (NextClosure algorithm) to generate the
closed sets. So we can generate all concepts of each search sub-space in parallel,
as the search sub-spaces are independent.

ParallelNextClosure algorithm has two steps : determining the partitions and
generating all concepts in each partition

In the first step of the algorithm, we can decide the number of partitions by
a parameter DP(0 < DP < 1) according to the size of data and our need. DP
is used to determine the position of the beginning and the end of each partition.

We use all Py to form the partitions [ap,, ap,,] and [ap,), where 1 <
k < T. Here P, means the position of an attribute of the ordered context,
and we use it to represent the attribute ap, of the ordered context. ap, has a
corresponding position in the initial context. When we search for the concepts,
@ isn’t considered.

For each partition we compute the next concepts from {ap,} to {ap,,,}.
There is no relation between each partition. The partitions only share the same
source data. We can deal with any partition independently.

Proposition 3. Fach partition is independent. In other words, we can find all
concepts of one partition independently.
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Algorithm 1 Determining the partitions by the first processor

1: input a parameter DP (0 < DP < 1)

2: generate the ordered context (saving the order of attributes for ordered context in

an array)

output the order of attributes of the ordered context

m = cardinal of the attribute set of the ordered context

min :=m

k:=0

while (min >= 1) do {determining partition}
k=k+1

9: Py := min

10:  output Py

11:  min := int(min *« DP)

12: end while

13: T:=k //T is the number of the partitions

Algorithm 2 Generating all concepts in each partition for one processor
input the order of attribute of ordered context
input Py and Pj41 //input the partition
A+ {apk}
END < ap,,,
STOP := false
while (I1STOP) do
A < generate the next closure of A for the ordered context
if END € A when searching the next closure then
STOP := true
end if
: end while

=T I A o C > v

—_

Proof: When we find the concepts of a partition, we only need to know the first
subset and the last subset of this partition. And then we build next concepts from
the first subset until the last subset, the computing is closed in this partition. So
each partition is independent.

Proposition 4. All concepts of a context are included in the partitions. In
other words, ParallelNextClosure algorithm generates the same concept lattice
as NeztClosure algorithm.

Proof: The partitions are obtained by partitioning the search space of all concepts.
So all concepts of a context are included in the partitions.

Proposition 5. ParallelNextClosure algorithm always ends.

Proof: Each partition has a last subset, so it can end when generating all concepts
in each partition with one processor. So ParallelNextClosure algorithm always
ends.

We show below an example (using Figure 1) of ParallelNextClosure algo-
rithm:
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First, we need to generate the ordered context, the attribute set of the ordered
context is: asagagarasazasal (as and ag are merged as as). And then, we can give
a value to the parameter to determine the partitions, for example, DP = 0.5.
We get 4 partitions: [a1, ar], [a7, as], [as, as] and [as). At the end, we find all
concepts in each partition. In fact, the search space of each partition is:

[a17 a7]: ai, az, az2ai1, az, azay, azaz, azdzai, a4, 444, ..., @4a30201
lar, ag]: azay, azas, arazay, ..., ag, a1, ..., Gga7a4030201

[as, a5]: ag, agai, agaz, agaz2ay, ..., Agtea7A4a30201

las) : as, asai, asag, ..., A508060704030201

3 Algorithm Analysis

In fact, ParallelNextClosure algorithm is suitable for real data. The worst case
should be considered when we determine the partitions : the worst case appears
when the sizes of G and M are equal to m, and each attribute is verified by
m — 1 different objects, each object possesses m — 1 different attributes.

For the worst case, a different technique can be used to generate partitions in
order to avoid a great unbalance of partitions in terms of the number of concepts.
We can redecompose the search sub-space of an attribute into some partitions so
that it’s easy to deal with for each partition according to the number of concepts
per partition. The aim is to decrease the complexity of each partition.

The problem of balance is always an important problem for parallel algo-
rithm. The parameter DP(0 < DP < 1) of ParallelNextClosure algorithm is
used just to balance the partition size. The computing of each partition can be
implemented on any free processor so that it can help to balance the processors.

4 Conclusion

In this paper, a new parallel lattice-based algorithm, ParallelNextClosure is pro-
posed for creating the partitions and building concepts in each partition.

ParallelNextClosure uses a new method to decompose the search space. We
have defined ordered context and folding search sub-space of an attribute. Fur-
thermore, we have proved that there are concepts in the folding search sub-space
of an attribute. Thus our method can freely decompose the search space in any
partitions if there are concepts in each partition. Each partition is independent,
so we can realize our parallel algorithm.

Experimentations with one processor show the following results [3]: on some
data, our algorithm was 60 times faster than NextClosure. And we have gener-
ated all concepts for worst case data sets with 24, 25, 30, 35 and 50 attributes,
which was very difficult to obtain with NextClosure on a 128MB RAM computer.
The gain comes from lack of memory in the case of NextClosure.

The ongoing research is to study the problem of balance of all partitions.
Further research will consist of implementation of this algorithm on a parallel
platform and an analysis of the results.
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Determining the partitions:

Generating Concepts:

Concept lattice:
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p2=4

[ [[a1]az[as[as[as[as[az[as[as] | [las [as[ac[ar[as]as[az|ai]
1 X X X 1 X X | X
2 X | X X [ X | X 2 X X X | X
3 X | X | X X | X | X 3 X X X | X | X
4 X X X | X == 4 X X X X
5 X | X X X 5 X X X | X
6 X| X | X | X X 6 X X | X | X|X
7 X X | X | X 7 X X | X X
8 X X | X 8 X X | X X
Context = Ordered context
DP =05
as ag ae a7 a4 a3 a2 ai

g pa=1

% N——

o = p3=2

Q ﬁ_/

2

ay

p1=8

pP1 — a1, p2 — a7, p3 — a8, P4 — as

Processory e ’ [a1, a7]: a1, asa1, asai, asazai, asai, asasay
ar, as|: arai, ara2a1, QaeA4Q1, AeA4a2a1
Processors — [az, ] ’ ’ ’ ’
asaqa3al, AeA4a30201
as as|: agarai agarasal agaraza2a;
Processors — [as, ] ’ ’ ’
agaraal
’Processorfme — ’[a5) D a5a4a301

O
aijaz2a3a40a5a6a7as

Fig. 1. An example with ParallelNextClosure algorithm using 3 processors
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Abstract. We have developed a requirements engineering process model
based on viewpoint development. Our goal is to capture and reconcile a
set of requirements in the form of use case descriptions so that a more
complete and representative set of requirements will provide the basis
for system design and development. Our technique converts the natural
language sentences in each individual use case viewpoint into a formal
context. We then apply Formal Concept Analysis to generate a concept
lattice of the requirements. Our process model and tool allow viewpoints,
use cases, sentences and phrases to be selected for comparison, tagging
and reconciliation. The final product is a shared used case description
that has been agreed upon by the project group. In this paper we provide
an example developed by final year software engineering students who
used the approach as a means to gain experience in the specification of
use cases and the sometimes painful task of arriving at a shared view
of the requirements before system design and development commenced.
Our next step is evaluation with requirements engineers to develop a
full-strength industrial product and process.

1 Introduction

We have developed a requirements engineering process model based on viewpoint
development. Others (e.g. Darke and Shanks 1997, Easterbrook and Nuseibeh
1996, Finkelstein et al. 1989, Mullery 1979, Kotonya and Sommerville 1998)
have also advocated viewpoint development as one possibility to handle some
difficulties of requirements definition. What differentiates this work from others
is the capture of requirements in natural language (which is far more acceptable
and manageable to the average stakeholder than formal specification), automatic
generation of a formal representation and the ability to identify and reconcile
differences via a visualization of the original text. Formal Concept Analysis plays
a key role in the generation and ordering of concepts from use case sentences. We
call our approach RECOCASE as we offer a CASE (Computer Aided Software
Engineering) tool (as shown in the screen dumps in this paper) to assist with
viewpoint RECOnciliation. In this paper we follow an example which uses our
requirements engineering process model. At the end we offer some results from
initial evaluations, review of related literature and our future directions.

P. Eklund (Ed.): ICFCA 2004, LNAI 2961, pp. 402-E09d, 2004.
© Springer-Verlag Berlin Heidelberg 2004



Using Concept Lattices for Requirements Reconciliation 403

2 The RECOCASE Approach

The RECOCASE methodology includes five iterative phases: requirements cap-
ture; requirements translation; concept generation; concept comparison and rec-
onciliation; and evaluation. In this section we follow an example that demon-
strates the process and the techniques which we have novelly combined and ap-
plied to the problem of requirements reconciliation. The more technical and for-
mal details regarding the use cases, Link Grammar, ExtrAns and RECOCASE-
logic are given in (Richards and Béttger 2002). The sample problem we follow is
the Automated Video System (AVS) which is being designed to allow customers
to self check out videos, search for particular video titles, request new videos
to be stocked by each store, and to make reservations for videos currently un-
available. The example is a real one being used by groups of final year software
engineering students to develop a software product. We chose this problem as it
is a new problem (such systems are not available in Australia) and thus the re-
quirements are not completely understood but also not completely unlike other
systems they are familiar with. By following the RECOCASE method-ology
students gain some understanding of the difficulties associated with acquiring
requirements and managing a number of viewpoints. In the following subsec-
tions we take you through each phase. The example uses a reduced set of the
actual sentences specified by students as to make the example easier to follow in
the limited space available. A whole paper could be written on how to use one
diagram to identify and reconcile differences to produce a shared use case.

2.1 Requirements Capture

While a number of approaches to requirements specification have been proposed,
see a summary in Diiwel (1999), we have chosen to adopt the increasingly popular
tech-nique of use case descrip-tion. This first phase starts by a group, led by
the group facilitator/leader (GF), brainstorming a set of use cases. Viewpoints
for each use case and viewpoint representative are identified. Asynchronously,
viewpoint representatives enter use case descriptions in natural language into the
RECOCASE tool. Natural language can however be ambiguous and complex
in syntax and semantics. A set of writing guidelines and controlled language
is provided (Richards, Bottger and Aguilera 2001), but since users rarely follow
guidelines, the tool can also detect and notify the viewpoint agent of problematic
words, e.g. pronouns, modal verbs, and, or and negations.

2.2 Requirements Translation

The next step is to transform the sentences into a formal representation for later
manipulation and comparison. To support comparison via a line diagram using
FCA techniques we need to start with a formal context. Each use case forms
a new formal context, with the sentences comprising the objects in the context
table. Originally we considered a very naive approach which used the words of
the sentence as the crosstable attributes. However since sentences are not simply
random strings of words and to allow reconstruction of the sentence by the
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reader, we are able to use the flat logical forms (FLFs) output by ExtrAns using
LinkGrammar as a semantic representation for the sentence which we transpose
into word phrases using RECOCASE-logic. For example as shown in figure 1,
LinkGramman} provides the following syntactic structure and constituent tree
for the sentence ‘The system updates the credit card on the member card.’

+-——————— Mp-——-——————- +

- 8 + - Jp-——————- +

| === D*u-—-—-— + I D¥u———--— +
+--Dg-—+—--85--—+ | +———AN--+ |1 +——=AN--+

the svstem.n updates.v the credit.n value.n on the member.n cacd.:

Fig. 1. FLF example

‘S’ connects the noun ‘system’ to the finite verb ‘update’, which is a transitive
verb and again connected through ‘O’ with its object ‘value’. ‘AN’ connects
the noun-modifier ‘credit’ with the noun ‘credit’. ‘D’ connects determiners to
nouns. ‘system’, ‘value’ and ‘card’ are in this way connected with the determiner
‘the’. ‘MV’ connects verbs and adjectives to modifying phrases which follow the
verb like adverbs, preprositional phrases and subordinating conjunctions. In this
example the verb ‘update’ is connected through ‘MV’ with the preposition ‘on’,
which introduces a prepositional phrase. To the right the preposition ‘on’ is
connected to its object 'card’ through ‘J’.

The syntactic structure provided by LinkGrammar is used by ExtrAns to
create FLF's as a semantic representation for the core meaning of each sentence.

The translation of FLFs into crosstable attributes follows an algorithm,
known as RECOCASE-logic, which uses graph theory. The algorithm contains
two main parts. The first part includes building a graph representing the FLF's
of a sentence. The nodes of the graph represent the words of the FLF predicates
and the edges represent the relations between them. The relation between words
of the predicates is derived from the FLFs. At a coarse level the algorithm is
looking for the main event, object or property which is defined by the predicate
‘holds’. If the FLF of a sentence does not contain the predicate ‘holds’, the root
‘A’ is defined through ‘if(A,B)’, ‘while(A,B)’ or ‘not(A)’ in this sequence. In a
second step the graph is reduced to the crosstable attributes. Figure 2 shows the
steps involved in creation of the graph for the sample sentence. Table 1 shows
the crosstable produced by RECOCASE-logic for the following related sentences
from three viewpoints: “The system updates the credit value on the member
card”, “the system debits the credit of the card” and “the system deducts the
price of the rental from the member card”.

If all sentences are translated using RECOCASE-logic a crosstable can be
created as shown in Table 1. The words or word phrases form the set of attributes
where no word or phrase should exist twice. All translated sentences form the
set of objects.

! Using the parse sentence facility at http://www.link.cs.cmu.edu/link /index.html
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Fig. 2. Steps in the creation (Ia-Ie) and reduction (IIa-IIb) of the sentence “the system
updates the credit value on the member card”

Table 1. Cross table for the sentences “The system updates the credit value on the
member card”, “the system debits the credit of the card” and “the system deducts the
price of the rental from the member card”
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2.3 Concept Generation

Figure 3 shows the line diagram for the concept lattice generated from the formal
context in Table 1 using standard FCA as described in (Ganter and Wille 1999).
As can be seen in the crosstable and the line diagram the only shared attribute
is 'system’. The line diagram provides structure and visual clarity of shared
concepts. In the next phase we show how the line diagram is used to identify
and manage conflicts.

2.4 Concept Comparison and Reconciliation

The GF creates the diagrams by selecting the sentences he/she wants to have
included. Different strategies for combining use case descriptions can be used.
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[system]

(debit.creditor] card)
[agentB]

fon member card]

[deduct,price af rental]
[agentC]

[up!

date credit yalue]
[agenta]

Fig. 3. Representation of the sentences from the context table in Table 1

If there are few sentences, maybe one or two diagrams constructed by selecting
sentences based on system interaction and actors are adequate. However, if there
are a larger number of sentences (> 25) the GF can choose to create diagrams
based on logical units of sentences. The GF will then be able to have a mental
overview of the logical flow in the use case. The group members and the GF
can use the line diagram to compare viewpoints and detect conflicts. The nodes
in the graph represent the concepts, and in our diagrams these are words and
phrases from the use case description. The nodes belonging to the same sentence
are connected with lines. Sentences containing identical words or synonyms will
share nodes.

During the reconciliation process, the group and GF will look at the diagrams
together to build a shared use case. Using the lattice we can determine if two
concepts are in a state of consensus (same idea, same terms - identified by sharing
the same node), correspondence (same idea, different terms - shares some nodes,
synonym table needed to map terms), contrast (different idea, same terms -
shares some nodes but appears incorrect) or conflict (different idea, different
terms - no overlap of pathways). The two key strategies in handling reconciliation
is to use a synonym table to map terms and the use of tags to indicate if a concept
should be ignored, delayed or circumvented. Figure 4 shows the resulting diagram
after some synonyms have been applied to Figure 1. See (Richards 2003) for
greater explanation of the tags and our negotiation strategies.

This phase is essentially one involving group discussion under the guidance
of the GF. We noted from our evaluation studies that in groups not using the
RECOCASE methodology or tool, that participation in this phase was limited
to a few interested individuals. It appears that when all participants are required
to provide a viewpoint that they tend to engage with the problem and defend
their own viewpoint.

2.5 Evaluation

We use graph theory on the lattices to evaluate if the different viewpoints have
become more similar, or if a new round of negotiation is necessary. In the RE-
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[system,deduct,on member card]

[price of|rental] [credit value]
[agentC [agentA, agentB]

Fig. 4. Representation of the sentences in Figure 3 after a synonym table has been used
to map deduct=update=debits, and ’on card’ = ’on member card’.From this figure we
can see we still need to map ’price of rental’ = ’credit value’ to bring all viewpoints
into consensus

COCASE tool we can select viewpoints for comparison and see the percentage
of similarity between descriptions. We can also see the percentage of similarity
between each sentence in two different viewpoints. This information can be used
to determine which viewpoints to try to reconcile first (e.g. reconcile most similar
or most different first).

3 Discussion and Conclusion

We have conducted a number of different evaluations. Our first studies concen-
trated on the learnability and comprehensibility of the line diagram for reasoning
about requirements. We found that after a 5 minute introduction, 58% of stu-
dents were able to correctly interpret (no errors) and 80% more likely to give
the correct answer to questions involving comparison of viewpoints using the
diagram as opposed to the original text. A particularly significant difference was
the time taken to answer questions using the diagram rather than text was up
to (a number of tests were done) 9.9 times faster. Our recent studies evaluating
the group process and tool revealed that each final and shared use case descrip-
tion was longer than the individual use case descriptions. All participants were
satisfied with the process and the outcome and were able to create a shared use
case description using the technique. The most striking difference was found in
the attitudes and cohesion of the groups that used the process compared to the
groups that did not.

The application of FCA for software engineering activities has been pursued
by a number of researchers. A useful survey is provided in (Tilley et al. 2003).
Whilst the application of FCA to the requirements phase has not been the pri-
mary area of activity targeted some work does exist. Andelfinger’s (1997) thesis,
reported in Tilley et al. 2003, concerned a question-answering and discussion tool
using FCA which could be applied to the area of requirements capture. More
directly relevant is the work of Diiwel and Hesse (2000) who use FCA to identify
potential classes and attributes from use case descriptions. Their work is differ-
ent to ours in a number of ways. Firstly, in the formal context they build, the
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use cases are the columns (attributes) and the rows (objects) are the potential
classes or attributes. In our approach we develop one or more formal contexts
for each use case, with objects being sentences and attributes being words and
phrases, and the formal context usually contains at least two viewpoints of the
complete or partial use case. Thus our focus is much more fine-grained and not
restricted to certain parts of the sentence. Diiwel and Hesse have also developed
a tool to assist with entry of use case descriptions and development of concept
lattices. As with our tool, they shield the user from the mathematical complex-
ities of FCA. Also, as we do, they acknowledge that the decision process, which
in their case concerns the choice of classes to use and how they relate to one
another, “requires much detailed work which cannot completely be automated,
including negotiations and a thorough discourse between domain experts and
software developers”. However, the approach to creation of the formal context
differs significantly from ours. Our approach takes in natural language sentences
and automatically generates a formal context using natural language techniques.
In their approach, the user is required to select words from a list or the descrip-
tion which become the set of objects. Given that our approach identifies nouns,
objects and events (all possible candidates for classes), we envisage that our
natural language techniques could be beneficially combined with the Diiwel and
Hesse approach. Indeed we believe that our ability to produce FLFs from the
natural language descriptions offers a entry point and input solution for many
other formal specification techniques.

As a result of the initial success of the approach with students, which has
led to revision of the tool and fine tuning of the process substeps, we are seek-
ing industrial collaboration to develop the approach further and incorporate it
as an integral step of object oriented design using UML. As Diiwel and Hesse
(2000) stated ”we find it quite an interesting observation that just a “non-O0O”
technique like use case analysis has become so popular as a starting point to
OO analysis”, we also find it interesting that use case descriptions are textual
and the rest of the UML process is visual. By offering an approach which visual-
izes the textual descriptions we provide a completely visual technique to system
specification and design. Further, by capturing the requirements from multiple
viewpoints we get a more complete and consistent set of requirements and a
greater sense of ownership by the project group, thus providing a better basis
for system design and increasing the likelihood of eventual system acceptance.
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